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Introduction 



Let g be a simple Lie algebra over C and G a connected algebraic group with Lie algebra 
0. The affinc Kac- Moody algebra g is the universal central extension of the formal loop agebra 
£)((t)). Representations of g have a parameter, an invariant bilinear form on g, which is called 
the level. Representations corresponding to the bilinear form which is equal to minus one half of 
the Killing form are called representations of critical level. Such representations can be realized 
in spaces of global sections of twisted D-modules on the quotient of the loop group G((t)) by its 
"open compact" subgroup K, such as G[[t\] or the Iwahori subgroup /. 

This is the first in a scries of papers devoted to the study of the categories of representations 
of the affine Kac-Moody algebra g of the critical level and D-modulcs on G((t))/K from the 
point of view of a geometric version of the local Langlands correspondence. Let us explain what 
we mean by that. 

0.1. First of all, we recall the classical setting of local Langlands correspondence. Let X be 
a local non-archimedian field such as F 9 ((i)) and G a connected reductive algebraic group over 
X. The local Langlands correspondence sets up a relation between two different types of data. 
Roughly speaking, the first data are the equivalence classes of homomorphisms, denoted by a, 
from the Galois group of X (more precisely, its version, called the Weil-Deligne group) to G, 
the Langlands dual group of G. The second data are the isomorphism classes of irreducible 
smooth representations, denoted by tt, of the locally compact group G(X) (we refer the reader 
to [Vog] for a precise formulation of this correspondence). 

A naive analogue of this correspondence in the geometric situation is as follows. Since the 
geometric analogue of the Galois group is the fundamental group, the geometric analogue of 
a homomorphism from the Galois group of X to G is a G-local system on Spec X. Now we 
wish to replace X = F 9 ((£)) by C((t)). Then SpecC((£)) is the formal punctured disc D x . By 
a G-local system on D x we will always understand its de Rham version: a G-bundle on D x 
with a meromorphic connection that may have a pole of an arbitrary order at the origin. By 
analogy with the classical local Langlands correspondence, we would like to attach to such a 
local system a representation of the formal loop group G((t)) = G(C((t))). However, we will 
argue in this paper that in contrast to the classical setting, this representation of G((t)) should 
be defined not on a vector space, but on a category (see Sect. 20.4 where the notion of a group 
acting on a category is spelled out). 

Thus, to each G-local system a we would like to attach an abelian category G a equipped with 
an action of the ind-group G((t)). This is what we will mean by a geometric local Langlands 
correspondence for the formal loop group G({t)). This correspondence may be viewed as a 
" categorification" of the classical local Langlands correspondence, in the sense that we expect 
the Grothendieck groups of the categories G a to " look like" irreducible smooth representations 
of G(X). At the moment we cannot characterize C CT in local terms. Instead, we shall now 
explain how this local correspondence fits in with the pattern of the global geometric Langlands 
correspondence. 

In the global geometric Langlands correspondence we start with a smooth projective con- 
nected curve X over C with distinct marked points x\,...,x n . Let er glob be a G-local system 
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on X = X\{x\, ...,£„}, i.e., a G-bundle on X\{x\, ...,£„} with a connection which may have 
poles of arbitrary order at the points x\, . . . , x n . Let Bun^ 1 ' '"' Xn be the moduli stack classifying 
G-bundlcs on X with the full level structure at x\, ...,x n (i.e., trivializations on the formal discs 
D Xi around Xi). Let 2)(Bung' ■■■' Xn ) -mod be the category of D-modulcs on Bun^ 1 '"' 21 ™. One 

o 

defines, as in [BD1], the Hecke correspondence between Bun^ 1 ' "' ,Xn and X x Bun^ 1 ' "' Xn and 
the notion of a Hecke "eigensheaf on Bun^, 1 ' "' Xn with the "eigenvalue" cr glob . 
The Hecke correspondence is the following moduli space: 

Hecke = {{y,y',x,<t>) | Bun" 1 — x \x G X, <f) : 9\ oX \ x ^ 0"| oX \x}- 
It is equipped with the projections 

"Hecke 

h h 

/ \ 

Bui:;; ' x x liu:,;. 

where J", x, 4>) = T and ~h{7, x, 4>) = {x, ?')• The fiber of Hecke over (a;, J") is isomor- 
phic to Gr^ , the twist of the affine Grassmannian Gr x = G{% X )/G{Q X ) by the G(O a; )-torsor 
of trivializations of (here we denote by 0^ and % x the completed local ring of X at 

x and its field of fractions, respectively). The stratification of Gr^ by G(0a;)-orbits induces 
a stratification of Hecke. The strata are parametrized by the set of isomorphism classes of 
irreducible representations of the Langlands dual group G. To each such isomorphism class V 
therefore corresponds an irreducible D-module on Hecke supported on the closure of the orbit 
labeled by V. We denote it by 3^ lob . 

One defines the Hecke functors Hy, V E Irr(3?ep(G)) from the derived category of D-modulcs 

o 

on Bung 1 ' "'"" to the derived category of D-modules on X x Bun^ 1 ' '"' Xn by the formula 

H V (T) = h,(h*(?)®^ oh ). 

A D-module on Bwa x j' "' Xn is called a Hecke eigensheaf with eigenvalue <7 glob if we are given 
isomorphisms 

(0.1) H v {5) ~y CTgl ob 

o 

of D-modules on X x Bun^ 1 ' '"' Xn which are compatible with the tensor product structure on the 
category of representations of G (here V aS iab is the associated vector bundle with a connection 

o 

on X corresponding to tr glob and V). 

The aim of the global geometric Langlands correspondence is to describe the category 
£>(Bung' '"'""^giob 6 -mod of such eigensheaves. 

For example, if there are no marked points, and so cr slob is unramified everywhere, it is 
believed that this category is equivalent to the category of vector spaces, provided that cr glob is 
sufficiently generic. In particular, in this case ©(Bunc)^^ 6 -mod should contain a unique, up 
to an isomorphism, irreducible object, and all other objects should be direct sums of its copies. 
The irreducible Hecke eigensheaf may be viewed as a geometric analogue of an unramified au- 
tomorphic function from the classical global Langlands correspondence. This Hecke eigensheaf 
has been constructed by A. Beilinson and V. Drinfeld in [BD1] in the case when cr slob has an 
additional structure of an " oper" . 

In order to explain what we expect from the category ©(Bung 1 ' '"' Xn )^ 1 c ]t c -mod when the 
set of marked points is non-empty, let us revisit the classical situation. Denote by A the 
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ring of adeles of the field of rational functions on X. Let 7r CTg iob be an irreducible automorphic 
representation of the adelic group G(A) corresponding to er glob by the classical global Langlands 
correspondence. Denote by (7T . g iob) xi x the subspace of ^giob spanned by vectors unramificd 
away from X\,...,x n . Then (-^giob),^ x is a representation of the locally compact group 

II G(% Xi ) (here % Xi denotes the local field at Xi). A basic compatibility between the local 

i— l,...,n 

and global classical Langlands correspondences is that this representation should be isomorphic 
to the tensor product of local factors 




i— l,...,n 



where 7r CTi is the irreducible representation of G(3Q), attached via the local Langlands corre- 
spondence to the restriction ui of cr slob to the formal punctured disc around x%. 

In the geometric setting we view the category D(Bun^j' '"^"^giob 6 -mod as a " categorifica- 
tion" of the representation (7r CT giob) Xi x . Based on this, we expect that there should be a 
natural functor 

(0.2) (g) ^S(Bun^'-' Xn )^ e -mod, 

i=l,...,n 

relating the local and global categories. Moreover, we expect this functor to be an equivalence 
when cr glob is sufficiently generic. This gives us a basic compatibility between the local and 
global geometric Langlands correspondences. 

0.2. How can we construct the categories C<j and the corresponding functors to the global 
categories? At the moment we see two ways to do that. In order to explain them, we first 
illustrate the main idea on a toy model. 

Let G be a split reductive group over Z, and B its Borel subgroup. A natural representation 
of the finite group G(¥ q ) is realized in the space of complex (or Q r ) valued functions on the 
quotient G(¥ q )/ B(¥ q ). We can ask what is the "correct" analogue of this representation when 
we replace the field ¥ q by the complex field and the group G(¥ q ) by G(C). This may be viewed 
as a simplified version of our quest, since instead of considering G(¥ q ((t))) we now look at G(¥ q ). 

The quotient G(¥ q )/B(¥ q ) is the set of F 9 -points of the algebraic variety G/B defined over 
Z called the flag variety of G. Let us recall the Grothendieck faisceaux-fonctions dictionary: 
if 1 is an i?-adic sheaf on an algebraic variety V over F 9 and x is an F 9 -point of V, then we 
have the Frobcnius conjugacy class Fr x acting on the stalk J x of J at x. Hence we can define 
a Q^-valued function f q (3 f ) on the set of F 9 -points of X, whose value at x is Tr^r^, 3 X ). We 
also obtain in the same way a function on the set V(¥ q n) of ¥ q ™ -points of V for n > 1. This 
passage from f-adic sheaves to functions satisfies various natural properties. This construction 
identifies the Grothendieck group of the category of £-adic sheaves on V with a subgroup of the 
direct product of the spaces of functions on V(¥ q n) 7 n > (see [Lau]). Thus, the category of 
e^-adic sheaves (or its derived category) may be viewed as a categorification of this space of 
functions. 

This suggests that in order to pass from F«j to C we first need to replace the notion of a 
function on (G/B)(¥ q ) by the notion of an ^-adic sheaf on the variety (G/B)r q — G/B ® ¥ q . 

Next, we replace the notion of an €-adic sheaf on G/B considered as an algebraic variety over 

F„, by a similar notion of a constructiblc sheaf on (G/B)c — G/B ® C which is an algebraic 

z 

variety over C. The group Gc naturally acts on (G/B)c and hence on this category. We shall 
now apply two more metamorphoses to this category. 
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Recall that for a smooth complex algebraic variety V we have a Riemann-Hilbert correspon- 
dence which is an equivalence between the derived category of constructible sheaves on V and 
the derived category of D-modules on V that are holonomic and have regular singularities. 
Thus, over C we may pass from constructible sheaves to D-modulcs. Generalizing this, we con- 
sider the category of all D-modules on the flag variety (G/B)c- This category carries a natural 
action of Gc- 

Let us also recall that by taking global sections we obtain a functor from the category of 
D-modulcs on (G/B)c to the category of g-modulcs. Moreover, A. Bcilinson and J. Bernstein 
have proved [BB] that this functor is an equivalence between the category of D-modules on 
(G/B)c and the category of jj-modules on which the center of the universal enveloping algebra 
U(g) acts through the augmentation character. Observe that the latter category also carries a 
natural Gc-action that comes from the adjoint action of Gc on g. 

We arrive at the following conclusion: a meaningful geometric analogue of the notion of 
representation of G(¥ q ) is that of a category equipped with an action of Gc- In particular, an 
analogue of the space of functions on G(¥ q )/B(¥ q ) is the category D((G/B)c) -mod, which can 
be also realized as the category of g-modules with a fixed central character. 

Our challenge is to find analogues of the above two categories in the case when the reductive 
group G is replaced by its loop group G ((£)). The exact relation between them will be given 
by a loop group analogue of the Beilinson-Bernstein equivalence, and will be by itself of great 
interest to us. 

As the previous discussion demonstrates, one possibility is to consider representations of the 
complex loop group G((t)) on various categories of D-modules on the ind-schemes G((t))/K, 
where K is an "open compact" subgroup of G ((£)), such as G[[t]] or the Iwahori subgroup I 
(the preimage of a Borel subgroup B C G under the homomorphism G[[t]] — ► G). The other 
possibility is to consider various categories of representations of the Lie algebra fl((t)), or of its 
universal central extension g, because the group G((i)) still acts on g via the adjoint action. 

0.3. To explain the main idea of this paper, we consider an important example of a category 
of D-modules which may be viewed as a " categorification" of an irreducible unramified repre- 
sentation of the group G(3C), where X = ¥ q ((t)). We recall that a representation tt of G(3C) is 
called unramified if it contains a non-zero vector v such that G(0)v = v, where = F q [[t]]. The 
spherical Hecke algebra H(G(X),G(0)) of bi-G(0)-invariant compactly supported functions on 
G(X) acts on the subspace spanned by such vectors. 

The Satake isomorphism identifies H(G(X), G(O)) with the representation ring Rep(G) of 
finite-dimensional representations of the Langlands dual group G [Lan]. This implies that 
equivalence classes of irreducible unramified representations of G(X) are parameterized by semi- 
simple conjugacy classes in the Langlands dual group G. This is in fact a baby version of the 
local Langlands correspondence mentioned above, because a semi-simple conjugacy class in G 
may be viewed as an equivalence class of unramified homomorphisms from the Weil group Wy- 
to G (i.e., one that factors through the homomorphism Wj> — ► Ww q — Z). 

For a semi-simple conjugacy class 7 in G denote by 7r 7 the corresponding irreducible un- 
ramified representation of G(X). It contains a unique, up to a scalar, vector w 7 such that 
G(0)vj — Vj. It also satisfies the following property. For a finite-dimensional representation 
V of G denote by Fy the element of H(G(X), G(O)) corresponding to [V] G Rep(G) under the 
Satake isomorphism. Then we have Fy ■ w 7 = Tr(7, V)v 1 (to simplify our notation, we omit a 
q- factor in this formula). 
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Now we embed 7r 7 into the space of locally constant functions on G(X)/G(0), by using 
matrix coefficients, as follows: 

u £ Ti-y i > f u , f u (g) = (u,gv 7 ), 

where (, ) is an invariant bilinear form on 7r 7 . Clearly, the functions f u arc right G(0)-invariant 
and satisfy the condition 

(0.3) f*F v = Tr(>y,V)f, 

where * denotes the convolution product. Let G(G(3C)/G(0)) 7 be the space of locally con- 
stant functions on G(X)/G(0) satisfying (0.3). We have constructed an injectivc map 7r 7 — ► 
C(G(X)/G(Q)) 1 , and one can show that for generic 7 it is an isomorphism. 

Thus, we obtain a realization of irreducible unramified representations of G(X) in functions 
on the quotient G(X)/G(0). According to the discussion in the previous subsection, a natural 
complex geometric analogue of the space of functions on G(X)/G(0) is the category of (right) 
D-modules on G((i))/G[[i]]. The latter has the structure of an ind-scheme over C which is called 
the affine Grassmannian and is denoted by Gr^. 

The classical Satake isomorphism has a categorical version due to Lusztig, Drinfeld, Ginzburg 
and Mirkovic-Vilonen (see [MV]) which may be formulated as follows: the category of G[[i]]- 
cquivariant D-modulcs on Gr^, equipped with the convolution tensor product, is equivalent 
to the category ftep(G) of finite-dimensional representations of G as a tensor category. For a 
representation V of G let 3V be the corresponding D-module on Gr<5. A D-module J on Gr<3 
satisfies the geometric analogue of the property (0.3) if we are given isomorphisms 

(0.4) a v : J*3V 3, Ve Ob Xep(G) 

satisfying a natural compatibility with tensor products. In other words, observe that we now 
have two monoidal actions of the tensor category Xep(G) on the category D(Grc) -mod of right 
D-modules on Gtq- one is given by tensoring D-modules with V_, the vector space underlying 
a representation V of G, and the other is given by convolution with the D-module 9V- The 
collection of isomorphisms ay in (0.4) should give us an isomorphism between these two actions 
applied to the object 3\ 

Let S)(GrG) Hecke -mod be the category whose objects are the data (5F, {ay}), where J is a 
D-module on Gr^ and {ay} are the isomorphisms (0.4) satisfying the above compatibility. This 
category carries a natural action of the loop group G({t)) that is induced by the (left) action 
of G((t)) on the Grassmannian Grg. We believe that the category £>(Gr<3) Hecke -mod, together 
with this action of G((t)), is the "correct" geometric analogue of the unramified irreducible 
representations of G(¥ q ((t)j) described above. Thus, we propose that 

(0.5) 6 CT0 ~2)(Gr G ) Hocko -mod, 

where ao is the trivial G-local system on T> x . This is our simplest example of the conjec- 
tural categories C<j, and indeed its Grothendieck group "looks like" an unramified irreducible 
representation of G(X). 

0.4. Next, we attempt to describe the category S CTo in terms of representations of the affine 
Kac-Moody algebra g. Since the affine analogue of the Bcilinson-Bcrnstcin equivalence is a 
priori not known, the answer is not as obvious as in the finite-dimensional case. However, the 
clue is provided by the Beilinson-Drinfeld construction of the Hecke eigensheaves. 

The point of departure is a theorem of [FF3] which states that the completed universal 
enveloping algebra of g at the critical level has a large center. More precisely, according to 
[FF3], it is isomorphic to the algebra of functions of the affine ind-scheme Opj(D x ) of Q-opers 
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over the formal punctured disc (where g is the Langlands dual of the Lie algebra g). Thus, 
each point \ € Op^('D x ) defines a character of the center, and hence the category g cr it -mod x 
of discrete g-modules of critical level on which the center acts according to the character \- 

We recall that a g-oper (on a curve or on a disc) is a G-local system plus some additional 
data. This notion was introduced in [DS, BD1] (see Sect. 1.1 for the definition). Thus, we have 
a natural forgetful map Opg(CD x ) — > LocSys G (!D x ), where LocSys G (D x ) is the stack of G-local 
systems on CD X . 1 In this subsection we will restrict our attention to those opers, which extend 
regularly to the formal disc CD; they correspond to points of a closed subscheme of regular opers 
Opg Cg C Opg(D x ). In particular, the local systems onD x defined by such opers are unramificd, 
i.e., they extend to local systems on CD, which means that they are isomorphic to the trivial 
local system (non-canonically, since the group G acts by automorphisms of the trivial local 
system). 

For a fixed point x G X Bcilinson and Drinfcld construct a local-to-global functor 
flcrit-rnod — > D (Bun G ) -mod as a Beilinson-Bernstein type localization functor by realizing 
Bun^, as the quotient G((t))/G(X - a;). 

Given a regular oper on the formal disc CD around x, consider the restriction of this local- 
ization functor to the category jj crit -mod x . It was shown in [BD1] that the latter functor is 
non-zero if and only if \ extends to an oper on the global curve X, and in that case it gives 
rise to a functor 

crit -mod x -> D(Bung)^ g Tob°-mod, 

where cr slob is the G-local system on X corresponding to the above oper. 

This construction, combined with (0.2), suggests that for every regular oper \ on CD we 
should have an equivalence of categories 

(0.6) G ao ~ cri t -mod x . 

Thus, we have two conjectural descriptions of the category C a o : one is given by (0.5), and the 
other by (0.6). Comparing the two, we obtain a conjectural analogue of the Beilinson-Bernstein 
equivalence for the affine Grassmannian: 

(0.7) 3(Gr G ) Hockc -mod ~ g crit -mod x 

for any \ £ Op™ 8 . In fact, as we shall see later, we should have an equivalence as in (0.7) 
for every trivialization of the local system on D corresponding to the oper \- I n particular, 
the group of automorphisms of such a local system, which is non-canonically isomorphic to 
G, should act on the category Q cr \t -mod x by automorphisms. In a sense, it is this action 
that replaces the Satake parameters of irreducible unramificd representations of G{%) in the 
geometric setting. 

Let us note that the equivalence conjectured in (0.7) does not explicitly involve the Langlands 
correspondence. Thus, our attempt to describe the simplest of the categories C CT has already 
paid dividends: it has led us to a formulation of Beilinson-Bernstein type equivalence for Gr G . 

It is instructive to compare it with the Beilinson-Bernstein equivalence for a finite- 
dimensional flag variety (G/B)c, which says that the category of D-modules on (G/B)c is 
equivalent to the category of g-modules with a fixed central character. Naively, one might 
expect that the same pattern holds in the affine case as well, and the category 2)(Gr G ) -mod is 
equivalent to the category of g crit -modules with a fixed central character. However, in contrast 
to the finite-dimensional case, the category D(Gr G )-mod carries an additional symmetry, 
namely, the monoidal action of the category CRep(G) (which can be traced back to the action 



Note that it is not an algebraic stack, but in this paper we will work with its substacks which are algebraic. 
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of the spherical Hecke algebra in the classical setting). The existence of this symmetry 
means that, unlike the category g cr i t -mod x , the category ®(Gvg) -mod is a G-equivariant 
category (in other words, £)(Gr<3)-mod is a category over the stack pt /G, see below). From 
the point of view of Langlands correspondence, this equivariant structure is related to the 
fact that G is the group of automorphism of the trivial local system G. In order to obtain a 
Beilinson-Bernstein type equivalence, we need to de-equivariantize this category and replace it 
by £>(Gr G ) Hocko -mod. 

0.5. Our next goal is to try to understand in similar terms what the categories C CT look like 
for a general local system a. Unfortunately, unlike the unramified case, we will not be able to 
construct them directly as categories of D-modulcs on some homogeneous space of G((i)). The 
reason for this can be traced to the classical picture. If a is ramified, then the corresponding 
irreducible representation 7r of the group G(¥ q ((t))) does not contain non-zero vectors invariant 
under G(F 9 [[i]]), but it contains vectors invariant under a smaller compact subgroup K C 
G(F g [[i]]). As in the ramified case, we can realize 7r, by taking matrix coefficients, in the space 
of functions on G(F q ((t)))/K with values in the space tt k of if -invariant vectors in tt satisfying a 
certain Hecke property. However, unlike the case of unramified representations, ir K generically 
has dimension greater than one. When we pass to the geometric setting, we need, roughly 
speaking, to find a proper " categorification" not only for the space of functions on G(F q ((t)))/K 
(which is the category of D-modules on the corresponding ind-scheme, as explained above), but 
also for tt k and for the Hecke property In the case when a is tamely ramified, we can take as 
K the Iwahori subgroup /. Then the desired categorification of n 1 and the Hecke property can 
be constructed following R. Bezrukavnikov's work [Bez], as we will see below. This will allow 
us to relate the conjectural category G a to the category of D-modules on G((t))/I. But we do 
not know how to do that for more general local systems. 

Therefore, we try first to describe the categories C CT in terms of the category of representations 
of J at the critical level rather than categories of D-modules on homogeneous spaces of G((i)). 

A hint is once again provided by the Beilinson-Drinfcld construction of Hecke eigensheaves 
from representations of g at the critical level described above, because it may be applied in the 
ramified situation as well. Extending (0.6), we conjecture that for any oper x on an d the 
corresponding local system a, we have an equivalence of categories 

(0.8) C CT ~ g C rit -mod x 

equipped with an action of G((t)). This statement implies, in particular, that the category 
cr it-mod x depends not on the oper x, but only on the underlying local system! This is by 
itself a deep conjecture about representations of q at the critical level. 

At this point, in order to elaborate more on what this conjecture implies and to describe 
the results of this paper, we will need to discuss a more refined version of the local geometric 
Langlands correspondence indicated above. For that we have to use the notion of an abelian or a 
triangulated category over a stack. In the abelian case this is an elementary notion, introduced, 
e.g., in [Gal]. It amounts to a sheaf (in the faithfully-flat topology) of abelian categories over 
a given stack y. When y is an affine scheme Spec (A), this amounts to the notion of A-linear 
abelian category. In the triangulated case, some extra care is needed, and we refer the reader to 
[Ga2] for details. The only property of this notion needed for the discussion that follows is that 
whenever C is a category over y and V — > y is a map of stacks, we can form the base-changed 
category & = G x y'; in particular, for a point y G y(C) we have the category-fiber G y . 

A refined version of the local geometric Langlands correspondence should attach to any y- 
family of G- local systems 5onB x a category Cg. over y, equipped with an action of G((t)), in a 
way compatible with the above base change property. Such an assignment may be viewed as a 
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category C over the stack LocSys G (D x ) equipped with a "fiberwise" action of G((t)). Then the 
categories G a discussed above may be obtained as the fibers of 6 at C-points a of LocSys G (D x ) . 

We shall now present a refined version of (0.8). Namely, although at the moment we cannot 
construct C, the following meta-conjecture will serve as our guiding principle: 

(0.9) 5 cri t-mod~e x P g(D x ). 

LocSy S(J (Dx) 

We will not even try to make this meta-conjecture precise in this paper. Instead we will derive 
from it some more concrete conjectures, and the goal of this paper will be to give their precise 
formulation and provide evidence for their validity. 

0.6. Let us first revisit the unramified case discussed above. Since the trivial local system 
(To has G as the group of its automorphisms, we have a natural map from the stack pt /G to 
LocSys G (D x ). Let us denote by e rog the base change of (the still conjectural category) 6 under 
the above map. Then, by definition, we have an equivalence: 

(o.io) e ff0 ~e reg x pt. 

pt/G 

Now observe that the geometric Satake equivalence of Sect. 0.3 gives us an action of the 
tensor category Rep(G) on £>(Gr G )-mod, K,Jh 3*1y. This precisely amounts to saying 
that £»(Gr G )-mod is a category over the stack pt /G. Moreover, we then have the following 
base change equivalence: 

(0.11) £(Gr G ) Hocko -mod~2)(Gr G )-mod x pt . 

pt/G 

Combining (0.10) and (0.11), we arrive at the following generalization of (0.5): 
(0.12) C reg ~£>(Gr G )-mod. 

Let us now combine this with (0.9). Let us denote by flcrit -mod reg the subcategory of g- 
modules at the critical level on which the center acts in such a way that their scheme-theoretic 
support in Opg(D x ) belongs to Op™ s . By the definition of the map Opg(D x ) — ► LocSys G (D x ), 
its restriction to Opj Cg factors through a map Op™ s — > pt/G, which assigns to an oper \ the 
G-torsor on Op™ s obtained by taking the fiber of \ a t the origin in D. 

Thus, combining (0.9) with the identification 

(0.13) gent -mod r eg ~ flcrit -mod x Op r d cg , 

Op s (Dx) S 

we obtain the following statement: 

(0.14) 0crit-mod rog ~£(Gr G )-mod x Op™ s , 

pt/G 

By making a further base change with respect to an embedding of the point-scheme into 
Opj Cg corresponding to some regular oper x, we obtain (0.7). Thus, (0.14) is a family version 
of (0.7). 

Let us now comment on one more aspect of the conjectural equivalence proposed in (0.14). 
With any category 6 acted on by G((t)) and an "open compact" subgroup K C G((i)) we can 
associate the category C K of if-equivariant objects. Applying this to £j cr ; t -mod reg we obtain 
the category, consisting of those representations, which are if-integrable (i.e., those, for which 
the action of Lie K may be exponentiated to that of K). In the case of D(Gyg) -mod we obtain 
the category of if-equivariant D-modulcs in the usual sense. 
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Let us take K = G[[i\], and compare the categories obtained from the two sides of (0.14): 
(0.15) g crit -modf^] ~ D(Gr G ) G [Wl -mod x _ Opf 5 . 

pt/G 

However, the Satake equivalence mentioned above says that D(Gtg) G ^ — 0iep(G), implying 
that the RHS of (0.15) is equivalent to the category of quasi-coherent sheaves on Opg eg : 

(0.16) fl crit -mod r G J t]1 ~ QCoh(Op" s ). 

The latter equivalence is not conjectural, but has already been established in [FG], Theorem 
6.3 (see also [BD1]). 

Thus, we obtain a description of the category of modules at the critical level with a specified 
integrability property and a condition on the central character as a category of quasi-coherent 
sheaves on a scheme related to the Langlands dual group. Such a description is a prototype for 
the main conjecture of this paper, described below. 

0.7. The main goal of this paper is to develop a picture similar to the one presented above, 
for tamely ramified local systems a on D x , i.e., those with regular singularity at the origin 
and unipotent monodromy. The algebraic stack classifying such local systems is isomorphic 
to Nq/G, where N G C is the nilpotent cone. Let C n ii p be the corresponding hypothetically 
existing category over N G /G equipped with a fiberwise action of G((t)). 

We shall first formulate a conjectural analogue of Theorem (0.16) in this set-up. As we 
will see, one essential difference with the unramified case is the necessity to consider derived 
categories. 

Denote by I C G[[t]] the Iwahori subgroup; it is the preimage of a once and for all fixed 
Borel subgroup of G under the homomorphism G[[t]] — > G. We wish to give a description of 
the 7-monodromic part £> 6 (C n iip) J ' m of the derived category £> fc (C n ii p ) that is similar in spirit 
to the one obtained in the unramified case (the notion of Iwahori-monodromic derived category 
will be introduced in Sect. 5.2). 

In Sect. 2.5 we will introduce a subscheme Op? llp C Opj(D x ) of opers with nilpotent singu- 
larities. Note that Op? llp contains as a closed subscheme the scheme Opjj cs of regular opers. 
Denote by 5 cr ; t -mod n ii p the subcategory of g cr it -mod whose objects are the J3 cr i t - modules whose 
scheme-theoretic support in Opg(B x ) is contained in Op^ llp . 

Let N G be the Springer resolution of N G . We will show in Sect. 2.5 that the composition 
Opg ilp -> Op fi (D x ) -> LocSys G (D x ) factors as 

Opf p R ^' P X G /G X G /G LocSys 6 (D x ). 

The first map, denoted by Res nllp , is smooth. 

Our Main Conjecture 6.1.1 describes the (bounded) derived category of 5 crit -mod n ;i p as 
follows: 

(0.17) ^ fc (5 crit -mod nilp ) / ^^ J D fc (QCoh(I/G x Opf p )), 

S/G 

where g — > g is Grothendicck's alteration. This is an analogue for nilpotent opers of Theorem 
(0-16). 

As will be explained below, the scheme g/G x Opg llp , appearing in the RHS of (0.17), 

b/G 

has a natural interpretation as the moduli space of Miura opers with nilpotent singularities 
(see Sect. 3). The main motivation for the above conjecture came from the theory of Waki- 
moto modules introduced in [FF2, F]. Namely, to each Miura oper with nilpotent singularity 
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one can attach a Wakimoto module which is an object of the category g cr it-mod^^. Our 
Conjecture 0.17 extends this "pointwise" correspondence to an equivalence of categories. 

0.8. Next, we would like to formulate conjectures concerning C n ii P that are analogous to (0.12) 
and (0.14), and relate them to Conjecture (0.17) above. 

The main difficulty is that we do not have an explicit description of C n ii p in terms of D- 
modules as the one for e reg , given by (0.12). Instead, we will be able to describe a certain base 
change of C n ii p , suggested by the work of S. Arkhipov and R. Bczrukavnikov [Bez, AB]. 

Let F1 G = G((tj) 1 1 be the affine flag variety and the affine Grassmannian, corresponding to 
G and 2)(Fl G )-mod the category of right D-modules on Flo The group G((tj) naturally acts 
on D(F\g) -mod. According to [AB], the triangulated category D b (!l)(Fl G ) -mod) is a category 
over the stack N G /G. 

We propose the following conjecture, describing the hypothetically existing category C n ii p , 
which generalizes (0.12): 

(0.18) £"(e nilp ) x N G /G~£ b (3(Fl G )-mod). 

J4 6 /G 

Combining (0.18) with our meta-conjecture (0.9), we arrive at the statement 
(0.19) £ b (5crit-mod nilp ) ~£> 6 (2)(F1 G ) mod) x Opf p 

J4 6 /G 

(the RHS of the above equivalence uses the formalism of triangulated categories over stacks 
from [Ga2]). Note that Conjecture (0.19) is an analogue for opers with nilpotent singularities 
of Conjecture (0.14) for regular opers. 

We would now like to explain the relation of Conjectures (0.18) and (0.19) to the description 
of D b (5crit -mod n iip) via quasi-coherent sheaves, given by Conjecture (0.17) once we pass to the 
i-monodromic category. 

We propose the following description of the category D(e„ii p ) /,m : 

(0.20) D b (e nap y> m ~ £ b (QCoh(! x N G /G)). 



Let us note that Conjecture (0.20) is compatible with (0.18). Namely, by combining the two 
we obtain the following: 

(0.21) £> 6 (!D(Fl G )-mod) 7 ' m ~ L> b (QCoh(| x N G /G)). 



However, this last statement is in fact a theorem, which is one of the main results of 
Bezrukavnikov's work [Bez]. 

Finally, combining (0.21) and (0.19), we arrive to the statement of Conjecture (0.17), pro- 
viding another piece of motivation for it, in addition to the one via Wakimoto modules given 
above. 

0.9. The principal objective of our project is to prove conjectures (0.14) and (0.17). In the 
present paper we review some background material necessary to introduce the objects we are 
studying and formulate the above conjectures precisely. We also prove two results concerning 
the category of representations of affine Kac-Moody algebras at the critical level which provide 
us with additional evidence for the validity of these conjectures. 

Our first result is Main Theorem 6.3.2, and it deals with a special case of Main Conjec- 
ture 6.1.1. Namely, in Sect. 6.3 we will explain that if C is a category endowed with an action of 
G((t)), the corresponding category C 1 '" 1 of Iwahori-monodromic objects admits a Serre quotient, 
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denoted fQ 1 '" 1 , by the subcategory, consisting of the so-called partially intcgrable objects. (Its 
classical analog is as follows: given a representation ir of a locally compact group G(X), we first 
take the subspace it 1 is Iwahori-invariant vectors, and then inside ir 1 we take the subspace of 
vectors corresponding to the sign character of the Iwahori-Hecke algebra.) 

Performing this procedure on the two sides of (0.19), we should arrive at an equivalence of 
the corresponding triangulated categories: 

(0.22) ^ b (g crit -mod nilp ) / ^~^"(2)(Fl G )-mod) / ^ x Opf p 

However, using Bezrukavnikov's result (see Theorem 6.3.1), the RHS of the above expression 
can be rewritten as _D b (QCoh(Spcc(/i ) x Op? llp )), where ho is a finite-dimensional commutative 
algebra isomorphic to H(G/B,C). The resulting description of ^_D b (g cr ;t -mod n ii p ) /,m is our 
Main Theorem 6.3.2. In fact, we show that at the level of quotient categories by partially 
intcgrable objects, the equivalence holds not only at the level of triangulated categories, but 
also at the level of abelian ones: 

^ crit -mod^ p l ~ QCoh(S P ec(M x Opf p ). 

We note that while we use [Bez] for motivational purposes, the proofs presented in this paper 
are independent of the results of [Bez] . 

Our second main result is Theorem 8.7.1. We construct a natural functor from the RHS of 
(0.14) to the LHS and prove that it is fully faithful at the level of derived categories. 

0.10. Let us now describe the structure of the paper. It is logically divided into 5 parts. 
Part I is a review of results about opers and Miura opers. 

In Part II we discuss various categories of representations of affinc Kac-Moody algebras at 
the critical level. We give more precise formulations of the conjectural equivalences that we 
mentioned above and the interrelations between them. In particular, we prove one of our main 
results, Theorem 8.7.1. 

In Part III we review the Wakimoto modules. We present a definition of Wakimoto modules 
by means of a kind of semi-infinite induction functor. We also describe various important 
properties of these modules. 

In Part IV we prove Main Theorem 6.3.2 which establishes a special case of our conjectural 
equivalence of categories (0.17). 

Part V is an appendix, most of which is devoted to the formalism of group-action on cate- 
gories. 

Finally, a couple of comments on notation. 

We will write X x Y for the fiber product of schemes X and Y equipped with morphisms 

z 

to a scheme Z. To distinguish this notation from the notation for associated fiber bundles, we 

K 

will write y x Ik for the fiber bundle associated to a principal X-bundlc $k over some base, 
where K is an algebraic group and V is a if-space. We also denote this associated bundle by 

If a group G acts on a variety X, we denote by X/G the stack-theoretic quotient. If X 
is affine, we denote by X//G the GIT quotient, i.e., the spectrum of the algebra of invariant 
functions. We have a natural morphism X/G — > X//G. 
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Part I. Opers and Miura opers 



We this Part we collect the definitions and results on opers and Miura opers. As a math- 
ematical object, opers first appeared in [DS], and their connection to representations of affine 
Kac-Moody algebras at the critical level was discovered in [FF3] . 

In Sect. 1 we recall the definition of opers following [BD1] and the explicit description of the 
scheme classifying them as a certain affine space. 

In Sect. 2 we study opers on the formal punctured disc with a prescribed form of singularity 
at the closed point. After reviewing some material from [BD1], we show that the subscheme 
of opers with regular singularities and a specific value of the residue can be interpreted as a 
scheme of opers with nilpotent singularities, which we denote by Op™ lp . We show that the 

scheme Opg llp admits a natural secondary residue map to the stack n/B ~ N/G. 

In Sect. 3 we study Miura opers. The notion of Miura oper was introduced in [F], following 
earlier work of Feigin and Frenkel. By definition, a Miura oper on a curve A is an oper plus 
a reduction of the underlying G-local system to a Borel subgroup B~ opposite to the oper 
Borcl subgroup B. The functor MOp fl (A) of Miura opers admits a certain open subfunctor, 
denoted by MOp flgen (A) that corresponds to generic Miura opers. The (D-) scheme classifying 
the latter is affine over A, and as was shown in [F], it is isomorphic to the (D-) scheme of 
connections on some fixed if-bundle over A, where H is the Cartan quotient of B. 2 The 
new results in this section are Proposition 3.5.1 which describes the forgetful map from generic 
Miura opers to opers over the locus of opers with regular singularities and Theorem 3.6.2 which 
describes the behavior of Miura opers and generic Miura opers over Opg llp . 

In Sect. 4 we introduce the isomonodromy groupoid over the ind-scheme Op fl (D x ) and its 
various subschemcs. We recall the definition of Poisson structure on the space Op fl (CD x ) of opers 
on the formal punctured disc introduced in [DS]. Following [BD1] and [CHA], we interpret this 
Poisson structure as a structure of Lie algebroid on the cotangent sheaf fl 1 (Op g (T> x j) and 
following [DS] we show that it is isomorphic to the Lie algebroid of the isomonodromy groupoid 
on the space of opers. The new results in this section concern the behavior of this algebroid 
along the subscheme Opg llp . 

1. Opers 

1.1. Definition of opers. Throughout Part I (except in Sect. 1.6), we will assume that G is a 
simple algebraic group of adjoint type. Let B be its Borel subgroup and N = [B,B] its unipotent 
radical, with the corresponding Lie algebras n C fa C Q. There is an open B-orbit O C g/fa, 
consisting of vectors which are invariant with respect to the radical N c B, and such that 
all of their negative simple root components, with respect to the adjoint action of H = B/N, 
are non-zero. This orbit may also be described as the i?-orbit of the sum of the projections of 
simple root generators f l of any nilpotent subalgebra n~, which is in generic position with fa, 



The corresponding space of //-connections on the formal punctured disc and its map to the space of opers 
were introduced in [DS] as the phase space of the generalized mKdV hierarchy and the Miura transformation 
from this space to the phase space of the generalized KdV hierarchy. 
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onto g/b. The torus H = B/N acts simply transitively on O, so O is an iJ-torsor. Note in 
addition that O is invariant with respect to the action of G m on g by dilations. 

Let X be a smooth curve, or the formal disc T> = Spec(O), where is a one-dimensional 
complete local ring, or a formal punctured disc D x = Spec(3C), where % is the field of fractions 
of 0. We will denote by wj the canonical line bundle on X; by a slight abuse of notation we 
will identify it with the corresponding G m -torsor on X. 

Suppose we are given a principal G-bundle 5g on X, together with a connection V (auto- 
matically flat) and a reduction 5b of 5g to the Borel subgroup B of G. Then we define the 
relative position of V and 5b (i-e., the failure of V to preserve 5b) as follows. Locally, choose 
any connection V on 5 preserving 5b, and take the difference V — V € Qj G ~ g? B . It is clear 
that the projection of V — V' to (s/b)? B <S>u>x is independent of V; we will denote it by V/5b- 
This (fl/b)g- B -valued one- form on X is by definition the relative position of V and 5b- 

Following Bcilinson and Drinfcld, sec [BD1], Sect. 3.1, and [BD2], one defines a Q-oper on 
X to be a triple (5g, V, 5b), where 5g is a principal G-bundle 5g on X, V is a connection on 
5g, and 5b is a S-reduction of 5g such that the one- form V/5b takes values in 

BxG m 

0-j B . LJx := O x (5b x w x ) C (fl/b) ?B ® w*. 

Consider the if-bundle on X, induced from the line bundle u>x by means of the ho- 
momorphism p : G m — > iJ. (The latter is well-defined, since G was assumed to be of adjoint 
type.) 

Lemma 1.1.1. For an oper (Jg,\7 ^g), the induced H-bundle 5b := N\3b is canonically 
isomorphic to cj x . 

Proof. We have to show that for every simple root a l : B — > G m , the line bundle C^* B is 
canonically isomorphic to ojx ■ 

Decomposing V/5b with respect to negative simple roots, we obtain for every i a non- 
vanishing section of the line bundle 

This provides the required identification. 

□ 

Here is an equivalent way to think about opers. Let us choose a trivialization of the £?-bundlc 
5b, and let V° be the tautological connection on it. Then an oper is given by a connection V 
of the form 

(1-1) v = V° + ]T^-.A + q, 

where each is a nowhere vanishing one- form on X , and q is a b-valued one- form. If we change 
the trivialization of 5b by g : X — > B, the connection will get transformed by the corresponding 
gauge transformation: 

(1.2) V i ^ Ad g (V) := V° + Ad g ^ & ■ /, + q^j - g" 1 • d(g). 

The following will be established in the course of the proof of Proposition 1.3.1: 



Lemma 1.1.2. If Ad g (V) = V, then g = 1. 



16 



EDWARD FRENKEL AND DENNIS GAITSGORY 



In a similar way one defines the notion of an R- family of opers on A, where R is an arbitrary 
commutative C-algebra. We shall denote this functor by Op g (A). For X = T> (resp., X = D x ) 
some extra care is needed when one defines the notion of i?-family of bundles. To simplify the 
notation we will choose a coordinate i on B, thereby identifying ~ C[[t\] and X ~ C((i)). 
Although this choice of the coordinate trivializes ojx by means of dt, we will keep track of the 
distinction between functions and forms by denoting the O-module wd (resp., the 3C-vector 
space Ujix) by by C[[i]]dt (resp., C((t))dt). 

By definition, an i?-family of G-bundles on X = D is a G-bundle on Spec(i?[[i]]), or which 
is the same, a compatible family of G-bundles on Spec(R[t]/t l ); such a family is always locally 
trivial in the etale topology on Spec(-R). 

An R- family of G-bundles on D x is a G-bundle on Spec (R([t))), which we require to be locally 
trivial in the etale topology in Spec(i?). 

Connections on the trivial i?-family of G-bundles on T> and D x are expressions of the form 
V° + 0, where <f> is an element of and Q®R((t))dt, respectively. Gauge transformations 

are elements of G(i?[[i]]) and G(R((t)j), respectively and they act on connections by the formula 

(1.2) . 

Thus, Op 8 (D) and Op g (2) x ) are well-defined as functors on the category of C-algebras. 
Following [BD1], Sect. 3.1.10, we will prove below that these functors are representable by a 
scheme and ind-scheme, respectively. 

1.2. D-scheme picture. When A is a curve of finite type, a natural way to think of g-opers 
on A is in terms of D-schemes (we refer the reader to [CHA], Sect. 2.3 for the general discussion 
of D-schemes, and to [CHA], Sect. 2.6.8 for the discussion of opers in this context). 

Namely, let us notice that the notion of i?-family of g-opers on A makes sense when R is a 
Sx-algebra, i.e., a quasi-coherent sheaf of algebras over A, endowed with a connection. 

Repeating the argument of Proposition 1.3.1 (see below), one obtains that the above functor 
on the category of Sx-algebras is representable; the corresponding affine Sjf-scheme, denoted 
Op g (A) s , is isomorphic to the Dx -scheme of jets into a finite-dimensional vector space. 

By definition, for a C-algebra R we have: 

(1.3) Op 3 (X)(R) ~ Hom Sx (Spec(i? ® Q x ), Op g (A) s ) . 

If D is the formal neighborhood of a point x E X with a local coordinate t, the functors Op g (CD) 
and Op fl (CD x ) are reconstructed as 

(1.4) R i ^ Hom Vx (Spec(R[[t]\), Op g (A) s ) and R ^ Kom Vx (Spec (R((t))) , Op g (A) s ') , 
respectively. 

In addition, one also has an isomorphism between the scheme Op g (CD) and the fiber of 
Op g (A) s ', regarded as a mere scheme over A, at x G X. 

1.3. Explicit description and canonical representatives. To analyze opers on D x (resp., 
D) more explicitly we will continue to use an identification ~ C[[t]], and we will think of 
opers as equivalence classes of connections of the form 

(1.5) V = V° + 5^^(t)dt-/, + q(t)dt, 

where now (f) l and q are now elements of R((tj) and b ® R((t)), respectively (resp., R[[t}] and 
b <S> R[[t]}) such that each 4> t is invertible. Two such connections are equivalent, if they can be 
conjugated one into another by a gauge transformation by an element of Hom(Spec (i?((t))) , B) 
(resp., Hom(Spec(i?[[t]]),B). 
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Let us observe that since H ~ B/N acts simply-transitively on O, any connection as above 
can be brought to the form when all the functions <j> t (t) are equal to 1. Moreover, this can be 
done uniquely, up to a gauge transformation by means of Hom(Spec(i?((i)), N). 

The operator ad p defines the principal grading on b, with respect to which we have a direct 

sum decomposition b = © bd- Set 

d>a 

p-i = ^2 f%; 

% 

we shall call this element the negative principal nilpotcnt. 

Let pi be the unique element of n such that {p~i, 2p,pi} is ans^-triple. Let V can = © V can d 

be the space of adpi-invariants in n. The operator adp_i acts from bd+i to bd injectively for 
all d > 0, and we have b d = [p_i, b d +i] © V c&n . d - 

We will call the G m -action on V can , resulting from the above grading, "principal". We will 
call the G m -action on V can , obtained by multiplying the principal one by the standard character, 
"canonical". Recall that by a theorem of Kostant, the map 

(1.6) Kan C ^ +C - 8//G ^ t)//W 

is an isomorphism. This map is compatible with the canonical G m -action on V can and the 
action on t)//W, induced by the standard <G m -action on f). 

Proposition 1.3.1 ([DS]). The gauge action o/Hom(Spec(i?((i))), B) on the set of connections 
of the form (1.5) is free. Each gauge equivalence class contains a unique representative of the 
form 

(1.7) V = V° + P - I dt + V(t)dt, V(t) G Vcan® R((t)). 

As we shall see, the same assertion with the same proof is valid if we replace R((t)) by 
In what follows we will refer to (1.7) as the canonical representative of an oper. 

Proof. We already know that we can bring a connection (1.5) to the form 

V° +p-xdt + q(t)dt, 

uniquely up to an element in Hom(Spec(ii((t))), N). We need to show now that there exists a 
unique element u(t) en® R((t)) such that 

Ad exp(u(t)) (V° +p-idt + q(t)dt) = V° +p_ 1 dt + v(t)dt, 

v(t) e V can ®R((t)). 

Let us decompose the unknown element u(t) as T,Ud(t), where Ud{t) & rid <8> R{{tj), and we 

d 

claim that we can find the elements Ud(t) by induction d. Indeed, let us assume that e V can .d> 
for d' < d. Then u<j+i(i) must satisfy: 

[ud+i(t),P-i] + qd(*) G V can ,d, 
and this indeed has a unique solution. 

□ 

Corollary 1.3.2. The set of R- families of opers on D and T> x is isomorphic to Vc an ©i?[[<]] and 
Vcan <8> R((t)), respectively. In particular, the functor Op g (D) (resp., Op fl (D x ) / ) is representable 
by the scheme (resp., ind-scheme), isomorphic to V can [[t]] (resp., V can ((t))). 
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We should note, however, that the isomorphisms Op g (CD) ~ Kan^i]] and Op g (CD x ) ~ K an ((i)) 
are not canonical, since they depend on the choice of the coordinate t on CD. 

By the very definition, on the scheme 

Op g (CD)xCD := Spcc(FunO Pg (CD))[[i]] 

there exists a universal G-bundle 3 r G,Op B (D) with a reduction to a _B-bundle 3 r B,op fl (D) an d a 
connection Vo Po (d) in the CD-direction such that the triple (3 r G,Op fl (D)i ^Op (D)j 3 r s,Op (D)) i s 
a Op g (CD)-family of g-opers on CD. By the above, when we identify ~ C[[i\], the G-bundle 
^b^PqCD), and hence 9\G.op fl (D)! becomes trivialized. But this trivialization depends on the 
choice of the coordinate. 

In what follows we will denote by CPq .op fl (D) (rcsp., 3 3 s ! op fl (D)) the restriction of 9 r G,Op B (D) 
(resp., S^op^D)) to the subscheme Op g (CD) C Op g (CD)xCD, corresponding to the closed point 
of CD. Note that CP G , p fl (2>) can also be defined as the torsor of horizontal, with respect to the 
connection along CD, sections of 3 r G,Op B (B)- 

1.4. Action of Aut(CD). Let Aut(CD) (rcsp., Aut(CD x )) be the group-scheme (rcsp., group ind- 
scheme) of automorphisms of CD (resp., CD X ). 3 . Since Op B (CD) (resp., Op s (CD x )) is canonically 
attached to CD (resp., CD X ), it carries an action of Aut(CD) (resp., Aut(CD x )), see Sect. 19.2 for 
the definition of the latter notion. 

By transport of structure, the action of Aut(CD) on Op B (CD)xCD lifts onto ^g.Op^d) and 
3 B,Op (D)- The interpretation of Jg .Op fl (D) as the space of horizontal sections of 3 r G,Op (B) 
implies that the action of Aut(CD) on Op g (CD) lifts also onto the G-torsor CPg.Op 9 (D)- 

To a choice of a coordinate t on CD there corresponds a homomorphism G m — > Aut(CD) that 
acts by the "loop rotation" , i.e., 1 1 — »■ c • £. We shall now describe the resulting action of G m on 
Op g (CD x ) in terms of the isomorphism of Corollary 1.3.2: 

Lemma 1.4.1. 

(1) The trivialization J > G,Op £1 (D) — G xOp g (CD) corresponding to the given choice of a coordinate 
is compatible with the G m -action, via the homomorphism p : G m — > G. 

(2) The action of c G G m on 

Op g (CD X ) ~ Kan((i)) - 8Kan,d((t)) 
d 

is given by 

Vd{t) e Kan,d((i)) ^ C d+1 ■ V d ( C • t). 

Proof. By definition, the action of c e G m on a connection in form (1.7) transforms it to 

(1.8) V° + p_id(c • t) + v(c • t)d(c ■ t) = V° + c ■ p-idt + c • v(c • t)dt. 

In order to bring it back to the form (1.7) we need to apply a gauge transformation by means 
of the constant H- valued function p(c). This implies point (1) of the lemma. 
This gauge transformation transforms (1.8) to 

V° + p-idt + c ■ Adp( c) (v(c ■ t))dt. 

This implies point (2) of the lemma, since Adp( c )(vd(c • t)) = c d ■ v,i(c • t). 

□ 



3 Note that Aut(D) is not reduced, see [BD1], Sect. 2.6.5 
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1.5. Quasi-classics: the Hitchin space. Recall that the Hitchin space Hitch B (X) corre- 
sponding to the Lie algebra g and a curve X is a functor on the category of algebras that 
attaches to R the set of sections of the pull-back to Spec(i?) x X of the fiber bundle 

(i)//W) G x u> x , 

where t)//W := Spec (Sym(l)*) w ) ~ Spec (Sym(g*) G ) is endowed with a canonical action of 
G m . 

When X = D or X = T> x , in the above definition we replace Spec(i?) x X by Spec(i?[[t]]) 
and Spec (R((tJ)), respectively. 

For X = T> the Hitchin space is a scheme, isomorphic to © V c&n ^d ® u;® d+1 . For X = D x this 

d 

is an ind-scheme, isomorphic to © V can>( z <S> o>|jx +1 - In particular, Hitchg('D) (resp., Hitch (2) x )) 

d 

has a natural structure of group-scheme (resp., group ind-scheme). 
According to [BD1], Sect. 2.4.1, the natural map 

Spec (Sym(fl((t))/fl[[*]]) iIW1 ) - Hitch B (D) 
is an isomorphism, where g is the Langlands dual Lie algebra. This implies that the maps 

Fun (Hitch 8 (D x )) (km Sym ($((t))/t* ■ MM]))^ - Ijm Sym • flIM])™ 1 

k k 

are also isomorphisms. 

By Proposition 1.3.1 the scheme Op g (D) (resp., Op g (2) x )) is non-canonically isomorphic 
to Hitch g (D) (resp., Hitchg('D x )). However, one can deduce from the proof (see [BD1], 
Sect. 3.10.11) that Op g (D) (resp., Op B (D x )) is canonically a torsor over Hitch g (CD) (resp., 
Hitch g CD x )). 

In particular, the algebra Fun(Op s (D)) acquires a filtration, whose associated graded is 
Fun(Hitch B (CD)). This filtration can also be defined as follows, see [BD1], Sect. 3.11.14: 

We claim that there exists a flat G m -equivariant family of schemes over A 1 ~ Spec(C[fi]), 
whose fiber over 1 £ A 1 is Op g ('D), and whose fiber over £ A 1 is Hitch B (D). 

Indeed, this family is obtained from Op g (D) by replacing the word "connection" by "fi- 
connection". The identification at the special fiber results from Kostant's theorem that the 
adjoint action of B on the pre-image of O in q is free, and the quotient projects isomorphically 
onto if//W. 

1.6. The case of groups of non-adjoint type. In the rest of the paper we will have to 
consider the case when the group G is not necessarily of adjoint type. Let Z(G) be the center 
of G. 

The notion of i?-family of G-opers in this case is formally the same as in the adjoint case, 
i.e., a triple (9^, V, Jb), where 3 a is an i?-family of G-bundlc on X, 3b is its reduction to B, 
and V is a connection on in the X-direction, which satisfies the same condition on V/3\b. 

We will denote the functor of R- families of G-opers on X by Op G (X). The difference with 
the adjoint case is that now Op G (CD) is not representable by a scheme, but rather by a Deligne- 
Mumford stack, which is non-canonically isomorphic to Op B (D) x pt /Z(G), see [BD1], Sect. 
3.4. 

The following statement established in [BD1], Sect. 3.4, will suffice for our purposes: 

i_ 

Lemma 1.6.1. Every choice of the square root u)\ of the canonical bundle gives a map of 
functors Op B (X) — > Op G (X). 
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In particular, the lemma implies that for every choice of a square root of cjd, there exists a 
canonically defined family of G-opers over Op g (D). A similar statement holds for D replaced 
by ■? . 

Proof. One only has to show how to lift the B/Z(G)-bundle Jb/zig) to a £?-bundle. This is 
equivalent to lifting the //-bundle Ju/ziG) to an _ff-bundle Jh- 

We set "5h to be the bundle induced by means of the homomorphism 2p : G m — > H from 

i 

the line bundle to^. By Lemma 1.1.1, it satisfies our requirement. 

□ 

2. OPERS WITH SINGULARITIES 

2.1. For X a curve of finite type over C we shall fix x E X to be any closed point. For X = D, 
we let x to be the unique closed point of Spec(C[[i]]). We shall now define the notion of g-oper 
on X with singularity of order k at x. 

By definition, this a triple (Jq, V, S^b), where (3^, Jb) are as in the definition of opers, but 
the connection Von 5 "q is required to have a pole of order k such that 

(2.1) (V - V) mod b? B ®u x {k-x)E 0? B ^ x(k . x) C (fl/b)y fl ®^x{k- x), 

for any regular connection V' on that preserves $b- 

Again, if we trivialize 3b and choose a coordinate t near x, the set of opers with singularity 
of order k sX x identifies with the set of equivalence classes of connections of the form 

(2.2) V° + r k Mt)dt ■ /, + n(t)dtj , 

where <j)i{t) are nowhere vanishing functions on X, and q(i) is a fa-valued function. Two 
such connections are equivalent if they are conjugate by means of an element of Hom(A, B). 
Equivalently, opers with singularity of order k at x is the set of Hom(A, A^-equivalence classes 
of connections of the form 

V° +t- k (p-idt + q(t)dt) 

for q(t) as above. 

As in Lemma 1.1.1 one has: 

Lemma 2.1.1. For (3^, V, 3 r s)-an oper on X with singularity of order k at x, the H-bundle 
= N\Jb is canonically isomorphic to (ujx(x)) p . 

One defines the notion of i?-family of opers on X with singularity of order k at x in a 
straightforward way. The corresponding functor on the category of i?-algebras will be denoted 
Op° rdfc (A). We will be mainly concerned with the case when X = CD; if no confusion is likely 
to occur, we will denote the corresponding functor simply by Op° rdfe . We have an evident 
morphism of functors Op° rdfc — > Op g ('D x ), and below we will see (see Corollary 2.3.2) that 
Op° rdfc is a representable by a closed subscheme of Op B (D x ) . Note that for k = we recover 
Op g (CD), and we will often use the notation Op B ° s for it. 

As in the case of usual opers, there exists a naturally defined functor Op° rdfc (A) s on the 
category of J)x-algebras. The functors Op° rdfe (X) and Op° rdfc are reconstructed by the analogs 
of (1.3) and (1.4), respectively. Corollary 2.3.2 implies that Op° rdfc (A) ;D is representable by an 
affine J)x-scheme, which over the curve (X — x) is isomorphic to Op g (A) s . 
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2.2. Changing k. 

Proposition 2.2.1 ([BD1], 4.3). For every k there is a natural morphism of functors Op° rdfc 

Op B CD x ) ~ lim Op° rdfc . 



Op° rdfc+1 . We have 



Proof. Given a triple (3 G ,V,3 B ) G Op° g ldk (R) we define the corresponding {?' G ,V, J' B ) G 
Op° rdfc+1 (R) as follows: 

Let us choose (locally) a trivialization of $b , and let us apply the gauge transformation by 
means of G H((t)), where t is any uniformizer on D. We thus obtain a different extension of 
3\b from D x to D, and let it be our J' B . It is clear that J' B is independent of both the choice 
of the trivialization and the coordinate. 

Let 7' G be the induced G-bundle, and V' the resulting meromorphic connection on it. By 
(1.2), V' has the form required by the (2.2). 

Let now (Jg, V, Jb) be an i?-point of Op s ('D x ), represented as a gauge equivalence class of 
some connection written in the form (1.5), <j)i(t) G (R((t)j) x . 

Consider the i?-point of H([t)) equal to ^11 (w,)((^,)^ • t k '? ', where each uj 1 is regarded as a 

homomorphism G m — > H . It is clear from (1.2) that for k large enough, the resulting connection 
will be of the form (2.2). 

□ 

2.3. Description in terms of canonical representatives. By repeating the proof of Propo- 
sition 1.3.1, we obtain: 



Lemma 2.3.1. For every R-point of Op° r k , the canonical form of its image in Op g (D x )(R) 



is such that each homogeneous component Vd(t) has a pole in t of order < k ■ (d + 1). 

Corollary 2.3.2. The morphisms of functors Op° rdfc -» Op° rdfc+1 and Op° rdfc -> Op B (D x ) are 
closed embeddings. The latter identifies with the subscheme 

et- fe - (d+1) -K ani< #]] CKan,4*)). 
d 

Proof. Evidently, given a point of Op B (D x ), written in the canonical form (1.7) such that 
£fc-(d+i) . v d (t) G Kan.dIM], by applying the gauge transformation by means of t k '?, we bring it 
to the form (2.2). Thus, we obtain the maps 

Op° rd ^©t- fe -( d+1 ).T/ caM [M]. 

d 

Finally, by induction on d it is easy to see that if some g G B((t))(R) conjugates an i?-point of 
Op° rdfc to another point of Op° rdfc , then g G B[[t}](R). 



□ 



Recall the ind-scheme Hitch (D x ), and let us denote by Hitch° rdfc its subscheme, corre- 

sponding to sections of (t)//W) x uj^(k ■ x). This is a scheme, canonically isomorphic to 
© Kan.d ® (un(k ■ x))® d+1 , which gives it a structure of group-scheme. Evidently, Hitchg(I' x ) 

d 

is isomorphic to lim Hitch° rdfc . We also have an isomorphism: 

k 

Fun(Hitch° rd *) ~ Sym (g((t))/t k ■ bM])^ ■ 
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As in the case of k = 0, the scheme Hitch° rdfe acts simply transitively on Op° rdfc . Moreover, 

Hitch fl (D) 

Op° rdfc ~ Op 8 (D) x Hitch° rdfc . 

This defines a filtration on the algebra Fun(Op° rdfc ), whose associated graded is Fun(Hitch° rdfc ). 
This filtration can be alternatively described by the deformation procedure mentioned at the 
end of Sect. 1.5. 

2.4. Opers with regular singularities. In the context of the previous subsection let us set 
k = 1, in which case we will replace the superscript ordi by RS, and call the resulting scheme 
Op RS "the scheme of opers with regular singularities". The terminology is partly justified by 
the following assertion, which will be proved in the next section: 

Proposition 2.4.1. If a C-point (JcV,^) o/Op fl (D x ) has regular singularities as a G- 
bundle with connection, then it belongs to Op g . 

We claim now that there exists a canonical map Res RS : Op RS -» if//W, see [BD1], Sect. 
3.8.11: 

Recall first that if (Jg, V) is an i?-family of G-bundles on X with a connection that has a 
pole of order 1 at x, its residue (or polar part) is well-defined as a section of fly G , where is 
the restriction of J G to Spec(i?) xiC Spec(i?) x X. In other words, we obtain an J?-point of 
the stack g/G. 

Given an i?-point (3^ V, 5s) G Op R s , we compose the above map with gj Ad(G) — > f)//W. 
The resulting map Spec(i?) — ► \)//W is the map Res RS . 
Explicitly, to a connection written as 

(2.3) V° + t- 1 Mt)dt ■ U + q(*)dt^ , 

we attach the projection to \)//W of the element T l (p l (0) ■ f t + q(0). 

Let zu denote the tautological projection t) — ► t)//W. For A e f) we will denote by Op RS,ro< - A - ) 
the preimage under Res RS of the point zu(X) e t)//W. From the proof of Proposition 2.2.1 for 
fc = 0we obtain that the subscheme Op fl (D) =: Op™ 8 C Op RS is contained in Op RS ' ro( ~ /5) . 

Let us now describe the map Res RS in terms of the isomorphism of Corollary 2.3.2: 

Lemma 2.4.2. The composition 

(Bi^- 1 ■ V can , d [[t}} - P RS Ro A RS \)//W 

d 

equals the map 

© t^' 1 ■ Kan,d[[*]] - © V c&a4 ~ Kan * i)//W, 
d d 

where the last arrow is given by (1.6), and the first arrow is defined as follows: 

• For d^l, this is the projection on the top polar part. 

• For d = 1, this is the projection on the top polar part, followed by the affine shift by 

Proof. By the proof of Proposition 1.3.1, we have to check that for any v' G © V can a and 

d^i 

v" G K a n,i, the elements of g given by p_i + v' + v" — p and p_i + v' + v" + 2i project to the 
same element of l)//W. However, this follows from the fact that exp(^) conjugates one to the 
other. 
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□ 

Corollary 2.4.3. Under the isomorphism of Corollary 2.3.2 the subscheme Op^ - ^ C Opg S 
identifies with 

®t~ d ■ v can4 [[t}} c et-^ 1 • v c ^ d [[t}}- 

d d 

Of course, as in the case of Corollary 2.3.2, the isomorphism Op^~^ ~ ®t~ d ■ V can ^d[\t\] 

d 

depends on the choice of the coordinate t. Canonically, Op^ - ^ can be described in terms of 
the Hitchin space as follows. 

Let us denote Hitch° rdl by Hitch^ s , and let us note that we have a natural homomorphism 
Hitchf 3 Kan- Let Hitch™ lp C Hitch^ s be the prcimage of 0. The algebra of functions on 
Hitchg llp also admits the following description, see [F], Lemma 9.4: 

Fun(HitchfP) ~ Sym(g((t)))/Lie(/)) / , 

where / C G[\t\] is the Iwahori subgroup. 
We have: 

, Hitch„(D) 

Op^ ( - p) ~ Pfl (D) x Hitch" lp . 

Consider now the gradings on the algebras Fun(Op° rdfc ), Fun(Op* s ) and Fun(Op" ( ~' 5) ), 
coming from G m — ► Aut(D), corresponding to some choice of a coordinate t on D. From 
Lemma 1.4.1 we obtain: 

Lemma 2.4.4. 

(1) The algebra Fun(Op RS ) is non-positively graded. The subalgebra, consisting of degree 
elements, identifies with ¥\xa(\)//W) under the map Res RS . 

(2) For every k>2, the ideal o/Fun(Op° rdfc ) — > Fun(Opg S ) is freely generated by finitely many 
elements, each having a positive degree. 

(3) The algebra Fun(Op^ _/3 )) is freely generated by elements of strictly negative degrees. 

2.5. Opers with nilpotent singularities. Let X and x be as above. We define a g-oper on 
X with a nilpotent singularity at x to be a triple (Jg,V, ^b), where {Igi^b) are as in the 
definition of opers, and the connection V has a pole of order 1 at x such that for some (or any) 
regular connection V' that preserves B, we have: 

• (i) (V — V), which a priori is an element of gy G <x> uix(x), is in fact contained in 
b? B ® ojx(x) + gg- G <8> uix C Q? G <8> Once this condition is satisfied, we impose 
the following two: 

• (ii) (V — V')modggr G ® cj x , which is an element of by B ~ b^ B ® wx(i)/bj B <S> u>x, 
must be contained in ny B c by B , where Tb is the fiber of Jb at x. 

• (iii) (V — V) modbs-g ®lox{x), which is a section of (s/b)g- B ®lox, must be contained 
in 0^ BtUIX 

In other words, we are looking at gauge equivalence classes with respect to Hom(X, B) of 
connections of the form 

(2-4) V° + + q, 

where <j) t are as in (1.1), and q is a b-valued one-form on X with a pole of order 1 at x, whose 
residue belongs to n. 
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This definition makes sense for i?-families, so we obtain a functor on the category of C- 
algebras, which wc will denote by Opg llp (X). For X = D we will denote the corresponding 
functor simply by Opg llp . 

As in the previous cases, one can define the functor Op fl lllp (X) S1 on the category of 
D ^-algebras. Once we prove its representability (see below), this functor will be related to 
Opf P (X), Opf p and Op B (D x ) in the same way as in the case of Op* s (X) s . 

2.6. We have an evident morphism of functors Opg llp — > Op B (D x ). 

Theorem 2.6.1. The above map is a closed embedding of functors, and an isomorphism onto 

Opf.-(-p). 

Since the assertion is local, a similar statement holds for any pair (X, x). Before proving 
this theorem let us make the following observation, which implies in particular that the map in 
question is injective at the level of C-points. 

Let (5g, V, Jb) be a C-point of Op fl (D x ), and let us first regard it as a G-local system on 
D x . Recall that if a local system (5g, V) on D x admits an extension to a bundle on D with 
a meromorphic connection with a pole of order 1 and nilpotent residue, then such extension is 
unique; we will refer to it as Dcligne's extension. 4 

Thus, a necessary condition for (3g, V, 5b) to come from Op B ' lp is that it admits such an 
extension. Since the flag variety G/B is compact, the B- bundle "Jb, which is a priori defined 
onB x , admits a unique extension to D, compatible with the above extension of "Jq- 

Having fixed this extension, our point comes from Op B llp if and only if conditions (i) and 
(iii) from the definition of opers with nilpotent singularities hold (condition (ii) is automatic 
from (i) and the nilpotency assumption on the residue). 

2.7. Proof of Theorem 2.6.1. To an oper with nilpotent singularities, written in the form 

(2.5) V +J2Mt)dt-.n + ^dt, 

(j> t {t) G (R[[t}]) x , q(t) G b <g> R[[t\] with q(0) G n ® R, we associate a point of Op^ S ' ro(_ ^ by 
applying the gauge transformation by means of t? . 

The gauge action of B[[t]]{R) on connections of the form (2.5) gets transformed into the 
gauge action on connections with regular singularities by means of Ad t p(B[[t}])(R), which is a 
subgroup of B[[t]}. This shows that the map Opf 15 -> Op (D x ) factors through Opf 3 '^^. 

To prove the theorem we must show that any connection written as 

(2.6) v = v° + "-'-P + ^ dt, 

with q(t) G b[[t]] such that the image of p_i — p + q(0) in \)//W equals ru(~ p) can be conjugated 
by means of N[[t\] into a connection of similar form such that t~ d ■ (\ d {t) G bd[ML uniquely up 
to Ad t ,(JV[[i]]). 

Note first of all that by applying a gauge transformation by means of a constant loop into 
N , we can assume that q(0) = 0. By induction on d we will prove the following statement: 
Every connection as in (2.6) can be conjugated by means of N[[t]] to one which satisfies: 

(2.7) t- d ' -q d ,(t) eb d ,[[t]\ ford' <d, 



Such an extension exists if and only if (Jq, V) has regular singularities, and when regarded analytically, 
has a unipotent monodromy. 
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and t- d ■ q d „(i) £ b d "[[t}} for d" > d. 

By the above, the statement holds for d = 1. To perform the induction step we will use a 
descending inductive argument. We assume that V satisfies (2.7), and that for some k > d+ 1, 

t _d_1 • qfc'(i) G bfc'[[*]] for fc' satisfying k' > k, 

and 

t~ d ■ q k " (t) € b fe » [[i]] for d + 1 < fc" < k. 
We will show how to modify V so that it continues to satisfy (2.7), and in addition: 

• qfe'(i) e bfe/[[t]] for fc' satisfying fc' > fc, 

and 

r d • q k „(t) e b fc //[[t]] for d + 1 < fc" < fc. 
Namely, we will replace V by 

V := Ad cxp(td . Mfc) (V) = V° + ^-P + ^ dt 

for a certain element Uk € bfe- 

For any such Uk the conditions, involving qj £ /(t) for fc' with either fc' < fc or fc' > fc, hold 
automatically. The condition on q' fe (t) reads as follows: 

(2.8) -d-u k + [u k ,-p] = -r d qk(t)modt. 

However, [uk, —p] = k ■ Uk, and since fc > d the above condition is indeed solvable uniquely. 

This finishes the proof of the fact that any connection as in (2.6) can be conjugated by 
means of N[[t]] to one satisfying t~ d ■ q<j(t) G b<j[[t]]. The uniqueness of the solution of (2.8) 
implies that the conjugation is unique modulo Ad t p(AT[[t]]). Thus, the proof of Theorem 2.6.1 
is complete. Let us note that the same argument proves the following generalization: 

Proposition 2.7.1. Let A be an anti-dominant coweight. Then a data of an R-point of 
OPg S ' ro ^ A ^' 1 * s equivalent to a data of B[[t]]-conjugacy class of connections of the form 

i 

where (f> t (t) are as in (2.5), and q(t) e b ® R[[i\] is such that q(0) modn = A. 

2.8. The secondary residue map. Note that by definition the scheme Opg llp xT> carries 
a universal oper with nilpotent singularities. Let us denote by 7 G o p nil p (resp., 0p nil p) the 

resulting G-bundle (resp., B-bundlc) on Opg llp . In particular, we obtain a map Opg llp —ypt/B. 

By taking the residue of the connection (see Sect. 2.4), we obtain a map from Opg llp to 
the stack n/B, where B acts on n by means of the adjoint action; we will denote this map by 
Rcs nilp . 

Lemma 2.8.1. 

(1) The map Res nllp is smooth. Moreover, the B-scheme n x Op" llp can be represented as a 

n/B 

product of an infinite- dimensional affine space by a finite- dimensional variety with a free action 
ofB. 

(2) We have a natural identification: 

pt/B x Opf p ~pt/.B x Op^ s , 

n/B 8 pt/G 
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where pt /B — > n/B corresponds to G n, and the map Opg Cg := Op fl (D) — ► pt /G is given fey 

^COp^D)- 

Proof. The second point of the lemma results from the definitions. To prove the first point, 
note that n x Op" llp identifies with the quotient of the space of connections of the form (2.5) 

n/B 

by gauge transformations by means of £>(C[[t]]). As in the proof of Proposition 1.3.1, we obtain 
that any such connection can be uniquely, up to the action of _B(tC[[t]]), brought into the form 

v ° + (E a ^^ + T + q " + t ' v(t) ^ dt ' 

where ^ a, 6 C, q' € n, q" € b and v(i) e V^n [[£]]• This scheme projects onto the variety of 
expressions of the form 

+ 7 + c i"< 

i 

on which B acts freely. 

□ 

2.9. Opers with an integral residue. For completeness, we shall now give a description of 
the scheme o^^i-i-p) when ^ 

is an integral cowcight with A + p dominant, similar to the 
one given by Theorem 2.6.1 in the case when A = 0. 

Let 3 be the subset of the set 3 of vertices of the Dynkin diagram, corresponding to those 
simple roots, for which (oj,A) = —1. Let pg C Q be the corresponding standard parabolic 
subalgebra, rig C n its unipotent radical, and mg the Levi factor. 

We introduce the notion of oper with A-nilpotent singularity to be a triple (Jq, V, 9^) as in 
the definition of nilpotent opers, where conditions (i)-(iii) are replaced by the following ones: 

• (i) (V — V) mod b? B <giLJx{x), which is a section of (fl/fa)? B ®uox{x), must be contained 

G m - 

in Oj B x lu x (—\-x). 

• (ii) Res(V) := (V — V) mod jjg^ ®wx, which is a priori an element of 0j> B , is contained 
in(pa)g> B - 

• (iii) The image of Res(V) under (pg)^ — ► (Tna)y B is nilpotent. 

As in the case of A = 0, this definition makes sense for i?-families, where R is a C-algebra 
or a S^-algebra. We will denote by Opg' nllp the resulting functor for X = T>. Explicitly, an 
i?-point of Opg' nllp is a B[[t]](i?)-equivalence classes of connections of the form 

(2.9) V° + t {a " X) ■ Mt)dt ■ /, + ^f-dt, 

i 

where (j>i{t) and q(i) are as in (2.5), subject to the condition that the element 

S <^(0) + q(0)modn a e m a 

be nilpotent. 

As in the case of A = 0, there exists a natural map of functors Op^ nilp -» Op g CD x ). 

Theorem 2.9.1. The above map is an isomorphism onto the subscheme Op g S ' ro (~ A ~' 5 ) . 

The proof of this theorem repeats that of Theorem 2.6.1, where instead of the principal 
grading on n we use the one, defined by the adjoint action of A + p. 
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Consider the subvariety of pa, denoted Og, consisting of elements of the form 

s n c 3 ■ + c 3^o, q e 

that are nilpotent. We have a natural action of -B on Og. 

As in the case of nilpotent opers, i.e, A = 0, there exists a natural smooth map 

Res*' nilp : Op*' nilp -» Og/B, 
obtained by taking the polar part of a connection as in (2.9). 

Finally, let us consider the case when A itself is dominant. In this case 3 — 9, and Og = n. 
Let us denote by Op g ' rog the preimage of pt /B C n/B under the map Res A,nllp , where pt — > n 
corresonds to the point 0. 

The scheme Op g ' reg is the scheme of A-opers introduced earlier by Beilinson and Drinfeld. 

As in the case of Op g ' nllp , we have the notion of (an i?-family) of regular A-opers over any 
curve. By definition, this is a triple (5F g ,V,5b), where 2tq and V are a principal G-bundlc 
and a connection on it, defined on the entire X, and is a reduction of J G to B, such that 

G m - 

V/5b, as a section of (g/b)^ B ® wx, belongs to Oj B x u) p x {—\ ■ x). 

3. MlURA OPERS 

3.1. Ler R be a £»x-algebra. Let us fix once and for all another Borel subgroup B~ of G 
which is in generic relative position with B. The definition of Miura opers given below uses 
B~ . However, the resulting scheme of Miura opers is defined canonically and is independent of 
this choice. 

Following [F], Sect. 10.3, one defines a Miura oper over R to be a quadruple 
where: 

• (1g, V,5Fb) are as in the definition of opers, i.e., (Jg : ?b) is a G-bundle on Spec(i?) 
with a reduction to B, and V is a connection on 5g along X such that V/5Fb G Oj Bjilx . 

• 1 B - is a reduction of to the opposite Borel subgroup B~ which is preserved by the 
connection V. 

We will denote the functor of Miura opers on the category of Sx-algebras by MOp g (X)® , 
and the resulting functor on the category of C-algebras by M0p fl (A), i.e., 

MOp g (X)(R) := MOp s (A f(R ® Ox). 

Lemma 3.1.1. The functor MOp g (X) v is representable by a Dx-scheme. 

Proof. Since the functor Op g (A) 2 ' is known to be representable, it suffices to show that the 
morphism MOp g (A) 2 ' — > Op B (A) ;D is representable as well. 

Consider another functor on the category of S^-algebras that associates to R the set of 
quadruples (Jg, V, 5s, 5^- ), 6wf without the condition that 3 B - be compatible with the con- 
nection. The latter functor is clearly representable over Op g (A) s , and it contains MOp g (A) s 
as a closed subfunctor. 

□ 

We will denote by MOp g (D) or MOp g cg the resulting scheme of Miura opers over D. Note, 
however, that since the flag variety G/B~ is non-affine, the Dx-scheme MOp g (A) is non- 
affine over X. Hence, the functor MOp g (2} x ) on the category of C-algebras is ill-behaved; in 
particular, it cannot be represented by an ind-scheme. 
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We define the ©^-schemes MOp° g ldk (X)® (resp., MOpj^pf)®, MOpf lp (X) v ) to classify 
quadruples (3^, V, 5"b, 3 B -), where the first three pieces of data are as in the definition of 
Op° rdfc (X) s (resp., Opg S {X)®, Opg ilp (X and J s - is a reduction of the G-bundle J G , 
which is defined on the entire X, to the subgroup 3 B - , compatible with the connection V. The 
last condition means, in the case of Op° rdfc (X)®, that the operator V t kg t preserves 3^-. For 
the other Sx-schemes this condition is defined similarly. 

Each of these ®x -schemes is isomorphic to MOp B (X) 2 ' over the curve (X — x). 

We will denote the corresponding schemes for X = T> simply by MOp° rdfc , MOp^ s and 
MOpg ilp , respectively. 

Note that there are no natural maps from MOp° rdfc to MOp° rdfc+1 or from MOpg ilp to MOp^. 

3.2. Generic Miura opers. Following [F], Sect. 10.3, we shall say that a Miura oper 
(5"g> V, 3^b, 5"b- ) is generic if the given reductions of Iq to B and B~ are in generic relative 
position. More precisely, observe that given a G-bundle on a scheme X with two reductions 
to B and B~ , we obtain a morphism X — > B\G/B~ . The Miura oper is called generic if this 
morphism takes values in the open part B ■ B~ of B\G/B~ . 

Lemma 3.2.1. Let (Jg.V.Jb) be a C-valued oper on D x , and let 3 B - be any horizontal 
reduction of Jg to B~ . Then it is in generic relative position with Jb- 

Proof. The following short argument is due to Drinfcld. The G-bundle 3 G can be assumed to 
be trivial, and we can think of 5b and $b- as two families of Borel subalgebras 

br c fl ((i)) d b 2 . 

The connection on has the form V° + q(i), where q(t) S bj~. 

Let h/ C £)((£)) be any Cartan subalgebra, contained in both b^ and b 2 . Let us decompose 
q(t) with respect to the characters of h', acting on g((t)), i.e., with respect to the roots. 

Then, on the one hand, each q(i) a belongs to b± . I.e., if q(t) a ^ then a is positive with 
respect to bj~. 

On the other hand, if a 2 be a simple root of h/ with respect to b 2 , then by the oper condition, 
q(i)_ Qt 7^ 0. Hence, every positive simple root with respect to b 2 is negative with respect to 
bi . This implies that bf (~l b 2 = h/, i.e., the two reductions arc in generic relative position. 

□ 

Evidently, generic Miura opers form an open £>jf-subscheme of MOp 3 (X)® ; we will denote 
itbyMOp 0igon (X) s . 

Lemma 3.2.2. The Dx-scheme MOp fl gcn (X)® is affine over X . 

Proof. We know that the £>jf-scheme Op B (X) s is affine. Hence, it is sufficient to show that 
MOp fligen (X) s is affine over Op fl (X). 

By definition, MOp B (X) 35 is a closed subfunctor of the functor that associates to a T>x- 
algebra R the set of quadruples (Jg, V, J B , J B -), where (3b) V,3\b) are as above, and Ib- 
is a reduction of Jg to B~ , which is in generic relative position with 3b, and not necessarily 
compatible with the connection. 

Since the big cell B~ ■ 1 C G/B is affine, the latter functor is evidently affine over Op g (X) s , 
implying our assertion. 

□ 
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We will denote by MOp^pf) 25 (resp., MOp^| cn (X) 2 ' , MOp™^ cn (X)®) the corresponding 
open Dx-subscheme of MOp° rdfc (X)® (resp., MOp^ s (X) s , MOpf P (X) V ). We will denote by 

MOp™^ := MO Pfligen (D), MOp^ n , MOpf gcn , MOp^ 

the corresponding open subschemes of 

MOp B ° g :=MOp B (D), MOpf p , MOpf 5 , MOp° rdfc , 

respectively. By Lemma 3.2.2, it makes sense also to consider the ind-scheme MOp B gon (D x ). 

3.3. Miura opers and _ff-connections. We will now establish a crucial result that connects 
generic Miura opers with another, very explicit, Dx-scheme. 

Consider the iJ-bundle u x , and let Conny (w x ) s be the 2)x-scheme of connections on it, 
i.e., it associates to a £>x-algebra R the set of connections on the pull-back of uu x to Spec(i?) 
along X. This is a principal homogeneous space with respect to the group £>x-scheme that 
associates to R the set of f)-valued sections of the pull-back of uox to Spec(i?). In particular, 
Conner (w x ) 25 is affine over X. 

We will denote the resulting functor on C-algebras by Conn#(aj x ). For X — D (resp., CD X ) 
this functor is evidently representable by a scheme (resp., ind-scheme), which we will denote 
by Conn#(wj,) =: Conn# (w£,) reg (resp., Conny (w£, x ) ) . This scheme (resp., ind-scheme) is a 
principal homogeneous space with respect to [) <S> wn (resp., f) (g> ojjjx). 

Note we have a natural map of £>x-schemes 

(3.1) MO Pgigon (X) s - Conn^Kf. 

Indeed, given an i?-point of MOp fl gcn (X) ;D , let 1' H be the £f-bundle with connection, induced 
by means of 1b-- However, the assumption that the Miura oper is generic implies that 1' H ~ 
1'b ^ 1b- — 1h, where 1h is the _ff-bundle induced by 1b- Now, let us recall that by 
Lemma 1.1.1, we have a canonical isomorphism 1h — u x • 

Proposition 3.3.1 ([F], Prop. 10.4). The map (3.1) is an isomorphism. 

Proof. We construct the inverse map Conny (oj x ) v — > MOp g gcn (X)® as follows. Recall first of 
all that a data of a G-bundle with two reductions to B and B~ in generic position is equivalent 
to a data of an 77-bundle. Thus, from 1h ■= u x we obtain the data (1g,1b,1b-) from the 
Miura oper quadruple. 

A connection on (the pull-back of) oj x (to some £>x-scheme) induces a connection, that 
we will call V# on 1q, compatible with both reductions. We produce the desired connection 
V on 1q by adding to Vh the (g> ux-valued 1-form equal to Yi<f> % , where each <j) l is the 

tautological trivialization of (nI a Jg- H ®u X - 

The resulting connection preserves 1 B - and satisfies the oper condition with respect to 1b- 
Hence (la, V, 1b, 1b- ) is a generic Miura oper. Clearly, two maps 

MOp fligen (X) s <=* Conn^Kf 

are mutually inverse. 

□ 

This proposition immediately implies the isomorphisms of 2)x-schemes 

Conn H (c4) rc s ~ MOp^ and Conn H (w^ x ) -> MOp B , gcn (2) x ). 

Let us denote by (Conn# (uj x )° rdk ) :D (resp., (Conn# (cj x ) rs ) 2 ') the £>x-scheme of meromor- 
phic connections on oj x over D with pole of order < k (resp., < 1). Each of these £>x-schemes is 
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isomorphic to Conner (u^) 33 over (X—x). We will denote by Conner (wj,) RS and Conner (oj^) ordk 
the resulting schemes of connections on D. 

Using the fact that connections on oj p x with a pole of order k, k > 1, are in a canonical 
bijection with those on w^(A • x) for any coweight A, from the above proposition we obtain also 
the isomorphisms 

(Conn H (^ x r d "f ~ MOp°^ n (X) s and (Conn H K) RS ) 2 ' ~ MOp RS gcn (X) s , 
implying that 

(3.2) Conn H (^) OTdfc ~ MOp"£ n and Conn H (c4) RS ~ MOp RS gcn . 

We call the composed map of ©^-schemes 

(3.3) Conn H K) s MOp B>gen (X) s - Op B (X) s 

the Miura transformation and denote it by MT. By a slight abuse of notation, we will denote 
by the same symbol MT the corresponding maps 

Conn H K) RS - Op RS , Conn ff K) OTd * -> Op° rt \ Conn* (w& x ) - Op B (B x ). 

3.4. An application: proof of Proposition 2.4.1. Let (^GjV, 5"b) be an oper on D x such 
that the G-bundle with connection (Jg,V) has regular singularities, i.e., 5g can be extended 
to a G-bundle 2f' G on ©, so that V has a pole of order < 1. 

Then it is known that (5g, V) admits at least one horizontal reduction to B~ , call it 3\b-. 
By Lemma 3.2.1, the quadruple {Ig, V, 5b, 5b-) is a generic Miura oper on D x . 

By the compactness of G/B~ , the above reduction extends uniquely on the entire D. The 
connection on the resulting £?~-bundle 1' B _ has a pole of order < 1. Hence, the connection on 
the -ff -bundle J' H , induced from , also has a pole of order < 1. 

Therefore, the above point (5g, V, 5b, 5 b -) 6 MOp flgcn (D x ), viewed as a point of 
Connff(w^ x ), belongs to ConnB/(w£,) RS . Hence, the triple (5g, V, 5b), being the image of the 
above point under the map MT, belongs to Op fl . 

3.5. Miura opers with regular singularities. Consider the map ConnB(w2,) RS — ► f), that 
assigns to a connection with a pole of order 1 its residue; we will denote it by Res'' . For A e f) 
we will denote by ConnB/(w^,) RS ' A the preimage of A under Res 1 '. 

A coweight A such that (a,, A) ^ Z <0 (rcsp., ^ Z >0 ) for a e A+, will be called dominant 
(resp., anti- dominant). 

Proposition 3.5.1. 

(1) We have a commutative diagram: 

Conn// (u) £,) 

Res" 

where the bottom arrow is A i— ► zu(X — p). 

(2) //A is dominant with respect to B, then the map MT : Conn H (lo^) RS '' x+ p -> Op RS ' ro(A) is 
an isomorphism. 



MT 



Res 



I 

f>//w, 
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The rest of this subsection is devoted to the proof of this proposition. Part (1) follows from 
the construction: 

Given a generic Miura oper with regular singularities (5g, V, 3\b, 3\b-), the induced H- 
bundle is uj x (p ■ x), by Lemma 2.3.1. The polar part of V is a section q G by _ . Let A 
denote the projection of q onto by _ /n^ _ ~ t), which equals the polar part of the connection 
on 

Then Res RS (3 r c, V, 3b) equals the projection of q under g/B~ — > g/G — > t)//W, and hence 
it equals zu(X). It remains to notice that the resulting connection on u p x has the polar part 
equal to A + p. 

To prove part (2), we will use the following general assertion. 

Lemma 3.5.2. Let (3^3, V) be an R-jamily of G -connections on D with a pole of order 1, and 
let be the fiber of 5Fg at the closed point of the disc. Let fs- be a reduction of Tg to G 
with the property that the residue q of V, which is a priori an element of gy G , belongs to by^_ ■ 

Assume that the projection of q to b^ _ /n^ ~ f) is constant and anti-dominant with respect 

to B~ . 

Then there exists a unique B~ -reduction "J B - of$G, which is compatible with V and whose 
fiber at x equals T s - . 

Let us first show how this lemma implies the proposition. Consider the subvariety 

(p-i + b) A c (p_i + b) c g, 

consisting of elements whose image in h, jjW equals A. This is the TV-orbit of the element p_i + A. 
We claim that each point of this orbit is contained in a unique Borel subalgebra of g that is in 
generic relative position with b. 

More precisely, consider the Grothendieck alteration g — > g defined as the subvariety of 
g x G/B~ consisting of the pairs 

(3.4) g = {qeg,b'- eG/B-\qeb'-}. 

Let (p-i + b) x be the scheme-theoretic intersection of the preimages of {p~i + b) x C g and 
the the big cell B-lC G/B- in g. 

Lemma 3.5.3. The projection (p~i + b) A — > (p~i + b) x is an isomorphism. 

Proof. The inverse map + b) A — > (p~\ + b) A is obtained by conjugating the element {p-i + 
A, b - } by means of N. 

□ 



Let us denote by rs ,a (resp., T RS ,x) the universal G-bundle with connection on 

Opf S ' X xD (resp., its restriction to Opf s x xx C Opg S ^ A xD). Let 1 B 0pRS ,x and 9 B 0pRS , x be 
their reductions to B given by the oper structure 
From the above lemma wc obtain that the G-b 

reduction to B~ such that the polar part of the connection belongs to b^ and its image in 

R 



From the above lemma we obtain that the G-bundle CP_ RS x over Op RS,A admits a unique 

G,op ' y 

ion be 

f) equals A. Moreover, the resulting £>~-bundle V rs ,a is in generic relative position with 



Note that if A is dominant with respect to B, then it is anti-dominant with respect to B . 
Hence by our assumption on A and Lemma 3.5.2, the G-bundle 3 ^ rs,a on 

0p RS,A admits 
G,Op g i> 
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a unique horizontal reduction to B . This reduction is automatically in generic position with 
?o „ rs a , because this is so over the closed point x £ CD. Thus, we have constructed the inverse 

-B,Up 8 ' 

map 

Opf - Conn H K) RS ^+' s . 

This map is evidently a left inverse of the map MT. The uniqueness assertion of Lemma 3.5.2, 
combined with Lemma 3.5.3, implies that it is also a right inverse. This completes the proof of 
part (2) of Proposition 3.5.1. 

Let us now prove Lemma 3.5.2. 

Proof. (Drinfeld) 

With no restriction of generality, we can assume that our G-bundle 5F G is trivial, and the 
connection has the form V = V° + where q(i) £ g[[t]] and q(0) £ fa - . We must show that 
there exists an element g £ ker(G[[i]] — > G), unique modulo B~ , such that 

Ad g (V° + ^)=:V' = V° + ^ 

is such that q'(t) £ fa ~ [[*]]. 

Assume by induction that q(t) mod t k £ b~ [t]/t k . We must show that there exists an element 
u £ g, unique modulo fa - , so that 

t ■ (Ad oxp(tfc . u) (^) - k ■ i*" 1 • v)j modt k+1 £ b-[t]/t k +\ 

This can be rewritten as 

k-u+[q_o,u] =q fe . 

However, this equation is indeed solvable uniquely in fl/fa~, since by assumption, negative 
integers are not among the eigenvalues of the adjoint action of qo on g/b~. 

□ 

We shall now describe the behavior of the map MT, restricted to Conner (wj,) RS,/i , for jl 
anti-dominant and integral. This is the case which is in a sense opposite to the one considered 
in Proposition 3.5.1(2). 

Proposition 3.5.4. Let X be a dominant integral weight. Then the image of the map 
MT lconn„(^)Rs,-X belongs to the closed subscheme Op^ rog C Op^' nilp ~ Op RS ' ro( " A -^. 
Moreover, we have a Cartesian square: 

Conn H (c4) RS '-^ ► (B~\G)/B 

(3.5) MT 

Op^ rog — > pt /B, 

o 

where B~\G denotes the open B -orbit in the flag variety B~\G. 

Proof. Choosing a coordinate on CD, and thus trivializing u>x, a point of Conn#(w£,) RS '~ A can 
be thought of as a connection on the trivial bundle of the form 

V° + ^dt 
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with q(i) e i)[[t]] and q(0) = —A. The opcr, corresponding to the Miura transformation of the 
above connection, equals 

V°+ P . 1 dt+^-dt. 

Conjugating this connection by means of t~ x we obtain a connection of the form (2.9). Let us 
denote by (&g, V^b) the resulting point of Opg' rcg . 

Note that the horizontal generic reduction to B~ of "J a, which was defined over CD X , extends 
to one over CD. Indeed, under the above trivialization of 5g, the reduction to B corresponds 
to the subgroup B itself, and the reduction to corresponds to B~ , which are manifestly in 
the generic position. This defines the upper horizontal map in (3.5). 

To show that this diagram is indeed Cartesian, it suffices to show that given a (R-) point 
(Jg, V, $b) °f Opg ,rcg , any reduction to B~ of the fiber CP G at x of £F G , which is in the generic 
position with respect CPs (the latter being the fiber of 5b at x), comes from a unique reduction 
of CF G to B~ . However, this immediately follows from Lemma 3.5.2, since A was assumed 
dominant with respect to B, and, hence, anti-dominant with respect to B~ . 

□ 

3.6. Miura opers with nilpotent singularities. Let us observe that we have four geometric 
objects that may be called "Miura opers with nilpotent singularities" 

MOpfP, MOpf x OpfP, MOpf x OpfP, and MO Pg , gon (D x ) x Opf. 

OpJ s Op» & Op,(Bx) 

The first three of the above objects are schemes, and the fourth is an ind-schemc. In this section 
we will study the relationship between them. 
First, we have the following: 

Lemma 3.6.1. The sets of C -points of the four objects above are in a natural bisection. 

Proof. In all the four cases the set in question classifies the data of an oper with a nilpotent 
singularity on CD, and its horizontal reduction to B~ over D x (which is necessarily generic by 
Lemma 3.2.1). 

□ 

We will establish the following: 
Theorem 3.6.2. There exist natural maps 

MOpf x Opf p — L_ MO Pg , gon (CD*) x Opfp MOpfP 

Op" s Op (Dx) 



MOpf x Op£ Ilp , 

OpJ s 

which commute with the projection to Opg llp , and which on the level of C-points induce the 
bisection of Lemma 3.6.1. Moreover, the map 1 is a closed embedding, the map 2 is formally 
smooth, and the map 3 is an isomorphism. 

The rest of this section is devoted to the proof of this theorem. Note, however, that the 
existence of the map 1 and the fact that it is a closed embedding is immediate from the fact 
that MOpg | on — > MOp g gon (CD x ) is a closed embedding. 
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Also, the map 3 comes from the tautological map MOp R gcn — > MOp RS . Since the latter is 
an open embedding, the map 3 is one too. Since it induces a bijection on the set of C-points 
by Lemma 3.6.1, we obtain that it is an isomorphism. 

To construct the other maps appearing in Theorem 3.6.2, we need to describe the corre- 
sponding schemes more explicitly. First, by (3.2), we have an isomorphism: 



MOpf gon x Opf p ~ Conn H K) RS x Opf p , 

QpRS 0p RS 



and the latter identifies, by Theorem 2.6.1, with 

Conn H (^) RS x (f) x pt), 
i) b//w 

where pt — > l)//W corresponds to the point w(— p). Hence, by Proposition 3.5.1, we obtain an 
isomorphism 

MOpf Kcn x Opf p ~ U Conn H (lo^-p-^ . 
Op" s wew 

Since the map 1 in Theorem 3.6.2 is a closed embedding and an isomorphism at the level of 
C-points, the ind-scheme MOp g gon ('D x ) x Opf p also splits into connected components, 

numbered by elements of W; we will denote by MOp g gon (B x ) w the component corresponding 
to a given w &W. 

Let now g be the Grothendieck alteration of g defined in (3.4). Let n be the scheme-theoretic 
preimage ofncg under the forgetful map g — ► g; this is a scheme acted on by B. Note that n 
is connected and non-reduced. 

By Lemma 3.5.2 we have: 

Corollary 3.6.3. There exists a canonical isomorphism 

MOpf p ~ Opf p x n/B. 

n/B 

Let now n w be the subvariety of n, obtained by requiring that the pair (q € g, b'~) G g be 
such that the Borel subalgebra b'~ is in position w with respect to b, i.e., the corresponding 
point of G/B~ belongs to the B-orbit B ■ w^ 1 ■ B~ . This is a reduced scheme isomorphic to 
the affine space of dimension dim(n). Let us denote by n w ' th the formal neighborhood of n w in 
n, regarded as an ind-scheme. Clearly, the action of B on n preserves each n w , and 

n(C)^ L ii»(C). 

Let us denote by MO P g ilp '"' the subscheme of MO P g ilp equal to P g ilp x n w /B in 

n/B 

terms of the isomorphism of Corollary 3.6.3. Let us denote by MOpg llp '"'' th the ind-scheme 
Opf p x n w > th /B. 

n/B 

Theorem 3.6.4. For every w EW there exists an isomorphism 

MOp B , gcn (» x r^MO P f p ^ th , 

compatible with the forgetful map to Opf p and the bijection of Lemma 3.6.1. 

Clearly, Theorem 3.6.4 implies the remaining assertions of Theorem 3.6.2. In addition, 
by passing to reduced schemes underlying the isomorphism of Theorem 3.6.4, and using 
Lemma 2.8.1(1), we obtain the following: 

Corollary 3.6.5. There exists a canonical isomorphism Conn i j(w^) RS ^-"'(^ ~ MOpf p ' t0 . 
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3.7. Proof of Theorem 3.6.4. We begin by constructing the map 

(3.6) M0p fligcn (£ x r^M0pfP 

Given an i?-point {3 G , V, J B , 5 B - ) of MOp g , gcn (D x ) w , let {5 G ,5 B ) be an extension of the 
pair (3 g ,3b) onto D such that the resulting triple (3q, V, 3#) is a point of Opg llp . Such an 
extension exists, according to Theorem 2.6.1. We claim that the reduction to B~ of 3 G , given 
by J B - , gives rise to a reduction of 3' G to B": 

Let us think of a reduction to B~ in the Plucker picture (see [FGV]). Let V x is the irreducible 
representation representation of g with highest weight A. Then our point of MOp fl gcn ('D x 
gives rise to a system of meromorphic maps 

y\ . , ,(Ap} 

for dominant weights A, compatible with the (meromorphic) connections on the two sides. Note 
that the connection on w^,, corresponding to (J G , V ,$ B ,3 B -), restricted to the subscheme 

Spec(i?) x Conn H (Lut) RS >P- w ^ 

MOp 9 , gen (D x )« 

has the property that its pole is of order 1 and the residue equals p — w(p). We apply the 
following: 

Lemma 3.7.1. Let V#) be an R-family of H -bundles with meromorphic connections on 
D. Assume that there exists a quotient R ^ R' by a nilpotent ideal such that connection on the 
resulting R' -family has a pole of order 1 and a fixed residue integral A G f). Then there exists a 
unique modification 9^ of "J B at x such that the resulting connection on f H is regular. 

The lemma produces an i?-family of f/-bundles 3' H with a regular connection, and a hori- 
zontal system of a priori meromorphic maps 

satisfying the Plucker equations. We claim that each of these maps s A is in fact regular and 
surjective. This is particular case of the following lemma: 

Lemma 3.7.2. Let V and H be R-families of vector bundles and a line bundles on D , respec- 
tively, both equipped with connections such that on V it has a pole of order 1 and nilpotent 
residue, and on L the connection is regular. Let V — > L be a non-zero meromorphic map, 
compatible with connections. Then this map is regular and surjective. 

Thus, we obtain a horizontal reduction J' B _ of J' G to B~ , and the desired map in (3.6). 

Consider the restriction of the map (3.6) to Couu h {uj^) RS 'P- w ^ C MOp , gcn (I> x ) w ■ Since 
the former scheme is reduced and irreducible, the image of this map is contained in MOpg llp,to 
for some w' G W. This implies that the map (3.6) itself factors through MOp™ lpX ' th for the 
same w' . 

We have to show that w' = w and that the resulting map is an isomorphism. We claim that 
for that purpose it is sufficient to construct a map in the opposite direction 

(3.7) MOpf p ' w -> Conn H (c4) RS ^^, 

compatible with the identification of Lemma 3.6.1. This follows from the next observation: 
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Lemma 3.7.3. Let (Jg, V, Jb) be an R-point o/Opg 1 p , and let R' be a quotient of R by a nilpo- 
tent ideal. Let {1' G , V ,5' B ,&' B -) be a lift of the induced R' -family to a point o/MOp B gen (D x ). 
Then the sets of extensions of this lift to R-points 0/ MOp fl;gen (I> x ) and MOp llp are in bisec- 
tion. 

The lemma follows from the fact a deformation over a nilpotent base of a generic Miura oper 
remains generic. 

Given an i?-point of MOpg llp '"' and a dominant weight A, consider the diagram 

(3.8) 4 A '« ^ V X G A Z, 

where the map s' corresponds to the reduction of to B, and L is some line bundle on 
Spec(i?[[t]]) with a regular connection V,c in the i-direction, and the map s is a surjective 
bundle map, compatible with connections, corresponding to the reduction of "Sq to B~ . We 
will denote by V(<9 t ) (resp., V £,(<%)) the action of the vector field d t on T> on sections of V$ 
(resp., £), given by the connection. 

To construct the map as in (3.7), we have to show that the composition s o s' has a zero 
of order (A, p — w(p)). This is equivalent to the following: let v be a non- vanishing section 

of w^ ,/5 \ thought of as a section of V£ G by means of s' . We need to show that the section 
(dt) n (s(v)) of £ is regular and non- vanishing for n' = n := (A, p — w(p)), and has a zero at 
x if n' < n. Since the map s is compatible with connections, we have to calculate s (V(<9 t )™(v)). 

Let F\V X ) be the increasing £>-stable filtration on V x , defined by the condition that a 
vector v £ V x of weight A' belongs to F^{V X ) if and only if (A - X',p) < j. Let i™(V£ B ) be 
the corresponding induced filtration on the vector bundle V£ B ~ V£ . Each successive quotient 
F ° ( V ? B ) /F^iV^s ) is isomorphic to 

e F^{V x )/F^ l {V x )®^' p) . 
\',{\-\',p)=j 

By the condition on V, 

(3.9) V(S t )(F^J) c F^(V x B )(x)+F^(V x B ), 
and the induced map 

(3.10) V(d t ) : F j (V X B )/F^\V x B ) -+ F 3+1 (V X B )/F* (V X B ) 

comes from the map F J ' (V x ) / F^ -1 (V x ) -> F^ +1 {V x ) / F\V X ), given by (The latter makes 
sense, since the vector field d t trivializes the line bundle ojd.) 

Let us denote by n" the maximal integer such that the composition s o s' vanishes to the 
order n" along Spec(i?) xiC Spec(i?[[i]]). By induction on j, from (3.9), we obtain that the 
map 

s 

vanishes to the order n" — j, where L x is the restriction of L to Spec(i?) x x. 

Assume first that n" < n. Then, by the maximality assumption on n" , the image of 
s(V(<9 t ) n (v)) in L x is non-zero. However, this is impossible since the composition 

F 3 {V X ) ^ V x -» (V x ) w - 

vanishes for any b'~ £ G/B~ in relative position w with respect to B and j < (X — w(X),p) = n. 

Thus, s (V(<9t) n (v)) is regular, and it remains to show that its image in SL X is nowhere 
vanishing. However, this follows from (3.10), since for a highest weight vector v £ V x and n 
and b'~ as above, the image of p™i(v) in (V x ) b ,- is non-zero. 
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4. GROUPOIDS AND LlE ALGEBROIDS ASSOCIATED TO OPERS 

4.1. The isomonodromy groupoid. Let us recall that a groupoid over a scheme S is a scheme 
9 equipped with morphisms I : 9 — > 5, r : 9 — ► S, m : S x 9 — > 9, an involution 7 : 9 — > S, 

and a morphism u : S — > S that satisfy the following conditions: 

• associativity: mo(mxid)=mo (id xm) as morphisms 9 x S x S ^ 9; 

r,S,l r,S,l 

• unit: rou = lou = ids- 

• inverse: Io7 = r,ro7 = (,mo(7X idg ) = u o r, mo (idg X7) = uol. 

If Si C S is a subscheme, we will denote by S\si the restriction of 9 to Si, i.e., the subscheme 
of 9 equal to (I x r) _1 (Si x Si). This is a groupoid over Si. 

The normal sheaf to S inside 9 acquires a structure of Lie algebroid] we will denote it by ©, 
and by anch the anchor map — > T(S), where T(S) is the tangent algebroid of S. (We refer 
to [Ma] for more details on groupoids and Lie algebroids). 

The notion of groupoid generalizes in a straightforward way to the case when both S and 
9 are ind-schemes. However, to speak about a Lie algebroid attached to a Lie groupoid, we 
will need to assume that 9 is formally smooth over S (with respect to either, or equivalently, 
both projections). In this case © will be a Tate vector bundle over S; we refer the reader to 
Sect. 19.2 for details. 

We now define the isomonodromy groupoid lsomo P() over the ind-scheme Op fl (D x ). Points 
of the ind-scheme Isomop over an algebra R are triples (x>x'>0)j where \ — (^G, V, 5s) and 
X 1 = (9g'^'»3b) are both i?-points of Op (D x ), and is an isomorphism of G-bundles with 
connections (J G , V) ~ (J G , V')- 

Explicitly, if \ an d x' are connections V and V, respectively, on the trivial bundle, both of 
the form 

(4.1) V° + p-idt + <f>{t)dt, 4>{t) G b ® R((t)), 

then a point of lsomo P(i (i?) over (x,x) is an element g G G (R((t))) such that Ad g (V) = V. 
Two triples (xi>Xi>gi) an d (X2,X2:§2) are equivalent of there exist elements g, g' G N(R((t)j), 
such that Vi = Ad g (V 2 ), V 2 = Ad g /(Vi) and g2 = g' • gi • g. 

The morphisms I and r send (x, x'i 0) to x and x', respectively. The morphism m sends the 
pair (x, x', <t>), (x' , x", 0') to (x, x", ft 0), the morphisms 7 sends (x, x', 0) to (x', X, -1 ) and 
the morphism u : Op fl (D x ) — > lsomop B sends x to (x,X)id)- 

We call lsomo P(> the isomonodromy groupoid for the following reason. In the analytic context 
two connections on the trivial bundle on a punctured disc are called isomonodromic if they have 
the same monodromy and the Stokes data (in case of irregular singularity). In the case of con- 
nections on the formal punctured disc the appropriate analogue of the notion of isomonodromy 
is the notion of gauge equivalence of connections. 

Proposition 4.1.1. The groupoid lsomop B is formally smooth over Op g (D x ). 

4.2. Description of tangent space and proof of Proposition 4.1.1. Let R' —> R be a 

homomorphism of rings such that its kernel I satisfies I 2 = 0. Let x' = (^G' V> ^'b) be an 
i?'-point of Op fl (D x ), and let \ = (Jg,V, Js) be the corresponding i?-point. Let g be an 
automorphism of "Jq such that the quadruple (5"g, V, "Jb, g) is an i?-point of lsomo P(j over x- 
We need to show that it can be lifted to an i?'-point (5F G , V, 3^, g') of Isomop • 

Since the ind- scheme G((t)) is formally smooth, we can always find some automorphism 
g'i of S^q, lifting g. To show the existence of the required lift we must find an element u G 
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g? G <S> I((t)) such that the point g' = • (1 + u) satisfies 
fl((t)) 

Ad g ,(V) - V G bg- <8> R\{t))dt. 

By assumption, q := Adg'^V) — V belongs to the subspace 

by/ ® I((i))dt ~ b«F B ® I((t))<ft. 

«'((*)) fl((t)) 

Therefore, the desired element u must satisfy: 

V(u) = qe(#k ® l((t))dt. 

«((*)) 

Hence, it is sufficient to show that the map 

0^ ® I((t))-^fl? fl ® I((t))dt - (fl/b)y fl <g) I((t))dt 

fl((t)) fl((t)) fl((t)) 

is surjective. But this follows from the oper condition on V/IFb- 5 

Thus, Proposition 4.1.1 is proved. In particular, the Lie algebroid isomop B , corresponding 
to the groupoid lsomo Pj) , is well-defined. Let us write down an explicit expression for isomo P(| 
and for the anchor map. 

Since the ind-scheme Op fl (D x ) is reasonable and formally smooth, its tangent T(Op B (D x )) 
is a Tate vector bundle. For a i?-point (Iq, V, 1b) of Op (D x ) we have: 

(4.2) T(Op s (2) x ))| Spcc(ii) ~ coker(V) : n«r B - b<r B ® C((t))dt, 

C((t)) 

and 

(4.3) isom p B Ispcc(fl) - kcr(V) : (fl/n)y G -> (fl/b) ?B ® C((t))di. 

C((t)) 

The anchor map anch : isomo Po — ► T(Op g (D x )) acts as follows: 

u e 03- G i ^ V(u) e by B ® C((t))dt. 

C((t)) 

Consider the cotangent sheaf fi 1 (Op g (D x )); this is also a Tate vector bundle on Op g (D x ). 
From (4.2), we obtain that once we identify g with its dual by means of any invariant form 
k : q ® q — > C, we obtain an isomorphism: 

(4.4) f7 1 (Op fl (D x ))cisom O p . 

As we shall see in the next subsection, a choice of n defines a Poisson structure on Op (D x ) , 
and in particular makes 1 (Op g ('D x )) into a Lie algebroid. We will show that the above 
identification of bundles is compatible with the Lie algebroid structure. 



Remark 4.2.1. In the analytic context this Poisson structure is used to define the KdV flow on 
Op fl (CD x ) as the system of evolution equations corresponding to a certain Poisson-commuting 
system functions on the space of opers. The isomorphism with isomop B implies in particular 
that the KdV flows preserve gauge equivalence classes. 



5 The above description makes it explicit that both f2 1 (Op (D x )) and the conormal (Dx)/is m arc 

Tate vector bundles on Op B (D x ), i.e., we do not have to use the general Theorem 19.2.2 to prove this fact. 
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4.3. The Drinfeld-Sokolov reduction and Poisson structure. Consider the space of all 
connections on the trivial G-bundle on D x , i.e., the the space Conn G (D x ) of operators of the 
form 

(4.5) V° + 0(t),0(t) 

This is an ind-scheme, acted on by the group G((t)) by gauge transformations. We can 
consider the natural isomonodromy ind-groupoid over Conn G (2) x ): 

lsom ConnG(DX) := {g, V, V | Ad B (V) = V'}, l(g, V, V) = V, r(g, V, V) = V. 

Since lsomc nn G (D>< ) — Conn G (D x ) x G((t)), it is formally smooth over Conn G (:D x ). 

Let us choose a symmetric invariant form k : Q <S> — > C, and let g K be the corresponding 
Kac-Moody extension of g((t)). Using the form k, we can identify the space Conn G (D x ) with 
hyperplanc in g* equal to the preimage of 1 e C under the natural map g K — > C. It is well- 
known that under this identification the coadjoint action of G((t)) on g* corresponds to the 
gauge action of G((t)) on Conn G (D x ). 

The space g* carries a canonical Poisson structure, which induces a Poisson structure also 
on Conn G (D x ). 

Lemma 4.3.1. We have a canonical isomorphism of Lie algebroids 

(4.6) ft 1 (Conn G 0D X )) ~ isom ConnG(I ,x ) , 
where \son\ ConnG ^r D x) is the Lie algebroid of \som ConTlG ^xy 

Proof. We claim that (global sections of) both the LHS and the RHS identify with 

((t))<g>Fun(Conn G (2) x )) 

with the natural bracket (we refer to Sect. 19.1, where the notation <g> is introduced). 

The assertion concerning isom ConnG (. D x j follows from the fact that Isomc^gmx) is the 
product of Conn G ('D x ) and the group G((tJ) acting on it, and $j((t)) is the Lie algebra of G((t)). 

The assertion concerning ft 1 (Conn G ('D x )) follows from the identification of Conn G ('D x ) 
with a hyperplane in g*, and the description of the Poisson structure on the dual space to a 
Lie algebra. 

□ 

For any group ind-subscheme K C G((t)) such that q k is split over k C g((i)), the map J* — > k* 
is a moment map for the action of K on g*, and, in particular, on Conn G ('D x ). 
We take K = N((t))), and we obtain a moment map 

Conn G (D x ) ^ (n((t)))* ~ fl/b ® w vx , 

where we identify n* ~ g/b using n. 
We have an identification 

(4.7) Pg (2) x ) ~ (^(p^dt)) /N(X), 

where the action of N(%) on /i _ 1 (p_ i dt) is free. It is in this fashion that Op g (B x ) was originally 
introduced in [DS] and this is why this Hamiltonian reduction is called the Drinfeld-Sokolov 
reduction. 

Lemma 4.3.2. There exists a canonical isomorphism of Lie algebroids over Op g ('D x ) 

ft 1 (Op s (D x ))~isomo Pi! . 
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Proof. Note that the action of N ((f)) on Connc(D x ) lifts naturally to an action of the group 
N((t)) x N((t)) on lsom ConnG (Dx). We have a canonical identification of lsomop B with the two- 
sided quotient of lsom ConnG (Dx): 

(4.8) lsom OPfl * (((m xrfofix r))" 1 ((p., ■ alt) x (p_x • dt))j /N((t)) x N((tJ). 

Hence, isom OPfl is obtained as a reduction with respect to N((tj) of the Lie algebroid 
isom ConllG (Dx). By the definition of the Poisson structure on Op fl (!D x ), the Lie algebroid 
n 1 (Op s (V x )) is the reduction of the Lie algebroid fi 1 (Conn G (D x )) on Conn G (D x ). 

Hence, the assertion of the lemma follows from (4.6). 

□ 



4.4. The groupoid and Lie algebroid over regular opers. 

Let S be an ind-scheme with a Poisson structure and Si C S be a reasonable subscheme, 
which is co-isotropic, i.e., the ideal I = kcr (Fun(S) — > Fun (Si)) satisfies [1,1] C I. We will 
assume that both S and Si are formally smooth; we will also assume that the normal bundle 
N Sl /s (which by our assumption is discrete), is locally projective. 6 

In this case the conormal N^ig acquires a structure of Lie algebroid, and the sheaf fi 1 (Si) 
is a module over it. Moreover, we have the following commutative diagram: 



(4.9) 











N. 



Si/S 



Si 



anch 



T(Si 



T(S)\ Sl 



^(Si) 



N 



Si/S 







such that the right vertical arrow is a map of modules over N Si ^ s . 
We claim: 

Lemma 4.4.1. The subscheme Op™ 8 C Op B (D x ) is co-isotropic. 

Proof. Consider the subscheme Conn^ 8 of Conng (D x ) obtained by imposing the condition that 
<f>(t) belongs to g ® u^. It is co-isotropic, since the corresponding ideal in Fun(ConnG(f x )) is 
generated by g <g> w,j Cg K , which is a subalgebra. 
By Sect. 1.3, the scheme Op™ 8 can be realized as 

(/i- 1 (p_i-dt)nComiS g ) /N[[t]], 
which implies the assertion of the lemma. 

□ 



Let I sorriQ 8 be groupoid over the scheme Opg Cg — Op fl (D) whose i?-points are triples 

(X)X')^)) where x = pGiV,fs) and x = (JftV^fi) are i?-points of Opg Cg and <p is an 
isomorphism of i?-families of G-bundles on T> with connections (IJg, V) — > {"J'q, V). 

Recall now the principal G-bundle ^cOp" 58 over Opg Cg obtained by restriction to Op™ 8 xx 
from the tautological G-bundle 5 "a on Op™ 8 xD. This G-bundle defines a map Opg° 8 — > pt /G. 

Lemma 4.4.2. 

(1) The natural map Isom^ 8 — » Isomopjop™ 8 * s an isomorphism. 



'We do not know whether this follows directly from the formal smoothness assumption. 
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(2) The groupoid lsomQ g is naturally isomorphic to 

3 Pt/G 3 

Proof. The assertion of the lemma amounts to the following. Let S = Spec(i?) be an affine 
scheme and let (!?g> V), (3^, V) be two G-bundles on Spec(i?[[i]]) with a regular connection 
along t. Let Vq, 7' g be their restrictions to Spec(i?), respectively. Then the set of connection- 
preserving isomorphisms Iq — > J' G maps isomorphically to both the set of connection-preserving 
isomorphisms ^gIdx — ► 3gIi> x and the set of isomorphisms — > !Pg. 

□ 

Let isorriQp be the Lie algebroid of IsorriQp . Lemma 4.4.2(2) implies that isomQ g is identi- 
fies with the Atiyah algebroid At ( TcOp 108 ) of infinitesimal symmetries of the G-bundle Vg.Op 1 ^ ■ 
Therefore it fits in the exact sequence 

flop- - isom^ - T(Op^) - 0, 
where flopg 8 : — 03> Op rcg • In what follows we will denote by bopg E (resp., no p ^ g ) the subbundlc 
of flopg E ) corresponding to the reduction 7'b,Op' ( S s 01 ^G.Opg 15 to £?. 

Note that by Lemma 4.3.2 and Lemma 4.4.2(1) we have a natural map of algebroids 
(4.10) ^o p -/Op 9 (^) -isom^. 

Following [BD1], Sect. 3.7.16, we have: 

Proposition 4.4.3. The map of (4.10) is an isomorphism. 

Proof. The assertion of the proposition amounts to the fact that the map 

(4.H) ^(Op; cg )^ 0p -/o PB (Dx) 

from (4.9) is an injective bundle map. 

Since the scheme Op™ 8 is smooth, for an i?-point (3g>V , 3\b) of Op g eg , the restrictions of 
T(Op g og ) and ft 1 (Op™ 8 ) to Spec(i?) can be canonically identified with 

cokcr(V) : n-j B -> b-j B <g> C[[t]]dt 
C[[t]] 

and 

ker(V) : (g/n)^ ® (C((t))/C[[i]]) -> ( fl /b)y B ® (C((t))dt/C[[t]]dt), 

C[[t]] C[[t]] 

respectively, where we have used the identification fl* — fl given by k. 

Hence, the the restriction of ^Op'^/Op^D^ to Spec(i?) can be identified with 

cokcr(V) : n? B ® (C((t))/C[[t]]) -» ® (C((t))dt/C[[t]]dt), 
C[[t]] C[[t]] 

and the map of (4.11) is given by 

ue 0Ts ® (C((i))/C[[t]])^V(u)€f. rB ® (C((t))d*/C[[t]]dt). 

C[[t]] C[[t]] 

The injectivity of the map in question is now evident from the oper condition on V/3b. 

□ 

Corollary 4.4.4. TTie kernel and the cokernel of the anchor map 

anch : ^(Op^D*))^ - T(Op fl (D x ))| 0pr . 
are both isomorphic to flopg 8 as ^o P r6g /Op (Dxy m odules. 
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Proof. The isomorphism concerning the kernel follows by combining Proposition 4.4.3 and 
Lemma 4.4.2. The isomorphism concerning the cokernel follows from the first one by a general 
D-scheme argument, see [CHA], Sect. 2.5.22. 

Let us, however, reprove both isomorphisms directly. We have: 

ker(anch| 0p «s) ca ker(V) : 0g- G ® C((t)) -► &? G ® C((t))dt, 

c[[t[[ cut]] 

which is easily seen to identify with flop rcg ■ 

The assertion concerning coker(anch| 0p re g ) follows by Serre's duality on D x . Indeed, the 
dual of fi 1 (Op B (D x )) is canonically isomorphic to T(Op g (D x )), and under this isomorphism, 
the dual of the map anch goes to itself. Hence, 

(coker(anch))* ~ ker(anch) ~ Qo p ™z, 

which we identify with a* r o g using the form k. 

□ 



To summarize, we obtain the following commutative diagram: 




0Op r 8 og 



" ^Op^/OpJDx) 



id 



T(Op^) 



0o P r 9 og 



^(0 Pfl (D x )) 



T(Op (DX))| Opr 



V Op r 9 ° s /Op (D x ) 



id 



flOp™ 8 • 




We will conclude this subsection by the following remark. Let (5F G , V, 5F_b) be an i?-point of 
Opg Cg , and let u be an element of b? B ® C((t))dt, giving rise to a section of T(Op B (D x ))|s pC c(i?) 

C[[t]] 

by (4.2). 

From the proof of Corollary 4.4.4, we obtain the following: 

Lemma 4.4.5. The image of u in N 0p ™g / 0p ^ x )/' ,som op — 0Op reg equals the image of u 
under the composition 

b? B ® C((t))di - fl<F ® C((t))dt-flS, fl (D X ,fl ?0 )~flOp?«- 

C[[t]] C[[t]] 

4.5. The groupoid and algebroid on opers with nilpotent singularities. Consider now 
the subscheme Opg llp C Op fl (H x ). As in Lemma 4.4.1, it is easy to see that Op™ lp is co- 
isotropic, since 

Opf p ~ (/i-^-idt) n Conn£ lp ) /N[[t]], 
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where Conn G ' lp is the subscheme of ConnG(2) x ), consisting of connections as in (4.5), for which 
4>{t) £ g[[t]]+n(8>£ -1 C[[£]], and the latter is the orthogonal complement to the Iwahori subalgebra 
in Q K . 

Let us consider the groupoid 

lsom^ p := Opf p x Opf p 

P ° 8 n/B B 

over Opf p , and let isom 0p p be the corresponding Lie algebroid. 

Lemma 4.5.1. There exists a natural closed embedding lsomQ p p — » lsomo Po | 0p nil p ■ 

Proof. The lemma is proved in the following general framework. Let (3^, V) and (3^, V) be 
two i?-familics of bundles with connections on D with poles of order 1 and nilpotcnt residues. 
Let CP G and "?' G be the resulting G-bundles on Spec(i?), and Res(V) (resp., Res(V')) be the 
residue, which is an element in gy G (resp., fly ). 

Then there is a bijection between the set of connection-preserving isomorphisms 3g — > 2f' G 
of bundles on Spec(i?[[i]]) and isomorphisms "Vq which map Res(V) to Rcs(V'). 

□ 

Note, however, that unlike the case of regular opers, the map of Lemma 4.5.1 is not an 
isomorphism. Indeed, the restriction of lsom 0p p to Opg° s is Op™ 8 x Op™ 8 , which is strictly 

contained in Op r a cg x Op r a eg ~ lsom r n og . 

B pt/G 8 P " 

We shall now establish the following: 
Proposition 4.5.2. The map of (4.9) induces an isomorphism of Lie algebroids 

^ P -/o P8 (^)--< P B - 
Proof. For an i?-point (5"g, V, 3b) of Opf p let us describe the restrictions of -^Q p nii P j Qp 
and isom 0p p to Spec(i?) as subspaces of the restriction of fi 1 (Op fl (D x )) ~ isomo Pfl . We have: 

T(Opf p )\ Spcc(R) =cokcr(V) :n>? B - (b? B ® C[[t]]dt + n? B ® t^C^di) . 

V C[[i]] C[[t]] / 

Hence, -^op nilp /Op (Dx)lspec(-R) is isomorphic to the cokernel of V: 
n? B ® (C((t))dt/C[[t]]dt) - b ?B ® C((t))d*/(by B ® C[[t]]dt + n ?B ® t^C^d*). 

C[[*]] C[[t]] C[[t]] C[[t]] 

Finally, 

^ 0p n.ip /0pe(I)X) |spcc(fl) =±ker(V) : ((fl/n) ?B (-a;) + (b/n) ?B ) -» (fl/b)^ ® w B . 

In other words, we can identify N Q p mi P / Qp (I)X) |s P ec(Ji) as a subset of 1 (Op g (D x ))| S poc(B) 
with 

{u G Q? G (-x) + b? B C | V(u) G b ?B (x) ®ub}/{u g n ?B }. 



The latter is easily seen to be the image of isorriQ p p |s pC c(_R) inside isomop 8 Ispec(-R)- 

□ 



o 

^nilp 

V 



We shall now study the behavior of the restriction of isomQ p p to the subscheme Op™ 5 C 
Opf p . The above proposition combined with Lemma 2.8.1(2) implies: 
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Corollary 4.5.3. The Lie alqebroid N* nil _ , ,„ % preserves the subscheme Op™ 8 . The 
J y Op° ,lp /Op (Dx) 1 F s 

restriction N* „ ilp /^xJop— identifies with the Atiyah algebroid At(5 ) B op rog ) °f the B- 
bundle T B O p r s OE ! an d we have a commutative diagram 

► b o P - > *o pfP/ o^o^ > T (°pf p )lo P r 



> flop- > ^opr/Op.CDx) > ^(Op^) > 

Corollary 4.5.4. TTie composition 

^Op'/VOpf ^Op^ /OpJBx) -> ^Op'/VOp^Bxj/^^OPg 68 ) flop- 

is an injective bundle map, and its image coincides with tio p * eg C 0Opg es • 

Proof. We claim that it is enough to show that the natural surjcction -/V 0p ^ e s/op (D x ) 

-^Op nilp /Op (2> x )lop— n t s m to a commutative diagram with exact rows 

(4.12) 

nHOpfJIop- ^opfVOp 8 ( D x ) lop- > (fl/n)o P - ► 



> ^'(Opg 08 ) > ^o P -/Op B (Dx) ► flop- ► 0. 

Indeed, this would imply that the map N Qp re S j 0p nii P — > flop— appearing in the corollary is 
a surjective bundle map onto n 0p ^s ; hence it must be an isomorphism because of the equality 
of the ranks. 

By Serre duality, the existence of the diagram (4.12) is equivalent to the diagram appearing 
in the previous corollary. 

□ 

Let us consider now the sequence of embcddings of schemes: 

Op™ 8 Opf p ^ Opf . 

By Theorem 2.6.1, the normal bundle ^op n " p /Op RS * s canonically trivialized and its fiber iso- 
morphic to the tangent space to t)//W at the point — p; this tangent space is in turn canonically 
isomorphic to f). 

Lemma 4.5.5. The composition 

*> ~> ^opfp/opflop— -> ^opfp/op^nxjlop^ -* (fl/n)o P — 
equals the canonical map 

f) - (E>/n)o P - ^ (fl/n)o P -- 

Proof. Let (9 G , V, 3 B ) be an i?-point of Op™ 8 , written in the form V° +p-idt + <f>(t)dt, <j>[t) G 
b <g> R[[t}}- Then by Proposition 2.7.1 the map 

f) ^Op° ilp /OpR s lspec(R) Ar Op^ ilp /Op B (D)lspcc(fl) 

can be realized by 

A ~ j e b ® C((i))dt c T(Op 8 (D x ))| Spcc(it) . 
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To prove the lemma it would be enough to show that the image of j under 

T (°P ( I)>< ))lspoc(fl) -> ^Op^/OpJI)^ 0Op r / g 

equals A. But this follows from Lemma 4.4.5. 



□ 



4.6. The case of opers with an integral residue. For completeness, let us describe the 
behaviour of the groupoid lsomo P() and the algebroid isomo P(j , when restricted to the subscheme 

Op^' nilp ~ Op^M-^-p) c Op fl (D x ) 

when A + p dominant and integral. 

Recall that to A as above there corresponds a subset 3 of vertices of the Dynkin diagram, 
and a map 

Res^ nilp : Op^ nilp -» Og/B. 
Let us denote by lsorriQp llp the groupoid 

lsom^" ilp := Op^ nilp x Op^ nilp , 

UP " B O a /B 8 

and let isorriQp llp be the corresponding algebroid on Opg' nllp . 
As in the case of A there exists a natural closed embedding 

lsom Op" P ^ lsom OpJ p^"- 
Repeating the proofs in the A = case we obtain: 

Proposition 4.6.1. The subscheme Opg' mlp C Op fl (D x ) is co-isotropic. The map (4.9) in- 
duces an isomorphism 

at* ■ A.nilp 

^-/op^*) 2 ™ op/- 
Let us consider a particular example of A = —p. In this case <J = 3, and 

Og/B-pt. 

Therefore, the map 

isom ^ lp - T(Op^ nilp ) 
is surjective. Therefore by Proposition 4.6.1, the map 

given by the Poisson structure, is surjective as well. By Serre's duality, the map 

is injective. This means that the map isorriQ^' nllp <—* isomop 8 | 0p -p,nii P is an isomorphism. In 
fact, it is easy to see that the map lsorriQ^' mlp lsomop 9 lop - ' 5 -" 1 " 13 1S an isomorphism. 

Finally, let us consider the case of A which is integral and dominant. We have the subscheme 
Opg' rcg C Opg' nllp , and we claim that the behavior of the groupoid lsomo P() and the algebroid 
isomop B , restricted to it, arc the same as in the A = case. In particular, the analogs of 
Corollaries 4.5.3 and 4.5.4 hold, when we replace P g ilp by Op^ nilp . 
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4.7. Grading on the Lie algebroid. Recall the action of the group-scheme Aut(D) on the 
scheme Op B (D) and the ind-scheme Op fl (D x ). It is is easy to see that this action lifts to a map 
from Aut(D) to the groupoids lsomo Po and lsorriQ g , respectively. In particular, we obtain a 
map 

Der(6) ~ Lie(Aut(X>)) -» isorn™^. 

We choose a coordinate on D and consider two distinguished elements Lq = tdt and L_i = dt 
in Der(O). The action of Lq integrates to an action of G m , thus defining a grading on isorriQ g . 
Recall also that this choice of a coordinate trivializes the £>-bundle ^.op™ 8 on Opg Cg . 

Proposition 4.7.1. 

(1) The image of L_\ under 

isom Op fl - ^(^G.op-) - At(T G;0pr )/At(T Bi0pr ) * (fl/fa)o P - 

identifies, under the trivialization of (d/b) 0p ^s corresponding to the above choice of a coordi- 
nate, with the element p -i e g/b. 

(2) Under the above trivialization of Vg, the subspace g C 0opg° 8 * s Testable, and grading 
arising on it equals the one induced by adp. 

Proof. The proof is essentially borrowed from [BD1], Prop. 3.5.18. 

By definition, the action of L-\ on Opg Cg xB lifts onto the triple (^cop™ 8 ? Vo p '°s, ^B,Op T " s )- 
The lift of L_i onto the G-bundle Jc.Opg 08 i s obtained via the identification of the latter with 
the space of horizontal (with respect to V) sections of f^Op™ 8 - This lift does not preserve the 
reduction of ^G.Opg 08 to B; the resulting element in At^^op™ 8 )/ ^{'^ > b,Op' b os )j which is the 
element appearing in point (1) of the proposition, equals, by definition, to the value of 

(Vop^/J's.Op- 8 ,^} € (fl/b)^ Qp reg 

at Op r B og xx c Op^ cg xD. 

When the triple (Jc^p™ 8 ) Vop'^, f^o-p™ 8 ) i s written as a connection on the trivial B-bundlc 
in the form V° + P-idt + q(t)dt,q(t) G b[[i\], the above value equals as required. 

The second point of the proposition follows immediately from Lemma 1.4.1(1). 

□ 
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Part II. Categories of representations 



This Part of the paper is devoted to the discussion of various categories of representations 
of affinc Kac-Moody algebras of critical level. 

In Sect. 5 we recall the results of [FF3, F] about the structure of the center of the completed 
universal enveloping algebra of g at the critical level. According to [FF3, F], the spectrum 
of the center is identified with the space Opg(D x ) of g-opers over the formal punctured disc. 
This means that the category £j cr i t -mod "fibers" over the affine ind-scheme Opg(CD x ). Next, 
we introduce the categories of representations that we study in this project, and in Sect. 6 we 
formulate our Main Conjecture 6.1.1 and Main Theorem 6.3.2. 

In Sect. 7 we collect some results concerning the structure of the category jj cr i t -mod over 
its center. In particular, we discuss the various incarnations of the rcnormalizcd universal 
enveloping algebra at the critical level. This renormalization is a phenomenon that has to 
do with the fact that we are dealing with a one-parameter family of associative algebras (the 
universal enveloping of the Kac-Moody Lie algebra, depending on the level), which at some 
special point (the critical level) acquires a large center. 

In Sect. 8 we discuss the subcategory g cr it -mod reg of representations at the critical level, 
whose support over Opg(D x ) belongs to the subscheme of regular opers. We study its relation 
with the category of D-modules on the affine Grassmannian Gr<3 — G((i))/G[[i]], and this leads 
us to Main Conjecture 8.5.2. We prove Theorem 8.7.1 which states that a natural functor in 
one direction is fully faithful at the level of derived categories. The formalism of convolution 
action, developed in [BD1], Sect. 7, and reviewed in Part V below, allows us to reduce this 
assertion to a comparison of self-Exts of a certain basic object in both cases. On one side the 
required computation of Exts had been performed in [ABG] , and on the other side it follows 
from the recent paper [FT]. 

Sect. 9 plays an auxiliary role: we give a proof of one of the steps in the proof of Theorem 8.7.1 
mentioned above, by analyzing how the algebra of G[[i]]-equivariant self-Exts of the vacuum 
module V cr ; t interacts with G-equivariant cohomology of the point. 

5. Definition of categories 

5.1. Let g be a simple finite-dimensional Lie algebra. For an invariant inner product k on 
q (which is unique up to a scalar) define the central extension g K of the formal loop algebra 
® C((i)) which fits into the short exact sequence 

-» CI -> g K -> g ® C((t)) -> 0. 

This sequence is split as a vector space, and the commutation relations read 

(5.1) [x ® f(t),y ® g(t)} = [x, y] ® f{t)g(t) + k(x, y) • Res( 5 df) • 1, 

and 1 is a central element. The Lie algebra J K is the affine Kac-Moody algebra associated to 
k. We will denote by g K -mod the category of discrete representations of g K (i.e., such that any 
vector is annihilated by g <g> i n C[[t]] for sufficiently large n), on which 1 acts as the identity. 
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Let U K (g) be the quotient of the universal enveloping algebra U(g K ) of g K by the ideal 
generated by (1 — 1). Define its completion U K (g) as follows: 

U K (g) = lim U K (Q)/U K (Q) ■ (fl ® t"C[[t]]). 

It is clear that U K (g) is a topological algebra, whose discrete continuous representations are the 
same as objects of g K -mod. 

The following theorem, due to [FF3, F], describes the center Z K (g) of U K (g). 

Let K cr ;t be the critical inner product on g defined by the formula 

K C iit(x,y) = ~ Tr(ad(x) o ad(y)). 

Denote by G the group of adjoint type whose Lie algebra g is Langlands dual to g (i.e., the 
Cartan matrix of g is the transpose of that of g). 

Theorem 5.1.1. 

(1) Z K {&) = C if K crit . 

(2) Z CI it(g) is isomorphic to the algebra Fun(Op(j.(D x )) of functions on the space of G-opers 
on the punctured disc T> x . 

From now on we will denote Z C rit(?) simply by 3g- 

5.2. Let I be the Iwahori subgroup of the group G[[i]], i.e., the preimagc of a fixed Borel 
subgroup B C G under the evaluation homomorphism G[[t]] — > G. Let 1° C I be the pro- 
unipotent radical of /. Non-canonically we have a splitting Lie(7) = Lie(J°) © I), where f) is a 
Cartan subalgebra of g. 

Recall that an object M € g K -mod is called 7-integrable (resp., 7°-integrable) if the action 
of Lie(J) C g K (resp., Lie(/ )) on M integrates to an action of the pro-algebraic group I (resp., 
1°). In the case of 1° this condition is equivalent to saying that Lie(/°) acts locally nilpotcntly, 
and in the case of I that, in addition, () acts semi-simp ly with eigenvalues corresponding to 
integral weights. (The latter condition is easily seen to be independent of the choice of the 
splitting () — > Lic(/)). 

Following the conventions of Sect. 20.2, we will denote the corresponding subcategories of 
cr it-mod by gcrit^mod 7 ^ and g cr i t -mod / , respectively. We will denote by D^g^-mod) 1 and 
D(g K mod) / the corresponding triangulated categories, see Sect. 20.5. Moreover, the functor 
D + (g K -mod) 7 — > £> + (j3 K -mod) is fully-faithful. 

Recall also that an object M e fl K -mod is called I-monodromic if it is Lic(/°)-integrable 
and 1} acts locally finitely with generalized eigenvalues corresponding to integral weights. It 
is evident that a module M is 7-monodromic if and only if it has an increasing filtration with 
successive quotients being 7-integrable. We will denote the subcategory of monodromic modules 
by g K -mod /,m . We will denote by D(g K -mod) 7 '™ the full subcategory of D(g K -mod) consisting 
of complexes with 7-monodromic cohomology. 

Let us note that the above notions make sense more generally for an arbitrary category 
C endowed with a Harish-Chandra action of I (see Sect. 20.4). Namely, we have the full 
subcategories 

e J c e /0 c e 

along with the equivariant categories -0(C) 7 , D(G) 1 '" 1 , D(G) 1 " . Since the group 1° is pro- 
unipotent, the functor 

L»+(e) /o -» D+(e) 



LOCAL LANGLANDS CORRESPONDENCE AND AFFINE KAC-MOODY ALGEBRAS 



40 



is fully faithful and its image consists of complexes, whose cohomologies are 7°-equivariant. 
We also introduce the J-monodromic category Q 1 '" 1 as the full subcategory of 6, consisting of 
objects that admit a filtration, whose subquotients belong to G 1 ; we let D(e) 7 '"' to be the full 
subcategory of D(G), which consists of complexes, whose cohomologies belong to C 7 ' m . 

From now on let us take n — K c rit- 

Recall the subscheme Opj? ilp cO Pj (B x ), see Sect. 2.5. 
Let g cr it -modniip C C rit-mod be the subcategory consisting of modules, on which the action 
of the center 3g — Fun(Opg(D x )) factors through the quotient 3g' lp := Fun(Op*j llp ). This is a 
category endowed with an action of G((t)), and in particular, of I. 

Our main object of study is the category g cr it -mod n ^, where we follow the above conventions 
regarding the notion of the J-monodromic subcategory. In other words, 

Jcrit -mod^jjp = flcrit -mod 1 '" 1 r\Q crit -mod n iip • 

The following will be established in Sect. 7.7: 

Lemma 5.2.1. The inclusion functor 

fl cr it -mod - m ncj crit -mod n iip -» flcrit -mod n0 crit -mod n ii p 

is an equivalence. 

(In other words, any module in 5 cr ; t -mod, which is J°-integrable, and on which the center 
acts via 3g llp , is automatically J-monodromic.) 
By the above lemma, the inclusion 

£ ,+ (flcrit -modniip/'" 1 ^ J )+ (5crit-modnilp) /0 

is in fact an equivalence, and both these categories identify with the full subcategory of 
-D + (?crit -modniip), consisting of complexes, whose cohomologies belong to 0crit-mod n ^. 
The following assertion seems quite plausible, but we are unable to prove it at the moment: 

Conjecture 5.2.2. The natural functor D(fl cr ;t -mod^-J^) — > J? b (5 C rit -mod n ii P ) /0 is an equiv- 
alence. 

We will not need it in what follows. 

6. The main conjecture 
6.1. We shall now formulate our main conjecture. Recall the scheme MOpg llp , see Sect. 3.6. Let 

D b (QCoh(MOpg ilp )) be the bounded derived cate gory of quasi-coherent sheaves on MOp? 1 p . 
Our main conjecture is as follows: 

Main Conjecture 6.1.1. We have an equivalence of triangulated categories 

£ b (?crit -mod„iip) /0 ^ D b (QCoh(MOpf lp )) . 

In what follows we will provide some motivation for this conjecture. We will denote a functor 
establishing the conjectural equivalence D b (g cr it -mod n ii p ) /0 — > D h ^QCoh(MOpg llp )^ by F. 

Note that both categories £> b (QCoh(MOpf p )) and D b {Q ait -mod ni i p ) /0 come equipped with 
natural t-structures. The functor F will not be exact, but we expect it to be of bounded coho- 
mological amplitude, and hence to extend to an equivalence of the corresponding unbounded 
derived categories. 
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Recall the ind-scheme MOpg jgcn (D x ) from Sect. 3.2. Following [FF2, F], to a quasi-coherent 
sheaf 31 on MOpj gen (D x ) ~ Conn^fw^) one can attach a Wakimoto module W^ r ° t (D£) e 
C rit-mod (see Sect. 13.1 for a review of this construction). 

It turns out that if 31 is supported on the closed subscheme MOp a sen (D x ) x Opg llp , 

Op s (Dx) 8 

then W™; t (CR) belongs to the subcategory g cr it -mod 7 :^. The main compatibility property that 
we expect from the functor F is that F(W™; t (3?)) will be isomorphic to the direct image of "R 
under the morphism 

(6.1) MO P ,. gon px) x Opf p ^MO P f p 

of Theorem 3.6.2. 

In view of this requirement, the functor F _1 , inverse to F, should be characterized by the 
property that it extends the Wakimoto module construction from quasi-coherent sheaves on 
MOp fi ecn (-D x ) x Op" llp to those on MOp" llp . This was in fact the main motivation for 

Op s (Dx) B B 

Main Conjecture 6.1.1. 

6.2. In this subsection we would like to explain a point of view on Conjecture 6.1.1 as a 
localization-type statement for affine algebras at the critical level that connects D-modules on 
the affine flag variety to g cr i t -mod. 

This material will not be used in what follows, and for that reason we shall allow ourselves 
to appeal to some results and constructions that are not available in the published literature. 
One set of such results is Bezrukavnikov's theory of perverse sheaves on the affine flag scheme 
(see [Bcz]) and another the formalism of triangulated categories over stacks (to be developed 
in [Ga2]). 

Let F1 G be the affine flag scheme corresponding to G, i.e., F1 G ~ G((t))/I. Let 2)(Fl G )-mod 
denote the category of right D-modules on Fl. Let £>(F1 G ) -mod 1 , 2)(Fl G )-mod 7 and 
£>(Fl G )-mod ,m be the subcategories of 7-equivariant, J°-equivariant and 7-monodromic 
D-modules, respectively. One easily shows that the inclusion functor 

D(F1 G ) - mod 7,m -» 2>(F1 G ) mod 7 ° 

is in fact an equivalence of categories. 

Let D (£>(F1 G ) -mod) and D (£>(F1 G ) -mod) denote the corresponding triangulated cate- 
gories. 

Recall the Grothendieck alteration g — > g from Sect. 3.6. Let K G be the Springer resolution 
of the nilpotent cone N G C g. Let St G be the "thickened" Steinberg variety 

St G :=|x 3V G . 
s 

Note that the scheme n := n x g introduced in Sect. 3.6 equals the preimage of G/B~ x {b} 

e 

under the natural map St G — » G/B~ x G/B~ , and we have natural isomorphisms of stacks: 

yi G /G ~ n/B and St G /G ~ h/B. 

The next lemma insures that the definition of the scheme n (and, hence, of St G ) is not too 
naive, i.e., that we do not neglect lower cohomology: 
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Lemma 6.2.1. The derived tensor product 

Fund) 4 Fun(n) e QCoh(|) 

Fun(g) 

is concentrated in cohomological dimension 0. 

Proof. Consider the vector space g/n. It is enough to show that the composed map 

9 -» fl/n 

is flat near € fl/n. Since the varieties we are dealing with are smooth, it is enough to check 
that the dimension of the fibers is constant. The latter is evident. 

□ 

According to [AB] , there exists a natural tensor functor 

D b (Coh(N (5 /G)) -► L» b (D(Fl G )-mod) / . 

In particular, using the convolution action of the monoidal category D b (D (FIq) -mod) 1 
on the entire Z? h (:X)(Fl G ) -mod), we obtain a monoidal action of D b ^Coh(N G /G)^ on 

Z? fc (D(Fl G ) -mod). This construction can be upgraded to a structure on D fc (;D(Fl G ) -mod) of 
triangulated category over the stack 3\T G /G, sec [Ga2]. In particular, it makes sense to consider 
the base-changed triangulated category 

(6.2) ^CD(Fl G )-mod) x Opf p , 

J4 6 /G 

where we are using the map Res nllp : Op? llp — > h/B ~ N G /G. 

A far-reaching generalization of Conjecture 6.1.1 is the following statement in the spirit of 
the localization theorem of [BB]: 

Conjecture 6.2.2. There is an equivalence of triangulated categories 

D b (S(F1 G ) -mod) x Op" ilp ~ D b (g ait -mod nilp ). 

J4 6 /G 

A version of this conjecture concerning g cr i t -mod reg , rather than g cr i t -mod n n p , can be made 
precise without the machinery of categories over stacks, and it will be discussed in Sect. 8. 

Let us explain the convection between the above Conjecture 6.2.2 and Conjecture 6.1.1. 
Namely, we claim that the latter is obtained from the former by passing to the corresponding 
J°-equivariant categories on both sides. In order to explain this, we recall the main result of 
Bezrukavnikov's theory: 

Theorem 6.2.3. There is a natural equivalence 

D b (D(Fl G )-mod) /0 ~ L> fc (Coh(St G /G)). 

This theorem implies that the base-changed category 

£ fc CD(Fl G )-mod) /o x Opf p 

is equivalent to 

(QCoh(St G /G x Opf p )|, 
which by Corollary 3.6.3 is the same as L> b (QCoh(MOp" ilp )). 
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6.3. We shall now formulate one of the main results of this paper, which amounts to an 
equivalence as in Main Conjecture 6.1.1, but at the level of certain quotient categories. This 
result provides us with the main supporting evidence for the validity of Main Conjecture 6.1.1. 
Before stating the theorem, let us give some motivation along the lines of Theorem 6.2.3. 

Let 5F be an 7°-integrable D-module on F1 G . We will say that it is partially integrable if 5" 
admits a filtration J = U $k such that each successive quotient Jk/fk-i is equivariant with 

k>0 

respect to a parahoric subalgebra p L = Lic(7) + stJj for some vertex of the Dynkin graph t e 3. 

i° 

Similarly, we will call an object M of g cr i t mod partially integrable if there exists a filtration 
M = U Mfe such that for each successive quotient Mfc/Mfc_i there exists a parahoric subalge- 

k>0 

bra p L as above such that its action integrates to an action of the corresponding pro- algebraic 
group. More generally, the notion of partial integrability makes sense in any category equipped 
with a Harish-Chandra action of G((t)) (see Sect. 22, where the latter notion is introduced). 

In both cases it is easy to see that partially integrable objects form a Serre subcategory. 
Let ^£)(F1 G ) -mod 7 (resp., ^flcrit _ rnod n ^) denote the quotient category of £>(F1 G ) -mod 7 ^ 
(resp., flcrit _ mod 7 ^) by the subcategory of partially integrable objects. We will denote by 

?D (2)(F1 G ) -mod) /0 (resp., ^Z? fc (g cr it -mod n ii p ) /0 ) the triangulated quotient categories by the 
subcategories consisting of objects whose cohomologies are partially integrable. 

Let us recall the statement from [Bez] that describes the category J D b (£> (F1 G ) -mod) /0 in 
terms of quasi-coherent sheaves. 

Let ho denote the algebra of functions on the scheme tu _1 (0), where w is the natural pro- 
jection f)* — > h* //W '. This is a nilpotent algebra of length \W\. 

Recall also that t)* ~ f). We have a natural map 

St G ~ g x N G ^ fj x N G ~ Spec(/io) x K G . 

t)//W 

Theorem 6.3.1. There is a canonical equivalence 

f D b (S)(F1g) -mod) 7 ° ~ D b (QCoh (s P ec(^ ) x ^ G /G")) , 

so that under the equivalence of Theorem 6.2.3 the functor 

D b (D(F1 G ) -mod/" -» s D b (D(F1 G ) -mod) /0 

corresponds to the direct image under the projection St G /G — > Spec(/io) X K G /G. 

Combining this with the Conjecture 6.2.2, we arrive at the following statement, which is 
proved in Part IV of this paper and is one of our main results. 

Main Theorem 6.3.2. We have an equivalence: 

f F : f D b (Q crit -mod nilp ) 10 -» D b (QCoh (s P ec(/i ) x Opf p )) . 

Moreover, this functor is exact in the sense that it preserves the natural t-structures on both 
sides. 

7. Generalities on gcrit-MODULES 
7.1. Recall that the ind-scheme Op^(D x ) contained the following subschemes: 
Opf 5 c Opf p c Opf = Op° rdl c Op° rdfc for k > 1. 

Let us denote by 

3 ord fc ^ 3 RS ^ 3 „ilp ^ 3 rc gj 
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respectively, the corresponding quotients of 3 B — Fun(Opg(D x )). 

Let us denote by 3 B -mod the category of discrete 3 B -modules. By definition, any object of 
this category is a union of subobjects, each of which is acted on by 3 B via the quotient 3 B rdfc 
for some k. 

Let i rcg (resp., i nllp , t KS , i° ldk ) denote the closed embedding of Spec(3 g eg ) (resp., Spec(3g' lp ), 
Spec(3* S ), Spec(3° rdfc )) into the ind-schemc Spec(3 B ), and let z[° s (resp., if p , if s , i? ldk ) denote 
the corresponding direct image functor on the category of modules. 

It is easy to see that at the level of derived categories we have well-defined right 
adjoint functors from D+(3 B -mod) to Z? + (3 B ° S - mod), D + (3g' lp -mod) , D + (3g S -mod) and 
£>+(3ord fc _ mod ) ; denoted « r °s ! , i nil P\ t nil P' and i OTd " 1 , respectively. 

7.2. Let 5crit-mod rcg (resp., g cr it -mod n n p , g cr it -mod R s , g cr it -mod ordfc ) denote the subcat- 
egory of 5 cr it -mod whose objects arc modules on which 3 B acts through the corresponding 
quotient. 

The following basic result was established in [BD1], Theorem 3.7.9. 
Theorem 7.2.1. The induced module Jnd^t t ,, QC1 (C) belongs to g cr j t -mod orc i fc . 

Here and below, when considering the induced modules such as Ind^'pj eC1 (C), we will 
assume that 1 acts as the identity. We will also need the following: 

Lemma 7.2.2. The module Indf fe cr fl '[ [t]]eC1 (<C) is flat over 3° rdfc . 

Proof. By construction, the PBW filtration on 3 B induces a filtration on 3 B rdfc such that 

gr(3° rdfc )^(Sym(0((t))A fe fl[M])) G[[t11 . 

This filtration is compatible with the natural filtration on Ind^^^^C), and it suffices to 
check the flatness on the associated graded level. 

This reduces the assertion to showing that the algebra Sym (g((t))/t fe g[[t]]) is flat over 

(Sym (g((i))/i fc g[[i]])) G "*". However, the multiplication by t~ k reduces us to the situation 
when k = 0, in which case the required assertion is proved in [EF]. 

□ 

Let us denote by i[° s (resp., ?" llp , zf" S , i° ldk ) the evident functor from g cr it-mod reg (resp., 
g cr it -mod n iip, 0crit -modRs , flcrit -modord fc ) to g cr i t -mod. It is easy to show that each of these 
functors admits adjoint, denoted z rog! (resp., i nllp! , i RS! , i ordfc! ), defined on D + (g cr ; t -mod) . 

From Lemma 7.2.2 and Lemma 23.2.2 we obtain the following: 

Lemma 7.2.3. The functor ^ ^eg! : D+ (g crit -mod) D+(Q crit -mod reg ) commutes in the natu- 
ral sense with the forgetful functors D + (g cr it -mod) — > L>+(3 B -mod) and -D + (g C rit -mod rog ) — ► 
-D + (3 B eg -mod) 7 and similarly for the nilp,RS and ordfe versions. 

7.3. Let now K be a group-subscheme of G[[t]]. Following our conventions, we will denote by 
g crit -mod K (resp., g crit -mod^ g , g crit -mod^ lp , g crit -mod RS , g crit -mod^ d J the corresponding 
abelian categories of if-equivariant objects, see Sect. 20.4. We will denote by D(g cr it -mod) K 
(resp., ^(gcrit-modreg)^, L»(g crit -modniip)^, D(g crit -mod RS ) K , L>(g cr it -mod ord fc) K ) the cor- 
responding triangulated categories. 

The functors i[ cg (resp., i" llp , tf- s , t° ldk ) extend to the if-equivariant setting in a straight- 
forward way. By Proposition 23.3.1, we have: 
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Lemma 7.3.1. There exist functors « rcg! : -D(g C rit -mod) K — > D(5 C rit -modreg)^ (resp., i ndp ' : 
D+(g clit -mod) K -» ^+(fl crit -mod nilp ) K ; z RS! : £+(g crit -mod) K -» £+( 0cri t -mod RS ) K , 
t ord k . . £)+(g crit -niod)^ — > _D + (fl C rit "iiiodord,. ) K ) , that are right adjoint to the functors z[ cg 
(resp., if llp , tf s , i° ldk ), and which commute with the forgetful functors to the corresponding 
derived categories D + (g crit -mod), D + (g crit -mod rog ), D + (g clit -mod ni i p ), D + (g crit -mod RS ) 
and D+ (§ crit -mod ordfc ) • 

This lemma implies that if Mi,M2 are two objects of, say g CIlt -mod^; g , then there exists a 
spectral sequence, converging to Ext^,^ cr . t _ mod ^ (z[ eg (Mi), ?[ cg (M2)), and whose second term 
T$^ q is given by 

( 7 -!) Ex ^(i„ lt - m od Iog )-(^i^ 2 ) ,® a'^-.,^), 

where Ny*e/$ a denotes the normal bundle to Spec(3g eg ) inside Spec(3 ). The same spectral 
sequence exists when we replace the index reg by either of nilp, RS or ord^. 

7.4. We shall now recall a construction related to that of the renormalized universal enveloping 
algebra at the critical level, following [BD1], Sect. 5.6. 

The main ingredient is the action of the algebra 3g on C/ cr it(S) by outer derivations. Let us 
recall the construction: 

Let us pick a non-zero (symmetric, invariant) pairing n : g ® g — > C, and using it construct 
a 1-parameter deformation of the critical pairing: = K cr ;t + H ■ k. We obtain a 1-parametric 
family of topological associative algebras Un(s)- For an element a € 3g, and its lift an <E Uh(Q) 
and be Uh(o), the element [an, b] e Uh(q) is modulo h. 

Hence, the operation b i— > m od H is a derivation of [/ cr ; t (5). It does not depend on the 

choice of the lifting a n up to inner derivations. This construction has the following properties: 

Lemma 7.4.1. 

(a) The constructed map 3 fl — * Der out (f/ cr it(g)) is a derivation, i.e., it extends to a (continuous) 
map of (topological) 3 g -modules fi 1 (3a) — ► Der out ([/ cr it(g)). 

(b) Each of the above derivations preserves the subalgebra 3 B C E/ C rit(fl); *- e v 3 fl is a topological 
Poisson algebra and fi 1 (3 fl ) is an algebroid over Spec(3 B )- 

The following result, which relates the Poisson algebra structure on 3g with Langlands 
duality, is crucial for this paper: 

Recall from Sect. 4.1 that lsomo Pj denotes the groupoid over the ind-schemc Opg(D x ), 
whose fiber over x,x' G Opg(D x ) is the scheme of isomorphisms of G-local systems on D x , 
corresponding to \ and \' , respectively, and isomo Ps denotes its algebroid. One of the key 
properties of the the isomorphism Theorem 5.1.1, proved in [FF3, F], is that it respects the 
Poisson structures. In other words, in terms of the corresponding Lie algebroids (see Sect. 4.1) 
we have the following 

Theorem 7.4.2. Under the isomorphism 3 g — Fun(Opg(Z? x )), we have a canonical identifi- 
cation of the Lie algebroids fi 1 (3 B ) — isomo Pi - 

Let us now derive some consequences from the construction described above. By Lemma 4.4.1 
and its variant for the nilp, RS and ordfc cases, we obtain the following 
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Corollary 7.4.3. The ideal of each of the quotient algebras 3g° s (resp., 3g' lp , 3g S ; 3g rdfc J is 
stable under the Poisson bracket, i.e., N! r e S ,-, (resp., N* ilD , JV1 S/ , , N* ordl ) is an 

algebroid over the corresponding algebra. 

Let observe that for any g cr i t -module M we obtain a map 
(7-2) n 1 (3 9 )->Extl crit ^ nod (M,M). 

This map is functorial in the sense that for a morphism of gcrit-modules M — ► M', the two 
compositions 

n\$ t ) - Exti crit _ mod (M,M) - Exti crit _ mod (M,M') 

and 

^Oa) - Exti crit _ mod (M',M') - Exti crit _ mod (M,M') 

coincide. 

The next series of remarks is stated for the subscheme Spec(3g Cg ) C Spec(3 B ); however, they 
equally apply to the cases when reg is replaces by either of nilp, RS or ord^. 

Note that the Poisson structure, viewed as a map fi 1 (3 ) — * T(3 S ) gives rise to a commutative 
diagram: 

o ► jv 3 *j, /3s > ^OgJlspecor-) > nl (3D ► o 

► T(3 r B cg ) ► T(3 )| S pec(3^) ► N 37 , /3i > 0. 

Let M and M' be two objects of g cr it -mod rog . Note that we have an exact sequence 
- Exti crit _ modreg (M,M') - Extl crit _ mod (M,M') - Hom(M,M') ® N 3 -, /3i - 

-Ext| crit _ modrcg (M,M'). 

It is easy to see that the composed map 

Hom(M,M') ® ^(3,) - Exti crit _ mod (M,M') - Hom(M,M') ® JV 3 ~« /3|1 
3 3 e 

comes from the map S7 1 (3g ) — ► Nyes / 3o from the above commutative diagram. Thus, we obtain 
the following commutative diagram: 

Hom(M, M') ® AT 3 * r/3t > Ext| crit _ modreg (M, M') 

I I 
(73) Hom(M,M') ® ^ 1 (3 )|spoc(3 r 8 ° 8 ) ► Exti crit _ mod (M,M') 



Hom(M,M') ® SPftf*) ► Hom(M,M') § -^ 3 ^/ 3s 

and a natural map 

(7.4) Hom(M,M') ® (^/^ /f^-s)) - Ext| crit _ modrog (M, M'). 
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Let us now consider once again the family Un(g), and inside Un(g) <8> C((H)) consider the 

C[[fi]] 

C[[?i]]-subalgebra generated by Un(g) and elements of the form 

^ for a n mod h G kcr(3 B - 3^). 

Taking this algebra modulo h, we obtain an algebra, denoted J7 rcn,rcg (g C rit), and called the 
renormalized enveloping algebra at the critical level. The algebra i7 ren,res (0 C rit) has a natural 
filtration, with the 0-th term isomorphic to U CI it(g) ® 3g CS , and the first associated graded 

quotient isomorphic to 

(^.t(5)®3r , ) 3 | i ^3V/3.- 

Let us J7 rcn,rcs (0 cr it) -mod denote the category of (discrete) J7 ron ' rcg (0 cr it)-modules. We have 
a tautological homomorphism C/ C rit(5) — ► t^ rcn ' rcs (flcrit), whose restriction to 3g factors through 
3g eg ; thus we have a restriction functor J7 rcn,res (0 C rit) -mod — * 5 cr i t -mod rog . In addition, the 
adjoint action of the algebra L/ C rit(5) ® 3g CS on itself extends to an action of the first term of 

the above-mentioned filtration on J7 rcn,res (5 cr i t ). 

Let now be an ft- family of modules overg^ such that the action of 3g on M := M^/fi-Mfi 
factors through 3 g cs - Then M is naturally acted on by C/ rcn,rcs (5 C rit)- This construction provides 
a supply of objects of t/ rcn ' rcg (5crit) -mod. 

Lemma 7.4.4. Let M, M' be U len ' les (g crit ) -modules. Then 

(a) The map Hom^ , t _ mo d(3V[,M') ® ^V*rc g/ , — » Ext- . d (M, M') vanishes. 

^reg Jq I Jg Merit rcg 

J 9 

(b) We have a natural action of the algebroid Nye S ^ on Ext~ cr . t _ modrcK (M, M'). 

Finally, let us note that the category of [/ rcn ' res (g cr it)-modules carries a Harish-Chandra 
action of G((t)). In particular, if K is a group-subscheme of G[[t]], we can introduce the cat- 
egories £/ rcn:rcg (5crit) -mod and f(C/ rcn ' rcs (flcrit))' ft: - In addition, analogs of the diagrams 
appearing above remain valid for Ext~ crit _ modrog (M, M') and Ext| crit _ mod (M, M') replaced by 
Ext D(g crlt -mod rog )4M,M') and Ext^ (Scrit _ mod) K(M,M'), respectively. 

7.5. For the rest of this section we will be concerned with the category 5 cr ; t -mod or d, , denoted 
also by cr it-mod RS . 

Consider now the functor g -mod — > g cr i t -mod given by 

(7.5) M~Ind«- eC1 (M), 

where g[[t)] acts on M via the evaluation map g[[t]] — > g and 1 acts as identity. 
By definition. 

K[i eC1 (^(0))^Indf=| ]]eC1 (C), 

and by Theorem 7.2.1, this module belongs to g cr it -modRs ■ This implies that the module 
Ind g[[t]Wi( M ) G flcrit-mod RS for any M. 

In what follows we will need the following technical assertions, in which we use the notion 
of quasi-perfectness introduced in Sect. 19.9. 
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Proposition 7.5.1. 

(1) Representations of the form Indgj^j ffiC1 (M) for M G g-mod are quasi-perfect as objects of 
£>(?crit -mod). 

(2) Any object M G g cr it _ modRS; which is quasi-perfect in g cr it _ mod, is also quasi-perfect in 
0crit _m odRs • The same is true when the RS condition is replaced by any of or&k, nilp or reg. 

Proof. Since the induction functor is exact, by adjunction, 

Honl .D(flc rl t -mod) ( Ind g[[t]]®Cl ( M )> M ') - H ° m D(0[[t]] -mod) {M, M\). 

When M* is bounded from below the latter is computed by the standard cohomological complex 
of g[[i\] (see Sect. 19.8), which manifestly commutes with direct sums. This proves the first 
point of the proposition. 

The second point follows from Proposition 23.2.6. 

□ 

7.6. Denote by Ma (resp., M A , La) the g cr it-module induced from the Verma module M\ 
(resp., the contragredient Verma module M A , the irreducible module L\) with highest weight 
A over g: 

M a = K^eciWO. Ml = Ind«- eC1 (M A v ), L A = Ind^f ]ffiC1 (L A ). 

Recall that we have the natural residue map Res RS : Op RS \)//W ~ t)*//W. At the level 
of algebras of functions we have therefore a map 

(7.6) Res RS *:Sym(0r-,3f • 

Thus, for every M € g-mod we obtain two a priori different actions of Sym(h) w on 
K[[| ]eC1 (M): 

One action corresponds to the map Res RS * and the action of 3 RS on objects of g C rit -modRs- 
Another action comes from the Harish-Chandra isomorphism 7 

(7.7) Sym(O)^ ~ Z(U(g)), 

the action of Z(U(g)) by endomorphisms on M, and, hence, by functoriality, its action on 
K[[| eC1 (M). 

Let r be the involution of Z(U(g)), induced by the anti-involution x — x of U(g). Alter- 
natively, r can be thought of as induced by the outer involution of g that acts on the weights 
asA^ —w (X). 

Proposition 7.6.1. The above two actions of Sym(t)) w on Ind^^ t j ffiC1 (M) differ by t. 

Proof. It is enough to consider the universal example of M = U(g). In the course of the proof 
of the proposition we will essentially reprove Theorem 7.2.1. 

Consider the grading on g cr ; t induced by the G m -action on D by loop rotations. Then all our 
objects, such as 3 g , 3 RS and Ind^jj*jj ffiC1 (C) acquire a natural grading; the degree i subspace 
will be denoted by the subscript i, i.e., (•)». 

Consider the ideal 3g-(3g)>o m 3g generated by elements of positive degree. From Sect. 1.4.1, 
we know that the quotient 30/3 fl -(3g)>o is precisely 3 RS • Since the grading on Ind^jj*jj ffiC1 (C) is 
non-positive and the module is generated by the subspace of degree 0, the above ideal annihilates 
this module. 



7 which we normalize so that the central character of M\ equals ro(A + p) 
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Consider now the subalgebra of degree elements (3 /3 • (3 )>o)o C 3 S - According to 
Sect. 1.4.1, it is isomorphic to Sym(l)) w and the resulting embedding 

(7.8) Sym(l)r - 3f 

is the homomorphism Res RS * . 

The action of (3 /3 -(3 )>o)o on Ind fl °jj*jj eC1 (C) preserves the subspace of degree elements. 
However, the latter subspace is isomorphic to U(g). Therefore, (3 /3 • (3 )>o)o acts on U(q) 
commuting with both left and right module structure; hence it comes from a homomorphism 

(3 /3 • (3 )>o)o - Z(U( S )). 

It remains to compare the resulting homomorphism 

Sym^ - (3 /3 • (3 )>o)o - Z(U(g)) 

with the Harish-Chandra isomorphism. This has been proved in [F], Sect. 12.6. Let us repeat 
the argument for completeness: 

It is enough to show that for any weight A 6 t)* , the two characters, corresponding to 
Sym(fy) w acting in the two ways on the module M A , differ by r. 

Let W™° t A be the Wakimoto module corresponding to the weight A, as in Sect. 11.5. By 
Lemma 13.1.1, the character of Sym(()) M/ , acting on W™° t A via (7.8), is given by zu(— A — p). 

By Sect. 11.5, we have have a non-trivial homomorphism M A — > W™° t A , and hence the center 
3 acts on both modules by the same character. 

□ 

Recall that for x € \f / /W ~ i}//W we have a subscheme Op RS ' x C Opf s ; if pt e \)* is integral 
and anti-dominant, then Op R s,ro ^ ~ Op^ p ~ p ' nllp ; if, moreover, \i + p is anti-dominant, then 
the latter scheme contains the subscheme Op^~ p ~ p ' rcg . 

Let us denote by 3 S,X , 3 fl ^~ p,mlp and 3 p ~ p ' rcg , respectively, the corresponding quotients 
of 3 fl - Let 0crit-modRs, A , flcrit-mocL^-^niip, crit -mod_ M _ Pircg be the corresponding sub- 
categories of cr it -mod. The general results stated in this section, concerning the behav- 
ior of cri t-mod re g, Scrit-modniip, 0crit-mod R s and crit -mod ordfc , are equally applicable to 
0crit -mod RS , x , 0crit -mod-^-p^iip and g cri t -mod-^-^reg. 

From Proposition 7.6.1 we obtain the following: 

Corollary 7.6.2. The modules M\, M A andh\ belong to g cr it -mod R g iro (_ A _ p ) . 

For a dominant integral weight A, let V x be the corresponding irreducible finite-dimensional 
g-module. Let V^ rit denote the corresponding induced module at the critical level. In Sect. 13.3 
we will also establish the following: 

Proposition 7.6.3. The module V^ rit belongs to cr ;t -modA.reg- 

7.7. Recall now that the subscheme Op? lIp C Op? s is the preimage of ru(—p) 6 f)*//W under 

the map res : Opf 3 -► \)*//W. 

In particular, if we denote by Oo the subcategory of the usual category corresponding to 
g-modules with central character equal to w(—p), we obtain that the induction (7.5) defines 
a functor Oo — > g cr it -mod^. In particular, the modules M w ^_ p , M^^_ p for w 6 W all 
belong to crit -mod^. 

In what follows we will consider sections of right D-modules on the affine flag variety F1g- 
Instead of ordinary right D-modules, we will consider the ones twisted by a line bundle, which 
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is the tensor product of the critical line bundle on Gr G and the G((i))-equivariant line bundle, 
corresponding to the weight 2p (this choice is such that the twisting induced on G/B C F1 G 
corresponds to left D-modules on G/B.) 

We will denote the resulting category by 2)(Fl G ) cr it -mod, and by a slight abuse of lan- 
guage we will continue to call its objects D-modules. Of course, as an abstract category 
D(Fl G ) cr ;t -mod is equivalent to 2)(Fl G )-mod, but the functor of global sections is different. 
We have 

RT .D+ (S)(Fl G ) C rit-mod) -» D+ (g cri t -mod) . 
In particular, T(F1g, <$i FlG ) ^ M_ 2p . 

As usual, if if is a subgroup of G[[t]], we will denote by lD(Fl G ) cr it -mod K the abelian category 

( k\ k 

of if-equivariant D-modules, and by D I 2)(Fi G ) crit -mod j the corresponding triangulated 
category. 

For if' e D+ (£(Fl G ) crit -mod), we have 

r(Fi G ,y) ~y*M_ 2p . 

Hence, we obtain the following 

Corollary 7.7.1. The functor of global sections gives rise to a functor 

D+ (£(Fl G ) crit -mod) -► L> + (g cri t -mod ni i p ). 
7.8. Let us now prove Lemma 5.2.1. 

Proof. Let M be an 7°-integrable module. Then it admits a filtration whose subquotients are 
quotients of modules of the form Ind^^^M), where M is an iV-integrable fl-module, 

If we impose the condition that M G g C rit -mod n ii p , then by Proposition 7.6.1, we can assume 
that the above M has central character w(—p). But, as is well-known, this implies that M € . 

□ 

In addition, we have the following result: 

Lemma 7.8.1. Any object M e 0crit-mod^ admits a non-zero map ~L w ( p )_ p — ► M. 

Proof. By definition, any M contains a vector, annihilated by Lie(/°), and which is an eigen- 
vector of f). Hence, we have a non-trivial map Ma — > M. By Proposition 7.6.1, A must be of 
the form w(p) — p for some w € W. 

The Verma module M w ^_ p admits a filtration, whose subquotients are the irreducibles 
L w '(p)~p, w' > w. Since the induction functor is exact, M tu ( p )_ p admits a filtration with 
subquotients isomorphic to M„,'(p)_ p . 

Let w' be the maximal element such that corresponding term of the filtration on M t0 ( p )_ p 
maps non-trivially to M. This gives the desired map. 

□ 

8. The case of regular opers 

8.1. Recall that the pre-image of pt /B <—* n/B under Opj llp — ► n/B is the scheme Opg Cg 
of regular G-opers on the disc T>. From the point of view of representations, the algebra 
3g eg — Fun(Op^ eg ) is characterized as follows. Let 

V crit ^Ind^ ]ffiC1 (C) 
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be the vacuum Verma module of critical level. According to [FF3, F], the action of the center 
3 B — Fun(Opg(D x )) on V cr it factors through its quotient Fun(Op^ cs ). Moreover, the latter 
algebra is isomorphic to the algebra of endomorphisms of V C rit- 

In this section we will be concerned with the category gcrit -mod reg and its derived cat- 
egory D (gcrit -modreg). We will see that there are many parallels between the categories 
D (flcrit -mod rog ) and D (flcrit -niod n iip), but the structure of the former is considerably sim- 
pler. 

Let jjcrit yclo&I'™ denote the full subcategory of 5 cr it-mod re g equal to the intersection 
gcrit-modregnflcrit-mod^" 1 ; W e let D b (g crit -mod rcg ) /0 := D(g cri t -mod rog ) /o denote the 
corresponding full triangulated category. 

In this section we will formulate a conjecture that describes these categories in terms of 
D-modules on the affine Grassmannian. 

8.2. Before stating the conjecture we would like to motivate it by Bezrukavnikov's theory in 
the spirit of Sect. 6.2. In this subsection the discussion will be informal. 

Let Gr G = G((t))/G[[i\] be the affine Grassmannian of the group G. We will consider right 
D-modules on Gr G and denote this category by £>(Gr G ) -mod. As before, we have the subcate- 
gories D(Gr G )-mod 7 , £(Gr G ) -mod /o ~ £(Gr G ) -mod ,m and the corresponding triangulated 
categories D (£(Gr G ) -mod/, D (D(Gr G ) -mod/ C D (£(Gr G ) -mod). 

Consider the two categories appearing in Conjecture 6.2.2, and let us apply a further base 
change with respect to the map Op™ 8 — ► Opj llp . We obtain an equivalence: 

(8.1) ^ b (D(Fl G ) -mod) x (Opf p x Op' cg ) ~ D b (g crit -mod nilp ) x Opf 5 . 

*g/G OpJ' lp Op^' lp 

The right-hand side is by definition equivalent to £> fc (g C rit -mod reg ). The left-hand side can 
be rewritten as 

( £» 6 (S(Fl G )-mod) x pt/B) x Op" 38 . 

V N e /G / Pt/B 

The theory of spherical sheaves on the affine Grassmannian implies that D b (£>(Gr G ) -mod) 
is naturally a category over the stack pt jG in the sense explained in Sect. 0.3. It follows from 
Bezrukavnikov's theory [Bez] that the categories D b (S(Gr G ) -mod) and D fc (2)(Fl G ) -mod) are 
related as follows: 

D b (D(Fl G )-mod) x pt/B~L> fc (2)(Gr G )-mod) x pt /B. 

Nq/G pt/G 

Hence, from (8.1) we obtain the following conjecture: 

£ fc CD(Gr G )-mod) x Op^ og ~ D b (g c[it -mod rog ). 

pt/G 

Our Conjecture 8.5.2 below reformulates the last statement in terms that do not require the 
formalism of categories over a stack. 

8.3. Recall from Sect. 4.4 the groupoid Isom^ 8 on Opjj cg and the corresponding Lie algebroid 
isorriQ g , which is the Atiyah algebroid of the principal G-bundle ^.op™ 8 - For V G Rep(G) wc 
will denote by Vo p r _ e « the corresponding (projective) module over Fun(Opg Cg ). 

Using Theorem 5.1.1 we can transfer these objects to Spec(3g Cg ), and we will denote them 
by lsom 0p ™s, isom 0p ™g, 3> G ya E and Vy«s, respectively. From Theorem 7.4.2 and Sect. 4.4, we 
obtain the following 
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Corollary 8.3.1. 

(a) Under the isomorphism 3g° s — Fun(Opg° s ) 7 we have a canonical identification of Lie alge- 
broids iV* r c g ~ isom^ . 

(b) We have a commutative diagram 





N. 



3@ S /3g 



id 



S3' 



^(3 fl ) 



flJISpccOj 08 ) 



T (3 fl )|spec(3 r / g ) 



fl3 r e og 



id 





I 



3@ S /3g 



fl3 r e og 





8.4. In what follows will work not with usual right D-modules on Gtq, but rather with the 
D-modulcs twisted by the critical line bundle, as in Sect. 7.7. We will denote the corresponding 
category by £> cr it(GrG) -mod. We have the following result, established in [FG]: 

Theorem 8.4.1. The functor of global sections T : 2) cr ;t(GrG) -mod — > 5 cr i t -mod is exact 
and faithful. Moreover, it factors canonically through a functor r ron : 2) cr ;t(GrG) -mod — > 
f/ ren ' reg (0 cr it)-mod, and the latter functor is fully-faithful. 

Consider the category Sph G := £) cr j t (GrG) -mod G "*". According to the results of Lusztig, 
Drinfcld, Ginzburg and Mirkovic-Vilonen (see [MV]), this is a tensor category under the convo- 
lution product, which is equivalent to the category Jiep(G) of representations of the algebraic 
group G. For V 6 Rep(G) we will denote by 3V the corresponding (critically twisted) G[[t]]- 
equivariant D-module on Gr^. 

Let us recall the basic result of [BD1], Sect. 5.5 and 5.6, that describes global sections of the 
(critically twisted) D-modules ly- 

Theorem 8.4.2. 

(a) We have a canonical isomorphism of C rit -modules 

r(Gr G ,? y ) ~V crit ® VW 

^rcg ^0 

compatible with tensor product of representations. 

(b) The isomorphism of (a) and that of Corollary 8.3.1 are compatible in the sense that the 

-action on Hom(V cr i t , r(Grc, 3V))> coming from Theorem 8.4-1 and Sect. 7.4, corre- 
sponds to the canonical isorriQp -action on Vop' og • 
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We can take the convolution product of any D-module on Gr G with a spherical one. A priori, 
this will be a complex of D-modulcs on Gr G , but as in [Ga] one shows that this is a single D- 
module. (Alternatively, this follows from the lemma below, using Theorem 8.4.1). Thus, we 
obtain an action of the tensor category 3lep(G) on 2) crit (Gr G ) -mod: 

3,V^J*J V . 

Lemma 8.4.3. For £F G 2) cr ;t(Gr G ) -mod and V G "Rep(G) we have a canonical isomorphism: 

r(Gr G , ^ * 3V) ~ T(Gr G , J) ® Vy* s . 

Proof. Let us recall the formalism of the convolution action (see Sect. 22.5). We have the 
functors 

£ 6 (£ crit (Gr G )-mod) x D b (D crit (Gr G ) -mod) 6 ™ - D b (® crit (Gr G ) -mod) 

and 

i? b (S) cri t(Gr G )-mod) x D b (g crit -mod Icg f™ £ fc (g crit -mod rog ), 

which are intertwined by the functor T. Note that r(Gr G ,<5i Gr ) ~ V cr ; t , and r(Gr G ,5F) ~ 

J*V crit . 

Hence, we have 

r(Gr G ,J*? y ) ~ (?*J y )*V crit - J*(Jy*V crit ) ^?*T(Gv G ,? v ) ~ 

~J*(V crit ® VW) ~ (J*V cri t) ® Vyet ~T(Gl G ,3) ® VW , 
Jfl Jfl ^0 

where the second-to-last isomorphism is given by Theorem 8.4.2. 



□ 



8.5. After these preparations we introduce the category D(Gr G )^ kc -mod which is conjec- 
turally equivalent to g cr i t -mod rog . 

Its objects are (critically twisted) D-modules 3" on Gr G , endowed with an action of the 
algebra 3g° s by endomorphisms, and a family of functorial isomorphisms 

a v : 3*3V ^ Vyeg <g> J, VeRep(G), 

J 8 -,rcg 
Jfl 

compatible with tensor products of representations in the sense that for U, V G 3lep(G) the 
diagram 

(J*3V)*3V ► 5"*(J i7 *3 r y) 



(t/y e « ® J)*3V (t/^-g (g, y, rC g) 

9 3™ B 8 3 r / S 8 Fun(Op^) 



JO ,rcg V " ' JO ,rog V Je ,rcg ' 

Jq Jg Jg 

is commutative, and that ay, for being the trivial representation, is the identity map. 

In fact, one can show as in [AG2] that it is sufficient to give a family of morphisms {ay} 
satisfying the above conditions; the fact that they are isomorphisms is then automatic. Mor- 
phisms in this category are maps of D-modules that commute with the action of 3b° s and the 
data of ay- 
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Note that the category ©(Grc)^ -mod is precisely the category 

£(Gr G )-mod x Op". og 

pt/G 

introduced above. 

Consider the groupoid lsom 0p ^g and note that the algebra Fun(lsom 0p reg) is isomorphic to 

© Vy°S ® V,*eg , 

VGlrr(:Rep(G)) 8 C ° a 

and the unit section corresponds to the map 

Vyeg ® V* eg -» Vyeg V* _» FunG™ 8 ). 

8 C ^ J ° Fun(3 r B ° B ) 8 

Let us consider the space of global sections of an object J 6 D(GrG)^.°|r kc -mod. From 
Lemma 8.4.3 we obtain the following 

Lemma 8.5.1. For an object 5F of S)(GrG)^ ke -mod, the action of 3g Cg on r(Gr ( 3,3 r ) by 
^crit-endomorphisms, canonically extends to an action of Fun(lsomo p , : o s). 

Consider the functor r Hockc : S)(GrG)^ ke -mod — ► g cr i t -mod reg given by 

y~r(Gr,j) ® 3^ es , 

Fun(lsom reg) 

where 3g Cg is considered as a Fun(lsom 0p ™g)-algebra via the unit section. 
We propose the following: 

Main Conjecture 8.5.2. The above functor r Hockc is exact and defines an equivalence of 
categories D(GrG)^.°t kc -mod — > g cr ;t -mod reg . 

Note that by definition, the category £>(GrG)^ ko -mod carries a Harish- Chandra action of 
G((t)) at the critical level. By construction, the functor r Heckc preserves this structure. In 
particular, we can consider the subcategories of 7° -equi variant objects on both sides. As a 
consequence we obtain another conjecture: 

Main Conjecture 8.5.3. The category Q CI i t -mod^™ is equivalent to D(GrG)^ kc -mod /o . 

8.6. We now present another way of formulating Main Conjecture 8.5.2. Recall from [Gal], 
that if y is an affine variety, 6 is a Fun(y)-lincar abelian category and Sy is an affine groupoid 
over y, it then makes sense to speak about a lift of the Sy-action on y to 6. 

We take ^ = Spec(3g° s ), 9y = lsom 0p re g and G — g cr i t -mod reg . One can show that Main 
Conjecture 8.5.2 is equivalent to the following one: 

Conjecture 8.6.1. The action of Isom^rcs on Spec(3g Cg ) lifts to an action on cr ; t -mod reg 
in such a way that: 

(1) This structure commutes in the natural sense with the Harish- Chandra action of G((t j) on 
Scrit -mod rcg . 

(2) The functor T establishes an equivalence between the category 2)(GrG)crit -mod and the 
category of I som 0p «g-egM ivariant objects in g cr it -mod rcg . 

Remark 8.6.2. If we had an action of lsom 0p reg on g cri t -mod reg , as conjectured above, then at 
the infinitesimal level we would have functorial maps 

isom r cg rcg ^Exti crit _ modrog (M,M), 
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for any M £ g C rit -mod reg . However, the latter maps are known to exist, as follows from (7.3) 
in Sect. 7.4. 

8.7. Although we are unable to prove Main Conjecture 8.5.2 at the moment, we will establish 
one result in its direction, which we will use later on. 

Let us denote by Lr Hockc : D~ (l)(Gr G )^ t cke -mod) -> D~ (g crit -mod rcg ) the functor given 

by 

?^r(Gr G ,?) ® 3^° s , 

Fun(lsom 0p ro g ) 

L 

where ® is defined using a left resolution of 3g CS by projective Fun(lsom p , ; o s)-modules. 

One easily shows (and we will see this in the course of the proof of the next theorem) that 
LpHockc ig in fact the left dcrivcd f unc tor of r Hcckc . 

Theorem 8.7.1. The functor Lr Hocko , restricted to D b (£)(Gr G )^ t cko -mod) , is fully faithful. 
Before giving the proof, we need some preparations. 

8.8. Let us observe that the obvious forgetful functor D(Gr G )^ kc -mod — > 55(Gr G ) cr it -mod 
admits a left adjoint, which we will denote by Ind Hecko . Indeed, it is given by 

?h © (J*3V.) ® Vy°s. 

yeIrr(3Jep(G)) C 8 

Evidently, we have 
Lemma 8.8.1. 

LF Hockc (Gr G ,Ind Hocko (J)) ~ r Hcckc (Gr G , Ind Hocko (J)) ~ T(Gr G ,?). 

Therefore, Theorem 8.7.1 implies the following: 

Theorem 8.8.2. For^^J^e L> b (£(Gr G ) crit ) and M' = F(Gr G , 3"*) G £> 6 (fl crit -mod reg ) the 
map, given by the functor L F 



rcg; 

Hcckc 



RRom DmGlG)crn _ mod) [Jl © (3^*3V)®Vye g ^ 

\ yeIrr(Kep(G)) C J 

RH0m ^(i crlt -mod rog )W,M') 

is an isomorphism. 

From this theorem we obtain that all R* Hom£>(g crit _ mo d rog ) (r(Gr G , 3*), T(Gr G , 3*)), viewed 
as quasi-coherent sheaves on Spec(3g Cg ), are equivariant with respect to the groupoid Isomop^is. 
We claim that we know a priori that the above R* Horn is acted on by the algebroid isomop^s — 
Nires , and the map in Theorem 8.8.2 is compatible with the action of iV^rcg . This follows 

Jq /Je Jq foe 

from Lemma 7.4.4 and Theorem 8.4.2. 

8.9. Proof of Theorem 8.7.1. It is clear that any object of £>(Gr G )jJ?Jr kc -mod admits a 
surjection from an object of the form Ind Hecke (9 r ) for some 7 s 2)(Gr G ) cr ;t -mod. Therefore, 
any bounded from above complex in S(Gr G )^.j£ ke -mod admits a left resolution by a complex 
consisting of objects of this form. Hence, it is sufficient to show that for 3^ e 2)(Gr G ) cr it -mod 
and J\ e D+ (2)(Gr G )^ t cke -mod) the map 

(8.2) RHom D(s(GrG) „^_ mod) ^Ind Hecke (5i), 3*) - 

(8.3) RHom^ _ modrog) (r(Gr G , 3i),L T Hcckc (Gr G , 3$) . 
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is an isomorphism. Note that by adjunction the LHS of the above formula is isomorphic to 
RHom c ,( S ,( GrG ) crit _ mod )(3 : 'i,5'2), where we regard 9* just as an object of D + (£>(Gr G ) crit -mod). 

Without loss of generality we can assume that 2f\ is finitely generated, and is equivariant 
with respect to some congruence subgroup K C G[[t]\. By Sect. 20.7, we can replace J* by 
Avk^')' i- e -' without restriction of generality, we can assume that 9' is also K-equi variant. 

We will use the Harish-Chandra action of G((t)) on £)(Gr G )H?cke -mod and g C rit -mod reg . 
Namely, we will interpret J\ as 5i * c>i GrG E S)(Grg) cr i t -mod^, and hence 

Ind Hcckc (Ji) _ ^ + (indHecke^^^^ g :D(Gr G )£? t cke -mod* . 

Similarly, T(Gr G , Ji) ~ ft ★ V crit . 

Let ft be the dual D-modulc in D(G{{tj)/ K) crit -mod G[[t]1 , see Sect. 22.10.1. Set 

T := ft* ft G £>+ (S(Gr G )^ t cko -mod) G[[t11 . 
By Sect. 22.10.1, we have 

RHom D(2)(Gr G ) crit -mod)(3'l,?'2) - RH ° m I5(:D(Gr G )„ lt -mod) G l™ (^Gr G , 3"*) 

and RHom D(Scrit _ modrog) (T(Gr G , ft), L r Hccko (Gr G , J*)) is isomorphic to 

RHom D(Scrit _ modreg)G[[tl] (V crit ,Lr Hcckc (Gr G ,?-)) . 

Evidently, we can assume that 1' is an object, denoted ft of the abelian category 
S)(Gr G )H? t cko - mo d G[[t11 . 

Since the category £)(Gr G ) cr it -mod G[[tI1 is equivalent to 5lep(G), we obtain that the category 
J)(Gr G )^ ke -mod G " < " is equivalent to the category of 3g es -modules, with the functor being 
given by 

£^Ind Hccko («5 lGrG )®,C. 

Therefore, the D-module 5" above has such a form for some 3g CS -module £. 

By a reg- and G[[t]] -equivariant version of Proposition 7.5.1, we can assume that £ is finitely 
presented. Since 3g es is a polynomial algebra, every finitely presented module admits a finite 
resolution by projective ones. This reduces us to the case when L — 3g CS - Thus, we obtain that 
it is enough to show the following: 

(*) The map 

Ext L(S(Gr G ) crlt -mod^M (<$l GrG , Ind H ° Ck ° (S lQtg )) -» ExtJ,^ _ modrog)G [[t]] (Vcrit, Vcrit) 

is an isomorphism. 

To establish (*) we proceed as follows. It is known from [ABG], Theorem 7.6.1, that 



Ext DO(Gr)„ lt -mod)G[W] <Si GlG , © . *v ® V* ~ Sym'tf), 



viewed as a graded algebra with an action of G, where the generators g C Sym* (jj) have degree 
2. 

Hence, the left-hand side in (*) is isomorphic to the graded algebra over 3g° s obtained from 
the G-torsor Vq^s and the G-algebra Sym*(g), i.e., 

(8.4) 9 6>3? . x Sym'(fl) ~ Sym^ (fc™.). 
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Now we claim that the right-hand side in (*) is also isomorphic to the algebra appearing in 
(8.4): 

Theorem 8.9.1. There exists a canonical isomorphism of algebras 

Ext D(B„ lt -mod rog )0[W]( V crit,V crit ) ~ Sym'reg (fl 3 re g ), 

compatible with the action of Ny CS ^ , where the generators g C Sym*(g) have degree 2. 
8.10. Proof of Theorem 8.9.1. From Corollary 8.3.1 and (7.4) we obtain a map 

( 8 - 5 ) 03 r / g ^ Ext B(fl crlt -mod rog )G[[t]](Vcrit,V cri t), 

compatible with the action of Nt^,-, . We are going to show that this map induces the 
isomorphism stated in the theorem. We will do it by analyzing the spectral sequence of Sect. 7.3. 

Since the g cr i t -action on V cr i t can be canonically extended to an action of t/ ron ' rcg (g C rit), from 
Lemma 7.4.4 and (7.3), we obtain a map 

n\y^) - Ext^ (Scrit _ mod)G[W] (v crit ,v crit ). 

We will use the following result of [FT]: 

Theorem 8.10.1. The cup-product induces an isomorphism of algebras 

- Ext^ (Scrit _ mod)G[[t]1 (v cri t,v crit ). 

Recall that z reg denotes the embedding Spec(3g° s ) ^ Spec(3 fl ). Consider the object 
i r °s ! (V cr it) £ -D(0 cr it-mod rog ) G [[*ll, see Sect. 7.3. By loc.cit., the j-th cohomology of this 
complex is isomorphic to V cr i t <8> A J (Ny°x / 3g ). 

Consider the cohomological truncation of i ! (V cr it), leaving the segment in the cohomological 
degrees j and j + 1 . It gives rise to a map in the derived category 

(8.6) fa : V crit ® A j+1 (Ny* s/3g ) - V crit ® A j (Ny e °* /3a )[2]. 

Jg Jg 

Lemma 8.10.2. The map 4>j equals the composition 

V cri t ® A^iNy^/y) - V crit ® N 37 . /3 , ® *{N 37 >/3.) ^ V ^ ® A j (^3r/3 B )[ 2 ]- 

By Sect. 7.3, we obtain a spectral sequence, converging to Ext^g^ _ mod )G[[t]j (V cr i t , V cr i t ), 
whose second term is given by 

= Ex ^(i crit -mod rog ) G[ W](Vc r it, Vcrit) ® A^(iv 3r/ 3 e ). 

Note also that by Lemma 8.10.2, the differential in the above spectral sequence, which maps 
£,i-2,j+i _^ can ^ e ex p ressec j through the case when j = as 

^" 9J+1 - E * 2fl ,® AJ+1 (^3r/3j - ^r 2 '° ® ,® Aj (^3-/3j - 

^0 ^0 

Let us observe that the canonical map 
(8-7) Ext ir flcr , t - m od)o [[t „(Vc r it,V c rit) - 
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identifies by construction with the map n j (3g es ) — ► A J \Ny°s/$ B ) coming from of (7.3); in 
particular, it is injective. 



We will prove by induction on i = 1, 2, ... the following statements: 

J 2 



(i) £ 2 = 0, 



map Syrn* ^Qy^) ® ^3 r / g /3 8 ~> S y mi (fl3" g )- 



(ii) -E 2 *' ~ Sym l (g 3 re g ) such that the differential E 2 ' — > £7 2 1 ' identifies with the 

Note that item (i) above implies that E 2 l ~ ' 3 — for any j and that item (ii) implies 
that E^^ ~ Sym l ($ij 3 reg) ® A J (iV 3 rcg/ 3fl ) such that the differential identifies with the Koszul 

differential Sym'" 1 ^) ® A'(JV 3? . /3g ) - Sym% r ) ® A^ 1 ^^). 

3g 3g 

Consider first the base of the induction, i.e., the case i = 1. In this case we know a priori 
that E 2 = 0. We obtain that ri 1 (3g CS ) maps isomorphically onto the kernel of the map 
Ny° e /3 B — -£"2 1 ~~ * ^2 ' • ^ n particular, the map of (8.5) &y°z E 2 ' is injective. We claim 
that the latter map is surjective as well. Indeed, if it were not, the map in (8.7) would not be 
injective for j = 2. 

Hence, the differential E 2 ' J — > E 2 °~ does identify with the corresponding term of the 
Koszul differential. In particular, Ext^j cr . t _ mod )G[[t]] (V cr it , V cr i t ) maps isomorphically to E 3 ' 3 ~ 

kcr(£ 2 ' 4 -> E^ -1 ). This implies, in particular, that all the higher differentials E° k ' 3 -> E^ ,j ~ k ~ 1 
for fc > 3 vanish. 

Let us now perform the induction step. Observe that the induction hypothesis, all the terms 
of the spectral sequence E\ ' 3 for < i' < 2i — 2 with fc > 3 vanish. Therefore, the term E 2 t+1 '° 
injects into 

ker ( E <(L^o d) om(^, V^) - £ 2 °< 2 * +1 ) , 

and as the latter map is injective, we obtain that E 2 l+1 '° = 0. 

By a similar argument we obtain that E^ 1 ' 1 = E 2>+2 ' a = 0. Hence, E 2l+2 '° identifies with 

cokcr I Sym*- 1 ^™.) ® A 2 (iV 3r/3fl ) _> Sym% r ) ® A^/3 S J ~ Sym m (g 3r ). 

To finish the proof of theorem it remains to remark that, by construction, the cup-product 
map 

Ext D(g„ it -mod, es ) G [['l] (Vcrit, V cr it) ® Ext^^^ _ modrog )G[[t]] ( V crit , V crit ) -> 
Ext DCg! rit -mod, es ) G l['l] ( V crit, V cr it) 

identifies with the multiplication map Qy°s ® Sym l (g 3 re g ) — > Sym l+1 (g 3 ™ B ). 

8.11. Thus, the two graded algebras appearing in (*) are abstractly isomorphic to one-anothcr. 
It remains to see that the existing map indeed induces an isomorphism. Since both algebras 
are freely generated by their degree 2 part, it is sufficient to show that the map 

(8.8) 3r .Ext 2 D(2)(GrG)crit _ mod)G[[tl] (^ rGVeirr( e p(e)) ^®^ 3 v) - 



(8.9) Ext^ (Scrit _ modreg)G[[t]1 (V crit ,V crit ) ~ fl 3; 
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is an isomorphism. Since the map of Theorem 8.8.2 is compatible with the action of the 
algebroid NZ res/1 , , and since gy<=s is irreducible as a JVL g/ , -module, if the map in (8.8) were 
not an isomorphism, it would be zero. We claim that this leads to a contradiction: 

Consider the canonical maps of H'(pt /G) ~ -ff^^pt) to both the LHS and RHS of (*). 
Note that we have a canonical identification 

H'(pt/G) ~ Sym*(f)*r * Sym*(^ * Sym'(gf. 

By the construction of the isomorphism in [ABG], Theorem 7.6.1, 

^pt/G)-Ext^ (Gr)crit _ mod)G[[t]1 (<5 lGr ,Ind Hcckc (<5 lGr )) 

corresponds to the canonical embedding Sym*(g) G — > Sym* (g). Therefore, if the map of (*) was 
on the generators, it would also annihilate the augmentation ideal in -ff*(pt /G). However, 
we have the following assertion: 

Theorem 8.11.1. The map 

H'frt/G) c H' G[[t]] (pt) - Ext^ (Scrit _ modrog)G[[t]] (V crit , Vcrit) 

corresponds under the isomorphism of Theorem 8.9.1 to the map 

H'(pt/G) ~ Sym'(0) 6 ~ Sym'(g) 6 - ? G y . g x Sym'(g) ~ Sym'fe^), 
where t is as in Sect. 7.6. 

The proof of this theorem will be given in the next section. 

9. A MANIPULATION WITH EQUIVARIANT COHOMOLOGY: PROOF OF THEOREM 8.11.1 

9.1. We will consider the algebra of self-Exts of V cr i t in a category bigger than g cr j t -mod reg , 
namely, in the category 5 cr ; t -mod n ii p . 

Let J^Qpniip be the canonical _B-torsor on the scheme Opg llp , and let J^Qp' 08 be its re- 
striction to Opg Cg . We will denote by Vg^np and Vgy^e the corresponding B-torsors on 

Spec(3g llp ) and Spec(3 g eg ), respectively. If V is a representation of B (in practice we will take 
V = b,n, fl/n, etc.), we will denote by V^mip, Vy«s the corresponding modules over 3g llp and 
3 fl eg , respectively. 

Recall that by Corollary 4.5.4, the image of the normal ^op reE 7 Op nilp * n ^ e quotient 

^3-/3 8 /^(3 fl es ) 

identifies with hy^s C Qy^s . From the proof of Theorem 8.9.1 we obtain the following statement. 
Lemma 9.1.1. The natural map 

Ext D(8 cri t-mod ro( ,)G(W] (Vcrit, V cr it) ~> Ext D(g crit -mod nilp )G[[*]] (Vcrit , V cr it ) 

induces an isomorphism 

Sym* ((fl/n) 3r ) ~ Ext^ (Scrit _ modniip)G[[tl] (V crit ,V crit ). 
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By the equivariance of the map in (*) with respect to the algebroid A^reg,, , the image of 

H'(pt/G) in Sym'rog (g 3 r 0g ) i s a priori contained in the subalgebra Sym*(0) G . Hence, it is 
sufficient to show that the composition 

Sym-^r c H'(pt/G) - Ext^^^ _ modnilp) o [[t]] (V crit , V crit ) * Sym* ((fl/n) 3r ) 

equals the natural map 

Sym'tir £ Sym*(^ - Sym'(^) Sym* ((b/n)y /g ) Sym' ((fl/n) 3r ) . 

9.2. Consider now the module M G g cr i t -mod^, ilp . Since Av G [[ t ]]//(M ) ~ V cr it, by 
Sect. 22.10, we obtain an isomorphism 

RHom D(Scrit _ modnilp) G[[ t] ] (V crit , V crit ) RHom D(Scrit - mo d nilp )' (M , V crit ). 

It is easy to see that the composition 

H'(pt/G[[t]]) - Ext^ (2crit _ modniip)G[[tl] (V crit , Vent) - Ext^ (Scrit _ modnilp) , (Mo, Vcrit) 

equals the map 

H'(pt/G[[t}}) - ff-(pt/J) - Ext^ (2crit _ modniip)J (Mo,Mo) Ext^ (gcrit _ modniip)J (Mo, Vcrit)- 
By Corollary 13.3.2, the module M is flat over 3g llp - Hence, by Lemma 23.1.2 

RHom V „ lt -mod niIp) '(Mo,M) ^ RHom^ (Scrit _ modreg)J (M 0;reg ,M) 

for any M G fl cri t -mod', where M 0ire g := M ® 3s eg - 

,nilp 
J 6 

Moreover, the map 

H'(pt/I) - Ext^ (icrit _ modniip)J (Mo,M ) - Ext^ (3crit _ modniIp)J (M ,Vcrit) 
that appears above, equals the map 

tf*(pt/7) - Ext^ (3crit _ modreg)J (M , rcg ,M , rcg ) - 
- Ext^ (3crit _ modrog) ,(M , rcg , V cri t) * Ext^ (Scrit _ modnilp) ,(M , Vcrit)- 
Thus, we obtain a commutative diagram 

H'(pt/G[[t}}) ► H'(pt/I) 

I I 

Sym* ((fl/n) 3r ) — Ext^ (Scrit _ modrog)J (M , rcg , V crit ), 

and it is easy to see that the resulting map 

Sym'tf) ~ #*(pt/7) - Sym* ((fl/n) 3r ) 

is a homomorphism of algebras. 

Therefore, it suffices to show that the map 

[) ~ H 2 (pt/I) - Ext^ (3crit _ modreg)J (Mo, reg ,Mo, reg ) - 

Ext B(fl crlt -mod rog y( M 0,rc g , V cri t) (§/%- 

equals the negative of the tautological map f) — > (g/n) 3 ™g. 

Let M be an arbitrary i-equivariant object of g CT it -mod rog . One easily establishes the 
following compatibility of spectral sequences: 
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Lemma 9.2.1. The composition 

Exti crit _ mod (M, M) - Hom(M, M) ® - Ext 2 D(Scrit _ modrog) , (M, M) 

equals the composition 

Exti crit _ mod (M,M) - Hom(M,M)®tf 2 (pt/7) - Ext£ Scrit _ modrog) ,(M,M). 

Therefore, to complete the proof of Theorem 8.11.1, it is sufficient to construct a map 
f)* — > Ext~ crit _ mod (Mo, rog , Mo, rcg ) such that the composition 

- Exti crit _ mod (M , rcg ,M , rcg ) - Hom(M , rcg ,Mo, rog ) ® ff 2 ( P t//) 

comes from the natural isomorphism fj* — > i? 2 (pt //), and the composition 

fj ~ hj* - Exti crit _ mod (M , rog ,M , rog ) - Hom(M , rcg ,Mo, rog ) ® ^3^/3, ^ 

3o 

-» Hom(M , reg ,M , rcg ) ® g (fl/n) 3 j« 
3g 

equals the negative of the embedding f) — > (b/n)y*e. 

9.3. The required map f)* — > Ext~ cr . t _ mod (Mo jrcg , Mo jrcg ) is constructed as follows. By de- 
forming the highest weight, we obtain the "universal" Vcrma module U(q) ® C =: M un j v , 

U(n) 

and the corresponding induced module M un ; v over flcrit- In particular, we have a map f)* — > 
Ext 1 (Mo, M ). 

Evidently, the composition fj* — » Ext 1 (M ,M ) — ► Ext 1 (M , M 0ireg ) factors canonically 
through Exti crlt _ mod (M , rog , M , rog ). 

The fact that the composition f)* — > Ext~ cr . t _ mod (M 0;reg , M 0irog ) — > Hom(M 0irog , M 0jrcg ) ® 
i/ 2 (pt //) comes from fj* — ► ff 2 (pt //) follows from the corresponding property of the compo- 
sition [)* -> ExtJ_ mod (M , M ) -» Hom(M , M ) ® H 2 (pt /I). 

Consider the composition f) ~ fj* — > Hom(M , rog , M , rog ) <8> (£)/n) 3 ™s ■ This map is equi- 

3fl 

variant with respect to the group Aut(CD). In particular, if we choose a coordinate on D, the 
above map has degree with respect to the action of G m by loop rotations. Since f) equals the 
degree subspace of Hom(M 0i rc g , M 0i rc g ) ® (s/^)y° s ( see Sect. 4.7), we obtain that the map 

in question factors through some map f) — » f). 

To prove that the latter map is in fact the negative of the identity, we proceed as follows. 
By Sect. 2.5, we have an identification f)* <S> 3!j llp — A?,nii P/ , RS . Moreover, by Lemma 4.5.5 and 
Proposition 7.6.1 the composition 

maps identically onto f)* (g) 3g CS C (g/n) 3 «g. 

Now, our assertion follows from the fact, that the map 

f)*®3f p ^Ext 1 (Mo,Mo)^Hom(M ,Mo) ® iV,„n P/ , 

y ^nilp J ' J 

equals the negative of 

f,* ® 3fp ~ jV,„ u P/ , RS 1 -^Hom(M ,M ) ® iV,„n P/ , RS -» Hom(M , M ) ® JV,^,, 

^0 ^0 

by Proposition 7.6.1. 
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Part III. Wakimoto modules 



In this Part we review the Wakimoto modules which were introduced for an arbitrary affine 
Kac-Moody algebra g in [FF1, FF2, F] following the work of Wakimoto [W] in the case of sl%. 
On the intuitive level, Wakimoto modules are sections of certain D-modules on the Iwahori 
orbits on the semi-infinite flag manifold G((t))/B((t)). The construction of [FF1, FF2, F] may 
be phrased in terms of a kind of semi-infinite induction functor, as we explain below. This 
approach to the Wakimoto modules is similar to the one discussed in [Ar, Vor, GMS]. It uses 
the formalism of chiral algebras, and in particular, the chiral algebra of differential operators 
on the group G. It also uses the language of semi-infinite cohomology, which was introduced 
by Feigin [Fe] and, in the setting of chiral algebras, by Bcilinson and Drinfeld [CHA]. 

o 

Let G be the big cell B ■ wq ■ B C G, and for an arbitrary level k we consider the chiral 

o 

algebra D ch (G) K of chiral differential operators on it. In Sect. 10 we define the chiral algebra 

T> ch (G°/N) K as a BRST reduction of £> ch (G) K with respect to n((i)). This chiral algebra can be 
thought of as governing D-modulcs on the big cell in G((t))/N((t)); we show that the natural 
homomorphism to it from the chiral algebra, corresponding to the Kac-Moody Lie algebra, J K 
coincides with the free field realization homomorphism of Feigin and Frenkel. 

o 

By construction, any chiral module over D da {G/N) K is a bi- module over g K and the Heisen- 
berg algebra f)_ K _|_ Kcrit . In Sect. 11 for any such module, we define the induction functor from 
the category f) K _ Kcrit -mod to 5 K -mod. The resulting 5 K -modules are by definition the Waki- 
moto modules. Thus, Wakimoto modules can be viewed as induced from f) K - Kcrit to g K , using 
certain bi- modules. 

In Sect. 12 we study cohomological properties of Wakimoto modules and, in particular, their 
behavior with respect to the convolution functors. The crucial result that we need below is 
Proposition 12.5.1 that states that Wakimoto modules are essentially invariant under convolu- 
tion with "lattice" elements in the Iwahori-Hecke algebra. 

In Sect. 13 we specialize to the The crucial result here, due to [F], is that 

certain Wakimoto modules are isomorphic to Verma modules over g cr i t . This fact will allow us 
to obtain information about the structure of Verma modules that will be used in the subsequent 
sections. 

10. Free field realization 

In what follows we will use the language of chiral algebras on a curve X, developed in [CHA]. 
We will fix a point x G X and identify £>A"-modules supported at this point with underlying 
vector spaces. We will identify the formal disc D with the formal neighborhood of x in X. 

10.1. Let L be a Lie-* algebra, which we assume to be projective and finitely generated as a 
£>x-modulc. Recall that there exists a canonical Tate central extension of L, which is a Lie-* 
algebra L Tatc 

-» uj x -> £ Tatc -> L -> 0, 
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see [CHA], Sect. 2.7. The key property of L Tatc is that if M is a chiral module over L- Tat0 
(here "— " signifies the Baer negative central extension), then we have a well-dcfincd complex 
of £> x -modules, denoted €^(L,M), which we will refer to as the semi-infinite complex of M 
with respect to L. We will denote by flf (I,M) (resp., H^- +i (L,M)) the 0-th (resp., i-th) 
cohomology of this complex. 

If M is supported at the point x e X, by definition, <£~2~(L,M) is given by the semi- 
infinite complex of the Tate Lie algebra H^, R {T> X , L) with respect to the lattice H% R (T>, L) C 
H DR (D*,L). 

If A is a chiral algebra with a homomorphism £~ Tatc — > yt, then €~(L,A) has a natural 
structure of a DG chiral algebra 

Let now L' and L" be two central extensions of L by uix, whose Baer sum is identified with 
L~ Tatc , and let M and M' be V- and i"-modules, respectively. Then M ® M' is a module over 
L _Tate , and in this case we will use the notation 

oo oo 

M<S>M' or M I) M' 

L H° DR CDx,L),H° DR CD,L) 

instead of €~(L,M, <S> M'). If the latter is acyclic away from cohomological degree we will 
denote by the same symbol the corresponding 0-th cohomology. 

Finally, let f) be a finite-dimensional subspace in Hjj R (X,L). In this case, <t^(L,M) ad- 
mits a subcomplex <£^~(L; f),M) of relative cochains. We will sometimes also use the notation 

oo 

(L; f), •) and • <§) •. 

10.2. Let L s , Lb and L„ be the Lie-* algebras, corresponding to the Lie algebras g, b and n, 
respectively. For a level k, we will denote by L BiK the corresponding Kac-Moody extension of 
L g by ux, and by L{, )(t the induced central extension of Lf,. Let L^ ato be the Tate extension 
of Lb, and let L' b K be the Baer sum of L Tate and where k' = — k — 2K cr i t ; let L(, iK be the 

Baer negative of L' b K . 

Since n'\ n = 0, the extension induced by Lf,, K ' on L n is canonically trivialized. The extension 
induced by L^ ate is also canonically trivialized, since n is nilpotent. Hence, Lf,, K comes from 
a well-defined central extension Lf, tK of the commutative Lie-* algebra Lf,. We will denote by 
L'^ the Baer negative of Lf, tK . 

Note that when k is integral, the above central extensions of Lie algebras H^ R (D X , ?) all 
come from the corresponding central extensions of loop groups. 

We will denote by $) K (resp., Sj' K ) the reduced universal enveloping chiral algebra of £fj, K 
(resp., L' b K ). We will denote by A g>K the reduced universal enveloping chiral algebra of L B _ K . 

Let M be a chiral £[,,«' -module. Since the Tate extension of Lb, induced by the adjoint 
action equals the extension induced by the adjoint action on L n , the complex (L n ,M) 
carries a chiral action of L' b . The resulting action of L n C L' b K on the individual semi-infinite 
cohomologies H^~ +l (L„,M) is trivial. Hence, we obtain that each H^ +l (L n ,M) is a chiral 
,f)' K -module. If 3? is an fj K -module, regarded as a Lf, jK -modulc, £-r (L 6 , JVC <8> 31) makes sense. If 
we suppose, moreover, that £^(L n ,M) is acyclic away from degree 0, then 

£^(L b ,M(g> IR) ~ ^^(L„,M)|>31. 
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10.3. Recall now that for any level k we can introduce the chiral algebra of differential operators 
(CADO) D ch (G) K , which admits two mutually commuting homomorphisms 

o 

Let G denote the open Bruhat cell B ■ wq ■ B C G, where wo is the longest element of the 

o o 

Weyl group. We will denote by G/N, G/B the corresponding open subsets in G/N and G/B, 
respectively. 

Let D ch (G) K be the induced CADO on G. Consider the chiral DG algebra £f (L a , D ch (G%), 

o 

where we take L n mapping to £> ch (G) K via 

o r 
®° {G) K <— S C (G) K < -Ag.K' <— ^g,K' <— L n . 

o o 

Since G — > G/A is a principal A-bundle, from [CHA], Sect. 2.8.16 we obtain the following 

o 

Lemma 10.3.1. The complex €^ (L n , D ch (G) K ) is acyclic away from degree zero, and the 

o 

resulting chiral algebra is a CADO on G/N. 

o o 

Let us denote (L n , S) ch (G) K ) by D ch (G/N) K . By construction, we have a homomorphism 
of chiral algebras 

D ch (G°/N) K <- tf K , 

o 

which we will denote by tfj. We define the chiral algebra T) ch (G/B) K as the Lie-* centralizer of 

o 

Sj' K in D ch (G/N) K . The map l fl : A g>K -> £ ch (G) K induces a homomorphism 

(10.1) [ fl : A a , K - V ch (G°/B) K . 
Again, by construction, we have a canonical map 

(10.2) D ch (G°/B) K -> 3 ch (G/A) K | 

it, ;f) 

Lemma 10.3.2. 77ie map m (10.2) is an isomorphism. 

The proof will become clear from the discussion in the next section. 

o o 

10.4. Note that D ch (G/B) K is not a CADO on G/B. We will now give a more explicit, even 

o o 

if less canonical, description of the chiral algebras £> ch (G/A%, D ch (G/B) K and the free field 
realization homomorphism. 

o 

Let us choose a representative of wo in W and identify the variety G ~ N ■ w • B with the 

o 

product N x B, endowed with the action on N on the left and of B on the right. Then D ch (G) K 
becomes a CADO on this group, isomorphic to ® ch (N)® ® ch (B) K >. We will denote the existing 
maps 

An -> V ch (N) c 3 ch (G) K and A b , K > -> S) ch (5) K , C S ch (G) K 
by t n and tj,, respectively, and the "new" maps, as in [AG1], 

A n - £ ch (A) C 3 ch (G) K and .A M -> S ch (B) K , C 3 ch (G) K 
by r n , [f,, respectively, where A b , K is the reduced chiral universal envelope of 
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Then 

(10.3) D ch (G°/N) K ~ £ ch (A) <g> S ch (tf) K , 
where S ch (iJ) K is a CADO on i? with the maps 

As usual, the centralizcr of Sj' K in ® ch (H) K is Sj K , and we obtain that 

£ ch (G/.B) K ~3 ch (A)©io K . 
The above isomorphism makes the assertion of Lemma 10.3.2 manifest: indeed, it follows from 

the fact that % ch (H) K d fi K ~ io K , see Sect. 22.6. 

£.(,;() 

Homomorphism (10.1) therefore gives rise to a homomorphism from the affine Kac-Moody 
algebra to the tensor product of the chiral algebras D ch (N) and $j K : 

(10.4) A B , K ^V ch (N)®!d K . 

This is the free field realization homomorphism of [FF2, F]. 

The CADO D ch (N) may be identified with what physicists call the free field (3j system, and 
Sj K is a twisted form of a Heisenberg algebra, which is also related to a free bosonic system. 
That is why the homomorphism (10.4) is referred to as free field realization. 

10.5. Let us now explain in what sense the homomorphism 

(10.5) A^^V ch {G°/B) K ~^{N)®$? K 

above is an affine analog (i.e., chiralization) of a well-known phenomenon for finite-dimensional 
Lie algebras. We will appeal to notations introduced in [AG1]. 

o 

Consider the variety G ~ N x B with an action of the Lie algebra g on the left. This action 

o 

defines a map g — ► T(G/N), whose image consists of vector fields, that are invariant with 
respect to the action of H ~ B/N on the right. Since the Lie algebra of such vector fields is 
isomorphic to T(N) © (Fun(A) (g> f)), we obtain a map 

(10.6) fl -► T(N) © (Fun (TV) ® Jj) . 

The restriction of this map to n C g is the homomorphism [„ — > T(N). The restriction to h C 
is the sum of two maps: one is f) — *■ T(N), corresponding to the natural adjoint of H on N, 
and the other is the identity map f) — ► f) C Fun(TV) ® f), twisted by wo- 

The map of (10.6) can be chiralized in a straightforward way, and we obtain a map of Lie-* 
algebras 

(10.7) L g -> 6(A) © (Fun(Jets(A)) © if,) , 

where for an affine scheme Y, we denote by Jets(F) the £>x-scheme of jets into Y, and Q(Y) 
denotes the tangent algebroid on this S)x-scheme. By construction, we have 

Lemma 10.5.1. The image of Lg K C A B ^ K under (10.5) belongs to 

D ch (N)- 1 © (Fun(Jcts(A)) © (^ K )- 1 ), 
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where (•)-' denotes the PBW filtration. The composition 

L g , K -> Q ch (N)^ © (Pun(Jets(JV)) ® (S«)^) - 

^ch (7V) <l /;3 ch (Ar) <0) ( Fun ( Jets(Ar ) ((^ K )<V(ijK)^ )) ~ 

~ Q{N) (Fun (Jets (TV)) ® i„) 
factors through L g and equals the map of (10.7). 

10.6. For the remainder of this section we will specialize to the case when n = K cr i t . The 
following basic fact is established in [CHA], Sect. 2.8.17. 

Proposition 10.6.1. The Lie-* algebra L'^ K is commutative if and only if n = K C rit- In this 
case there is a canonical isomorphism 

Spec(f) crit ) ~ Conn^c^)®, 

respecting the torsor structure on both sides with respect to the D-scheme of f)* -values 1 -forms 
on X. 

o 

Since i% rit is commutative, it is contained as a chiral subalgebra in 2) ch (G/i?) cr it, moreover 
from (10.2) we infer: 

(10.8) Sj' crit ~ 3 (® ch (G/i?) cri t). 

Since f) C rit is commutative as well, from the isomorphism (10.2) we obtain that there exists 

o 

a homomorphism (which is easily seen to be an isomorphism) from $) cr it to 3(S ch (G/i?) cr it). 

Lemma 10.6.2. The resulting homomorphism f) C rit — > f)' cr i t comes from the sign-inversion 
isomorphism Z/(, lCr it - > L't, cr i t °f commutative Lie-* algebras. 

10.7. We will now study the homomorphism 

(10.9) [„ :A B!Crit ^ 3 ch (G/B) crit . 

o 

Proposition 10.7.1. The centralizer of A StCr i t in D ch (G/B) cr i t equals Sj' crit . 

o 

Proof. Since F)' clit is the center of the chiral algebra £> ch (G/£>) cr it, the fact that it centralizes 
the image of A g ^ cr it is evident. 

To prove the inclusion in the opposite direction, we will establish a stronger fact. Namely, 

o 

that the centralizer in 2) ch (G/-E>) cr it of the image of L n + f) is already contained in F)' CTit . 

o 

Using the description of D ch (G/i?) cr it given in Sect. 10.4, we obtain that the centralizer of 
In (-An) in it equals t n (A n ) <S> Sj' clit , in the notation of loc.cit. 

Consider now the action of J) e T(X,A e>clit ) on £> ch (G/iV) cri t ^ £> ch (iV) <g> $) ch (H) crit . By 
Sect. 10.5, this action decomposes as a tensor product of the natural adjoint action on 2) c (N), 
and the action on T) ch (H) K given by [j,, twisted by wq. Since D ch (H) K is commutative, the 

o 

resulting action of f) on 2) ch (G/-B) cr i t — D ch (N) ® $j' clit is the adjoint action along the first 
factor. 

This implies our assertion since {A n )^ ~ C, as f) acts on n, and hence on A n , by characters, 
which belong to the positive span of A+ . 

□ 
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10.8. Consider now the composition 

h = i(A 3 , cli t) -» S ch (G/B) crit . 
From Proposition 10.7.1 we immediately obtain the following result. 

o 

Corollary 10.8.1. The image of i g is contained in i{D ch {G / B) cvit ) = f)' ciit - 
Thus, we obtain a homomorphism of commutative chiral algebras 

(10.10) h -> & crit ~ flerft. 

Let us now recall that ultimate form of the isomorphism statement of [FF3, F] (see Theorem 
11.3 of [F]): 

Theorem 10.8.2. There exists a canonical isomorphism of commutative chiral algebras j B ~ 
Fun(Opg(X)) such that the diagram 

3s Fun(Opj(X) s ) 

MT* I 

iOcrit — Fun(Conn i? (w^) 2) ) 

is commutative, where the left vertical arrow is the map of (10.10), the right vertical arrow 
is the Miura transformation of (3.3), and the bottom horizontal arrow is the isomorphism of 
Proposition 10.6.1, composed with the automorphism, induced by the automorphism t:=1h 
-w (X) of 6. 

10.9. To conclude this section let us return to the set-up of Sect. 10.5. Consider the map 
— > T(N), obtained by composing the map of (10.6) with the projection on the T(iV)-factor. 

It is well-known that lifts of this map to a homomorphism of Lie algebras g — > Q(N)- 1 , which 
on n C Q induce the map [ n : n — + T(N), are classified by characters of f) (and correspond to 
G-equivariant twistings on G/B). We would like to establish an affme analog of this statement. 

The analog of characters of [) will be played by the set of chiral algebra homomorphisms 
ip ■ iOcrit — * Ox- For any such ip, the composition 

<\> : L 0iCrit -> 3 ch (iV) ® *3crit -> V ch (N) 

is a Lie-* algebra homomorphism, satisfying: 

• The image of 4> belongs to D ch (N)- 1 , 

• The composition L SiCr i t — > D ch (N) — > Q(N) equals the composition of the map (10.7), 
followed by the projection on the 8(7V)-factor, 

• The restriction of <f> to L n equals [ n . 

Proposition 10.9.1. Let L' g be a central extension of L B by means ofwx, split over L n , and 
let (j) : L' g — > T) ch (N) be a homomorphism of Lie-* algebras, satisfying the three properties above. 
Then L' g ~ i fliC rit and (j) is obtained from some ip : 53 cr i t — ► Ox in the manner described above. 

Proof. First, since L' g splits over L n , we obtain that as a Sx-module L' g ~ L g © lox- Let us 
show that the bracket on L' g corresponds to the critical pairing. For this, it is sufficient to 
calculate the bracket on L§ C L g . However, since is commutative, the latter bracket is 
independent of the choice of a pair {L' g , (f>). Hence, we may choose the pair L' g = i g cr i t and a 
homomorphism corresponding to some homomorphism ip : i3 cr ;t — » Ox- In the latter case, our 
assertion is clear. 
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Consider the set of all homomorphisms of chiral algebras ifi : .ficrit — > Ox- By definition, 
this is a torsor over T(X, lux <8> f)*). Consider now the space of homomorphisms (fib ■ ib.crit — > 
D ch (N)- 1 , satisfying the same three conditions as <j>. This set is also a torsor over T(X, u>x®fy*)- 
Moreover, it is easy to see that the map ip t— > i— > =: 6 is a map of torsors. 

Hence, for any <fi as in the proposition, there exists a ip, such that the two homomorphism 
L s , a it ~ * T) ch (N)- 1 coincide, when restricted to Lt, lCr it- We claim that in this case the two 
homomorphisms in question coincide on the entire of L BiCr it- 

Indeed, let <fi\ and 02 be two such homomorphisms. Then (fi\ — 02 is a map L s /Lb — > 
Fun(Jets(A)) (giwjf • Let f be a section on L n - , and let e be a section of L n such that [e, f] € Lf,. 
We obtain that [0i(f) — 02(f), 0b(e)] = 0. Hence, the image of <fi\ — 02 consists of L n -invariant 
sections of Fun(Jets(A)) <g> u>x, and the latter subspace is u)x- 

Again, for f above, let h be a section of such that [f , h] = c • f , where c is a non-zero scalar. 
We obtain [0i(f) — 02(f), 0t,(h)] = c • (0i(f) — 02(f))- However, by the above, 0i(f) — 02(f) is 
central. Hence, c • (0i(f) — 02(f)) = 0, implying our assertion. 

□ 

11. Construction of Wakimoto modules 

11.1. Homomorphism (10.1) allows us to produce representations of A SiK , i.e., 5 K -modules, by 

o 

restricting modules of D ch (G/ 'B) K . This should be regarded as a chiral analog of the construc- 

o 

tion of jj-modules by taking sections of twisted D-modules on the big Schubert cell G/B. 

o 

In the applications, modules over D ch (G/B) K that we will consider are obtained using (10.2), 

o if 

from pairs of modules: M G ® ch (G/N) K -mod, and <G f) K -mod by taking M<8>31. Let us 

o 

describe the examples of J) ch (G/i3) K -modules that we will consider. 

11.2. First, note that if £> ch (Y) is a CADO on (the scheme of jets corresponding to) a smooth 
affine A-scheme Y, any left D-modulc on the scheme Y[[i\] gives rise to a chiral module over 

D ch (y). 

Indeed, if "5 is such a D-module, it (or, rather, the space of its global sections) is naturally 
a chiral module over Fun(Jets(F)) and a Lie-* module over Qy- In this case we can induce it 
and obtain a chiral module over D ch (Y). 

If Y 1 C Y is a smooth locally closed subvariety, let us denote by Disty(y') the left 
D-modulc of distributions on Y' (i.e., the *-cxtension of the D-module Fun(F')), and let 
Disty[[ t ]](ev -1 (F')) denote the corresponding left D-module on y[[t]], i.e., 

Dist y[[t]] (ev- 1 (y')) - cv*(Dist y (y'))- 
Finally, let Dist*(ev- 1 (F')) denote the resulting D ch (r)-module. 

o o 

Let us take Y = G and for each element w € W consider Y 1 = Ad WoW -i(N) ■ w • N C G. 
For example, if w = w we get the D-modulc of functions on N ■ u> • N, and if w = 1 we get 
the 5-function at w a ■ N. 

Note that ev _1 (A) = 7°, so we obtain a left D-module DistG[[t]](Ad tUotu -i(/°)-w;o-/ ) on G[[t]} 

and Distg 1 (Ad, 1 , otu -i(/ ) • w ■ I°) K e £> ch (G) K -mod. Consider the chiral 2) ch (G/A) K -module 

(11.1) Dist ch (ev-^Ad^-^A)-^)). ^^(Ln.Dist^Ad™,,™-^/ )-^-/ ),,). 
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In other words, Dist ch (ev _1 (Ad w w -i (N) ■ wo)) K is obtained by the above construction 

G/N 

o o 

for Y = G/N and Y' = Ad W0W -i{N) ■ w C G/N. From Sect. 10.4 we obtain that 
Dist ch (ev~ 1 (Ad w w -i(N) ■ wq)) k is indeed acyclic away from degree 0. 

G/N 

Moreover, as a module over H^ R (D X , L„ © £(, it is isomorphic to 

Dist^CAd^-i^niV) ®Ind t ^ ] ( 2r ,£ '*- J (Rin(H(tC[[t]]]))). 

In particular, as a H ( / )R ( r D x , L'^ re )-modulc, it is i?(tC[[t]]])-integrable, and injective as a 
i? (tC[[t]]])-representation. Furthermore, it is free over over f)[t _1 ] for any choice of a splitting 

o 

11.3. Now, for w € VF and an f) K -module 3? we define the (complex of) £> ch (G/-B) K -modules 
(11.2) 'W™(ft) :=Dist ch (ev-^A^-i^-itfo)),, 1 ft. 

G/iV «W),*f)[[t]] 

Note that by the ff(iC[[i]]])-integrability of Dist ch „ (ev _1 (Ad™ oU ,-i (N) ■ w )) K , we have 

G/N 

(H-3) X?(3l)~'W^(Av ff(t c [[t]]]) (Dl)), 

where Avij( t c[[t]]]) denotes the averaging functor with respect to i?(tC[[t]]]), see Sect. 20.7. 
Therefore, with no restriction of generality, we can (and will) assume that ft is H (#C [ [£]]])- 
integrable. Under this assumption, as a n((t)))-module 

(11.4) 'W^(ft) ~ Dist^(ev- 1 (Ad„ „- 1 (N) n N)) ® ft. 
In particular, it is acyclic away from degree 0. 

We restrict 'WJf(ft) to A g , K and obtain an object of g K -mod, denoted by the same symbol. 

o 

Note that when defining 'W^(ft), we can avoid mentioning the chiral algebra D ch (G/B) K . 
Namely, 

'W-(ft) ~ (Dist^CAd^^-^/ ) • w ■ I°) K ) 1 ft. 

V ) b ((t))Mlt]]+tt,[[t]] 

The J) ch (G) K -module Distg (Ad WoW -i(I°)-wo-I°) K is by construction equivariant with respect 
to the group Ad WQW -i (I ), when we think of the action on G((i)) on itself by left multiplication. 
Let Distg (I°-w-I°) K be the chiral .Ag jK -module, obtained from the module Distg (Ad WoW -i (J )- 
mo • J°) K by applying the left shift by w ■ w . 

Set 

(11.5) W^(ft) := fDistg 1 (/ -w/°) K N ) 1 ft. 

This is what we will call the Wakimoto module of type w corresponding to the io K -module ft. 

Tautologically, as a g K -module, W™(ft) is obtained from 'W^(ft) by the automorphism Ad wwo 
of g, and it is 7°-equivariant. Note, however, that W™(ft) does not come by restriction from a 

o 

£) ch (G/.B) K -module, unless W = Wo. 

We have a description of W^(ft) similar to (11.4), but with respect to the subalgebra 
n wwo ([t)), where we set n w := Ad w (n), N w = Ad w (N). Namely, 

(11.6) W^(ft) ~ Dist$»» (cv' 1 (N ww « H AT)) ® ft 
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11.4. Assume now that the i} K -module 31 is H [[i]]-integrable. (Having already the assumption 
that it is iJ(iC[[i]]])-integrable, this amounts to requiring that \) acts semi-simply with eigen- 
values corresponding to integral weights.) We claim that in this case the module W™(3?) is 
I-integrable. 

Indeed, let us instead of Distg (7° • w ■ I°) K take the chiral D ch (G) K -modulc 

Distal • w ■ 

As an object of D ch (G) K -mod, it is clearly i-integrable with respect to both left and right 
action of G((t)) on itself. 

Consider (L n , Dist ch (7° ■ w ■ I) K ). This is a io' K -module, which is 77[[i]]-integrable and 
injective as an H[[t]] -module. 

One easily checks that W™(ft) is isomorphic to 

H 2 ? (L n , Dist ch (/° • w ■ I) K ) |) % 
which is manifestly 7-intcgrable. 

11.5. For a weight A 6 h* consider the 1-dimensional Lie-* module over Lf, jK corresponding to 
the character A. Let us denote by it\ the induced chiral module over Sj K . 

For future use we introduce the notation 

(11-7) W- A :=W-K- 1(A+p)+p ). 
Observe that the definition of W™ A can be rewritten as 

(h? (n^^nlMl^ist^a ^-/ )^^ 1 " 11 ) ®C-"( A +")+". 



Let M™ be the g-module equal to Dist G (7V ■ w N) ® C w '( a +p)+p. Note that when w = 1, 

b,n 

M™ is the Verma module M A , and when w = w , M™ is the dual Verma M A . In general, M™ 
has always highest weight A, and it is characterized by the property that it is free with respect 
to the Lie subalgebra n WWa n n~ and co-free with respect to n ww ° n n. 

Set M™ A := Ind^j t jj ffiC1 (M A J ') be the induced 5 K -module. We claim that we always have a 
map 

(H-8) M- A - W- A . 

This amounts to constructing a map of g[[t]]-modules M™ — > W™ A . We have 

<-> Dist G rr tll (/° • w ■ 1°) <g> C w- 1 (X+p)+p ^ 

b[[t]],n[[t]]+tf,[[t]] 



(Dist-(/°. w .^) K ) n[[tI1 ^ [[ %C- 1 ^, 



b 

which maps to the required semi-infinite cohomology. 
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12. Convolution action on Wakimoto modules 

12.1. In this section we will apply the formalism of convolution functors 

★ : D(G/K) K mod K ' xD(q k mod) K -» D(g K mod) K ', 

where K, K' are subgroups of G[[t\] to derive some additional properties of Wakimoto modules. 

The subgroups that we will use will be either 1° or G^\ the first congruence sub group in 
G[[t]], and if n is integral, also /. When a confusion is likely to occur, we will use the notation 
• * • to emphasize which equivariant derived category we are working in, see Sect. 22.5. We will 

identify D-modulcs on G (rcsp., G/N, G/B) with the corresponding K-twisted D-modules on 
G((i))/G« (resp, F1 G = G((t))/I°, F1 G - G((t))/I). 

Another two pieces of notation that we will need are as follows. If g is a point of G((t)), and 
J an object of an arbitrary category with a Harish-Chandra action of G((tj) at level k, we will 
denote by 6 S the twist of by g. If 3 is equivariant with respect to a congruence subgroup 
K c G[[t]], then 

g U SG((t))/K * J > 

where # gG((t))/K is the unique K-twisted D-module on G((tj)/K, whose !-fiber at the point 
Scm/K G G{{t)) IK is c. 

Let U be a pro-unipotent subgroup such that «|Lie(u) is trivial. Then for J as above, C u -*c3 r 
will denote the same thing as Avu(3\)- m other words, if 3 is equivariant with respect to some 
unipotent K C G[[t\] containing a congruence subgroup, and U' = U n K, then 

Cu * 9 ~ Dist G((t))/K (U/U') K * J ® det (Lie(U)/ Lie(U')[l])® _1 , 

where Cyyjj, denotes the cohomologically shifted D-modulc on U/U', corresponding via 
Ricmann-Hilbert to the constant sheaf on U/U', and Dist G (( t ))/^(U/U') re is the unique 
K-twisted D-module on G((t))/K, supported on U/U C G((t))/K, and whose !-restriction to 
this subscheme is Fun(U/U'), sec Sect. 21.6. 
We will use the following observation: 

Lemma 12.1.1. Suppose that U contains two subgroups Ui and U2 such that the multiplication 
map defines an isomorphism Ui x U2 — > U. Then 

For w s Waff we will denote by j K .s, the unique K-twisted 7°-equivariant D-module on F1 G , 
supported on 1° ■ w C F1 G , whose !-restriction to this subscheme is isomorphic to Fun(/° • w), 
as an /"-equivariant quasi-coherent sheaf. Of course, the isomorphism class of this D-modulc 
depends on the choice of a representative of w in G((t)). 

Since ~j K ^ ~ C J0 * <g> det (Lie(J )/ Lie(J°) n Ad a (Lie(/°))[l]) , from Lemma 12.1.1 

we obtain the following: 

Lemma 12.1.2. For w E W a ff assume that 1° can be written as a product of subgroups Ui • U 2 
such that Ad^-i(U2) C I a . Then for an 1° -equivariant object J of a category with a Harish- 
Chandra action o/G((i)), we have a canonical isomorphism 

~j K & * 5F~ A VUl («5 5 *?)®det (Lie(Ui)/Lie(Ui)nAd ffi (Lie(Ui))[l]). 
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Suppose that k is integral, i.e., comes from a group ind-scheme extension G((t)) of G((t)) split 
over G[[t]]; let us denote by J" 4 the resulting line bundle on Gr G = G((t))/G[[t}]. In this case 
we will denote by js,* (resp., the 7-equivariant K-twisted D-modules on F1 G given by the 
^-extension (resp., !-extension) of the twisted right D-module on / • w C F1 G , corresponding to 

the restriction of the line bundle G((t))/I — > G((t j)/I to this subscheme. If k is not integral the 
above J-equivariant D-modules still make sense for w E W. 
If l(wi) + l{w2) = l(wi ■ Wz), then 

jwi.* *ju)2,* — 3wi-W2,* &Ild jwi.l * 3w2,\ — 3w\-W2,\' 

Since the functor j^ ^ * • is right exact, the above isomorphism implies that the functor \ * •, 

being its quasi-inverse, is left exact. 

Let us observe that the definition of j^^ (resp., j^j) is evidently independent of the choice 
of representatives w in G((i)). The direct image of j K ,q, under F1 G — > F1 G is isomorphic to 
jw,* ® where [™ is the line defined as 

(12.1) [f :^T(l-w i n top (I n -w)® 3> K |,o. a ) /o . 

12.2. Let us first observe that for w e W 

Dist c G h (/° • w ■ I°) K ~ ~j K>w * Dist c G h (/°) K . 

Hence, we obtain the following 

Lemma 12.2.1. W™(ft) ~ ] K<W * W* (#). 

If is integrable with respect to the above lemma implies that 

(12.2) W^-j^W 1 ^), 
which, in turn, implies that 

(12.3) 3w,i*W ~ 1 (X)czVf 1 (X), 
and if l{w\ ■ w 2 ) — l{w\) + l{u)2), then 

(12.4) j Wl ,**W , " 2 (:R) ~ W W1 - W2 (X). 

12.3. For w e W recall that n w (resp., b w ) denotes the subalgebra Ad w (n) C g (resp., 
Ad w (b) C q). Note that the Cartan quotient of b w is still canonically identified with \). For 
w = w we will sometimes also write n~, b~. 

Proposition 12.3.1. For any chiral $j K -module 

vrzm * (Dist c G h (/°) K ) 5 a. 

Proof. It is enough to show that 

ff^(n(W),n[[t]],Dist c G h (/° • w ■ I°) K ) ~ ff^? (n™ ((*)), in™ [[*]] + n« n n, Dist c G h (/°) K ), 

in a way compatible with the fj K -actions. 

Again, we have Dist G 1 (/ -w-/°) K ~ Dist G * o j K .w, where we are using the action of G((t)) 

on itself by right translations. We have 7° = (1° n B~ [{t}]) ■ (1° D N[[t]]). By Lemma 12.1.2, we 
obtain that 

Dist c G h (/° • w ■ I°) K ~ Dist c G h (/°) K *5 W *C N[[t]] det {n/n w ^ n n[l]) . 
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Hence, by Sect. 22.7.2 

tf^(n((i)),n[[t]],Dist c G h (/° • w ■ I°) K ) ~ 

~ (n((t)), n[[t\], Dist^ h (/ ) K * S w ) ® det ( n/n™ " n n[l] 



which, in turn, is isomorphic to H ^ (n w ((t)), n w [[t]}, Distg 1 (I°) K ) <8> det (n w /n w n n[l]). The 
determinant line exactly accounts for the change of the lattice n 1 "^]] ^ tn w [[t]] + n D n w . 

□ 

As a corollary, we obtain the following characterization of the Wakimoto modules W™(3?): 

Corollary 12.3.2. For an 1° -integrable g K > -module M and a chiral Sj K -module H, we have a 
quasi-isomorphism 

oo 

M & W%(31) ~ £^(b"'((t)),tb u '[m] + nnn M, ,M®3?). 

B ((t)),Lie(I°) 

Proof. In view of Proposition 12.3.1, it suffices to show that for any M as in the proposition, 

M <§> (Dist^ h (/°) K ) ~M 

fl ((t)),Lie(/°) V ) 

as g K -modules. But this follows from Sect. 22.6. 

□ 

12.4. We will now show that Wakimoto modules of type w ■ wo are well-behaved with respect 
to the functor of semi-infinite cohomology of the algebra n w ((£)) . This is in fact a fundamental 
property of Wakimoto modules which was found in [FF2] . 

Namely, let £ be a module over n™ ((£)), on which the subalgebra in"'[[t]] +nnn'° acts locally 
nilpotently. Let 3? be an f) K -modulc, on which tt)[[t]] acts locally nilpotently. (By (11.3) the 
latter is not really restrictive.) 

Proposition 12.4.1. Under the above circumstances, 

n w ((t)),tn w [[t]]+nTm w 

is canonically isomorphic to £ (S> !R. 
Proof. By (11.6), it suffices to show that 

CO 

Dist^„ (ev' 1 ^ n AO) Z. 



n w ((t)),tn w [[t]]+nrm u 

However, this readily follows from Corollary 22.7.1(2). 



□ 



12.5. For an integral coweight A let us consider the corresponding point t x 6 G((t)). We will 
also think of A as an element of W^s corresponding to this orbit. Note that if A is dominant, the 
orbit of / • t x C FIg has the property that under the projection Fig — > Gr^ it maps one-to-one. 

We have already established the transformation property of Wakimoto modules with respect 
to convolution with j KfW for w 6 W, see Lemma 12.2.1. Now we would like to study their 
behavior with respect to convolution with j K ~ x . 

Note that we have a natural adjoint action of H((t)) on Hp R (D x , £f,, K ), and similarly for 
the Baer negative extension. Thus, we obtain that H((t)) acts on the categories ,f) K -mod and 
f)' K -mod. For t x G H([tJ) we will denote the corresponding functor by 51 t x * 31. 
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The following property of Wakimoto modules will play a crucial role: 
Proposition 12.5.1. For a dominant A we have 

Ii*wr(x)^w:»r w ^). 

12.6. Proof of Proposition 12.5.1. Consider the subscheme 7° ■ t x ■ 7° C G((t)). Clearly, 

, rO rO 

there exists a unique irreducible object of D ch (G) K -mod ' , supported on this subset. Let us 
denote it by Dist G (I°t x I°) K . In particular, for A = we recover Dist G (7°) K . 
We have 

~3 K>X * Dist c G h (7°) K ~ Dist c G h (/ ^/°) K ~ Dist c G h (7°) K *~j K , :x . 
Therefore, by Proposition 12.3.1, we have to show that 

(Dist c G h (/°) K * ~j K , - x ) 1 ft ~ (Dist c G h (/°) K ) I {t^*X). 

V 10 • / b-((t)),tb-[[t]] v j b-pj.tb -[[*]] 

Let us write /£. = 7° n and 7° = 7° n iV _ [[i]], and recall that the product map defines 

an isomorphism 7° = 7° • 7°. Note also that Ad t *(7°) C 7°. 
Hence, 

Dist c G h (7°) K p K , ;x ~ Dist c G h (7°) K *<V *C 7 o ® det (tn-[[t]]/tn"[[t]] n Ad t _* {tn~ \[t\])[l]) . 

Therefore, by Lemma 12.1.2 we obtain that 

(Dist c G h (7 ) K *7 K -, A ) 1 ft ~ 
V / b-((t)),tb-[[t]] 

77^ (n-((i)),tn-[[t]],(Dist G 1 (7°) K * ( 5 t ,)) ® 31® det (tiT [[*]]/ Ad t _ x (ttr[[i]])[l]) . 
For a 7' b _ ^-module M we have 

( n - ((*)), *n" [[*]], i A * M) ~ t x * 77 * (n" ((*)), Ad t * (tn" [[t]}), M), 

as ,f)' K -modules. 

Hence, the expression above can be rewritten as 

(77* (n-((t)),in-[[t]],Dist c G h (7°) K ) *A S ft, 

where we have absorbed the determinant line into changing the lattice Ad t _x (in - [[*]]) 
tn _ [[i]]. The latter can, in turn, be rewritten as 

(n-((i)),tn-[[i]],Dist c G h (7°) K ) S (i*">^*ft), 

v ' mi) Mm 

which is what we had to show. 8 



8 Thc replacement of A by wo(X) comes from the fact that the identifications B/N ~ H ~ B /N differ by 
the automorphism wo of H. 
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13. WAKIMOTO MODULES AT THE CRITICAL LEVEL 



13.1. In this section we will consider in more detail Wakimoto modules at the critical level. 
By Proposition 10.6.1 and using the isomorphism F)' clit — Sj cr i t , if 3? is a quasi-coherent sheaf 
on Conn J j(o;^ )>< ), we can define Wakimoto modules W™ it (3£) for w G W. 

Note that for any 51, the Wakimoto module W™ it (3l) carries an action of Sj CT i t by transport 
of structure, and the isomorphism 

(13.1) W™ it (tt) ~ Dist$„„ (ev" 1 ^"" 00 n N)) <g> 51 

of (11.6) is compatible with the f) cr ;t-actions. 

In particular, from Theorem 10.8.2 combined with Proposition 3.5.1 and (12.4), we obtain 
the following result: 

Recall that a weight A is called anti-dominant, if (A, a) ^ Z >0 for any a E A+, or equivalently, 
if the intersection of the two sets {A — Span z+ (A + )} and {w(X), w E W} consists only of the 
element a. 

Corollary 13.1.1. The action of the center 3 g — Fun(Opj(D x )) on W" ritA factors through 
^RS,ro(-A-rt ^ Fun(Op? S ' ra ^ A_ ''' 1 ). Moreover, if w^ 1 (X + p) is dominant, then W™ it A is flat 
over 3 fl 

Another useful observation is the following: 

Proposition 13.1.2. Let 3?i,3?2 be two Sj cr i t -modules, on which () C T(X, ijcrit) ac t s by the 
same scalar. Then for any w E W the map 

Hom Scrit (Xa 2 ) Hom Scrit (W- it (^),W- it (3l 2 )) 

is an isomorphism. 

Proof. Since 51 is a subspace of W™ it (5l), the fact that the map in question is injective is evident. 
Let us prove the surjectivity. 

It will be more convenient to work with 'W^ rit (^) instead of W™ it (%), i = 1,2. As in (13.1), 
we have an identification 

'W™ it (%) ~ Dist# (ev-^TV n N w ° w l )^j ® %, 

respecting the actions of n((t)) and fj C rit- 

Let us first analyze the space of endomorphisms Dist^ (ev~ 1 (N n N w ° w X )^ as a n((i))- 
module. We obtain, as in Sect. 22.7.1, that the map t n : L n — > D ch (iV) has the property that 
the image of U (n((i))) is dense in End n((t)) (Dist^ 1 (ev" 1 ^ n iV™ ^ 1 ))) . 

By the assumption on the fj-action, and arguing as in the proof of Proposition 10.7.1, we 
obtain that any map of vector spaces 'W™ it (3li) — > 'W™ it (3?2), compatible with the action of 
n((i)) and I) C T(X,A g , cr i t ) has the form 

Id Dist5 v h (cv-i(ATnAf»o™- 1 )) ®<A 

where tp is some map 5ii — > 3?2 as vector spaces. To prove that tp is a map of ij cr it-modules, we 
argue as follows: 

Recall that for a g cr i t -module M, the semi-infinite cohomology 

(n((t)), tn[[t}} + n n n 1 " 01 "^ , M) 
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is naturally a ^ rit -module. We will regard it as a _f) cr it-module via the isomorphism -fj cr it — 
Sj' crit . Recall the isomorphism 

(13.2) ft ~ (n((t)), tn[[t\] + n n n WoW ~ 1 , 'W™ it (ft)) 

given by Proposition 12.4.1. From Lemma 10.6.2 we obtain the following 

Lemma 13.1.3. The isomorphism (13.2) respects the fy cr it-module structures. 

From the construction of the isomorphism of Proposition 12.4.1 it is easy to see that any 
map 'W™ rit (fti) -» 'W™ it (% 2 ) of the form ld<g><j> induces on the left-hand side of (13.2) the 
endomorphism equal to ip. Hence, the above lemma implies that <f> respects the 55 cr it-actions. 

□ 

13.2. We will now recall a crucial result of [F] (see Proposition 6.3 and Remark 6.4) that 
establishes isomorphisms between Wakimoto modules and Verma modules. Note that in [F] 
the module W^ t A is denoted by W\, Kc . 



Proposition 13.2.1. Let A be such that A + p is anti- dominant. Then 



'crit.A — ■ 



Proof. First, we claim that when A is anti-dominant, the g-modulc M™° (see Sect. 11.5) is in 
fact isomorphic to the Verma module M\. 

Indeed, let us note first that M™° has a vector of highest weight A, i.e., there is a morphism 
M\ — > M™° . Now, it is well-known that the anti-dominance condition on A + p implies that M\ 
is irreducible, hence the above map is injective. The assertion follows now from the fact that 
the two modules have the same formal character. This is a prototype of the argument proving 
the proposition. 

By Sect. 11.5 we have a map in one direction 

(13.3) M A - W™9 tiA 

and we claim that it is an isomorphism. We will regard both sides of (13.3) as modules over 
the Kac-Moody algebra C -td t x flcrit, where we normalize the action of td t so that it annihilates 
the generating vector in Ma , and it acts on ° t A by loop rotation. 

The map (13.3) clearly respects this action. Moreover, both sides have well-defined formal 
characters with respect to the extended Cartan subalgebra C • tdt © f) © CI, and a computation 
shows that these characters are equal. Therefore, the map (13.3) is surjective if and only if it 
is injective. 

Suppose that the kernel of the map in question is non-zero. Let v £ M\ be a vector of a 
highest weight with respect to C • tdt © f) © CI; let us denote this weight by p. 

Then the quotient W™- t A /ImMj also contains a vector, call it v', of weight p. Moreover, 

by assumption, v' projects non-trivially to the space of coinvariants (w^!? t A ^ 1 { r ] 

However, from (13.1), it follows that the projection 



Pun(JV[[t]]) - 



crit ' A / t -i n [t-i]et-i[,[ t -i] 
is an isomorphism. Therefore, p must be of the form 

(13.4) p := (-n, A - /3, -h), n £ Z^°, £ Span+(A+). 
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We will now use the Kac-Kazhdan theorem [KK] that describes the possible highest weights 
of submodulcs of a Verma module. This theorem says that there must exist a sequence of 
weights 

(0, A, -h) = jii, ...,£„_!, j5„ = /t 
and a sequence of positive affine roots a aff ^ such that 
(13.5) /tfe+i = /tfe - 6 fe ■ a aff;fe 

with 6fe £ 2^ >0 and such that 

6fe • (a a ff,fc, a a ff',fe) = 2 • (aaff^, /2fc + yO a ff), 
where (•, •) is the invariant inner product on the Kac-Moody algebra. 
Let us write pk = {nk, Pk, —h) and 

{a a g,fc = (m k ,ek • afc,0), m k > 0, a t e A+, e fc = ±1 if a a ff,fc is real, 
a a ff,fc = (mfc,0,0) if a aff ,fc is imaginary. 
In the latter case we obtain pk+i = /ifc. In the former case we have 

bk = {fik + Paff,Q!aff,fc), 
and since p a ff = (0, p, h) we obtain that bk = £fc • (/ifc + p, at), implying that 

(fik+i + p)= s ak (p k +p), 

regardless of the sign of efc. 

In particular, we obtain that (A + p) — f3 belongs to the VF-orbit of A + p, but this contradicts 
the anti-dominance of A + p. 

□ 

13.3. We will use the above proposition to derive information about the structure of other 
Wakimoto and Verma modules. 

Corollary 13.3.1. For A such that X + p is anti- dominant andw £W we have an isomorphism 

w «r«,(A+p)- P - m w(x+p)- P - 

Proof. Let us assume that A is integral. In this case all W™ it A and M w ^x+ P )- P are 7-integrablc, 
and we can use the convolution action of D-modules on G/B C F1g to pass from one-anothcr. 

(If A is not integral, the proof is essentially the same, when instead of B-equivariant D- 
modules on G/B, we will use A-twisted D-modules and replace the £?-cquivariant category by 
a A-twisted version.) 

It is known that for A anti-dominant, j w ,\*M\ = M w r\ +p \_ p . Hence, j w ,\*^.\ = ^A w (x+ P )- P - 
This implies the corollary in view of (12.3). 

□ 

Since for every weight A' there exists an element of the Weyl group such that A' = w(X+p) — p 
with A anti-dominant, every Verma module M.y is isomorphic to an appropriate Wakimoto mod- 
ule. By combining this with Proposition 3.5.1 and Proposition 13.1.2 we obtain the following 
statement. 

Corollary 13.3.2. The module M x is flat over ^M-^-p) _ The 

3f' ro( - A - p) -End 5crit (M A ) 

is an isomorphism. 

Let us give an additional proof of the second assertion: 



map 
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Proof. As above, we can reduce the statement to the case when A + p is itself anti-dominant, 
and Ma * W^t.A- 

In the latter case, we have to show that the embedding of tt Wo (\) into the subspace of vectors 
of weight A in 

( W c"it a) Li ° (/0) is an isomorphism. 
Consider the bigger subspace (w™" t n H*N. As in the proof of Proposition 10.7.1, this 

subspace is isomorphic to Ind"j|^j(C) <g> n W o(X)> which implies that the vectors of weight A 
belong to l®n Wo (\). 

□ 

Next, we shall prove Proposition 7.6.3: 

Proof. Consider the Wakimoto module W™° t A when A is dominant. We claim that 3g acts 

on it via 3g' rcs - This follows by combining Proposition 3.5.4 with Theorem 10.8.2 and 
the fact that the isomorphism of Proposition 10.6.1 sends the chiral f) cr it-module ir^ to 
Fun(Conn 5 (^) RS ^). 

Composing the map (11.8) with the natural embedding V^ rit — > M^ rit A we obtain a map 
' ^crit A' which can be shown to be injective. 9 We obtain that the ideal in the center 



crit crit,A' 

iat annihilates W^° t A , annihilates V^ rit as well, which is what we had to show. 

□ 



13.4. Finally, let us derive a corollary of Proposition 12.5.1 at the critical level. In this case 
the adjoint action of H((t)) on Hl, R (T) x , L(j, C rit) is trivial, and hence we obtain the following 

Corollary 13.4.1. For a dominant coweight A and a f) cr it -module iH we have an isomorphism 

iA*w^t(a)-W£St(a)- 

Suppose now that 3? in if [[t]]-integrable. In this case we obtain that 

Ja * * h,* * wM * ws t (K), 

where both the LHS and RHS are canonically defined, i.e., are independent of the choice of a 
representative t x € G((t)). However, the isomorphism between them, given by Corollary 13.4.1, 
does depend on this choice. In what follows we will need a more precise version of the above 
result: 

Corollary 13.4.2. We have an isomorphism 

j A> ,*M_ 2p ~M_ 2p ®w<-^>, 

where io x is the fiber of u>x at x <E X , compatible with the natural actions of Lie(Aut(D)) on 
both sides. 

Note that (— p, A), appearing in the corollary, may be a half-integer. In the above formula 
the expression Lui^ p ' X ' > involves a choice of a square root of lux, as does the construction of the 
critical line bundle on GvQ ad . However, the character of Lie(Aut(D)) on u>i P ' X ' > is, of course, 
independent of this choice. 



9 We will supply a proof in the next paper in the series. 
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Remark 13.4.3. By considering the action of the renormalized universal enveloping algebra as 
in Sect. 7.4, one shows that, more generally, there is an isomorphism 

Jx,.*^t lM -^t,M®"i M+p, * > > 

compatible with the Lie(Aut(D))-actions. 

Proof. The existence of an isomorphism stated in the corollary follows by combining Propo- 
sition 13.2.1 and Corollary 13.4.1. By Proposition 13.1.2, we obtain that there exists a line, 
acted on by (a double cover of) Aut(D), and a canonical isomorphism 

compatible with the Lie(Aut(D))-actions. 

We have to show that the character of Lie(Aut(D)), corresponding to I, equals that of 

ui P ' X ' > ■ Let td t S Lie(Aut(D)) be the Euler vector field, corresponding to the coordinate t on 
CD. It suffices to show that the highest weight of j- x t *M_ 2(9 with respect to C • tdt © f) equals 

(-(p,X),-2p). 

The module in question identifies with r(FlG,Jx J. The highest weight line in r(Flc, j\ *) 
consists of 7°-invariant sections of this D-module, that are supported on the /-orbit of t x . 
Now the fact that tdt a cts on this line by the character equal to — (p, A) is a straightforward 
calculation, as in [BD1], Sect. 9.1. 

□ 
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Part IV. Proof of Main Theorem 6.3.2 



The goal of this Part is to prove Main Theorem 6.3.2: 

There is an equivalence of categories 

ff : 'Serit-modS ~ QCoh (s P ec(/i ) x Opf p ) . 

In Sect. 14 we introduce the module II as induced from the big projective module II over 
the finite-dimensional Lie algebra g. We first review the properties of II, and the corresponding 
properties of II, related to the notion of partial integrability. The functor is then defined as 

/ F(M) = Hom(n,M), 

and we state Main Theorem 14.4.5 which asserts that this functor is exact. 

As we shall see later (see Sect. 16), both Main Theorem 14.4.5 and Main Theorem 6.3.2 
follow once we can compute RHom Db ^ t _ mod y° (n, M Wo ), where M Wo is the corresponding 
Verma module over 5 cr ;t. Also in Sect. 16 (see Proposition 16.1.1) we show that it is sufficient 
to compute RHom^^g . t _ mo d y° (n re g, M m ^ rcg ), where n reg and M„ 0ircg are the restrictions 

of the corresponding modules to the subscheme 0pg 6g C Op? llp . 

The computation of RHom Db( ^ r . t _ modrog )j° (n r0 g, M„ 0)rcg ) is carried out in Sect. 15. We 
reduce it to a calculation involving D-modules on the affine Grassmannian once we can identify 
n reg as sections of some specific critically twisted D-module on Gr. The latter identification is 
given by Theorem 15.2.1. This theorem is proved in Sect. 17 by a rather explicit argument. 

Having proved Main Theorem 6.3.2, we compare in Sect. 18 the functor Horn- t _ mo d 7 ' m ") 

with the one given by semi- infinite cohomology with respect to the Lie algebra n~ ((£)) against 
a non-degenerate character. We show that the two functors are isomorphic. We also express 
the semi- infinite cohomology of n((t)) with coefficients in a g cr i t -module of the form r(Grc, 30 > 
where 5" is a critically twisted D-module on Grg, in terms of the de Rham cohomologies of the 
restrictions of 3" to iV((t))-orbits in Gtq- 

14. The module n 

14.1. Recall from Sect. 7.7 that Oo denotes the subcategory of the category of g-modules, 
whose objects are modules with central character w(p). According to [BB], the functor of 
global sections induces an equivalence between the category of TV-equivariant (or, equivalently, 
i3-monodromic) left D-modules on G/B and Oo- 

To simplify our notation slightly, we will use the notation M w instead of M w r p y_ p and 
instead of M^, p *._ p . We will denote by L w the irreducible quotient of M w . By M. w , and 
~L W we will denote the corresponding induced representations of g at the critical level. 

By definition, objects of Oo are iV-integrable, and the condition on the central character 
implies that they are in fact B-monodromic. Hence, every object M £ Oo carries an action of 
the commutative algebra f). This is the obstruction to being i?-equivariant. (The notions of B- 
intcgrability (equivalently, B-equivariance), TV- integrability and B-monodromicity are defined 
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as their I- and 7°-counterparts and make sense in any category C with a Harish-Chandra action 
ofG.) 

Lemma 14.1.1. For every M G (Do, the action o/Sym(f)) on M factors through Sym(h,) — > ho. 

The lemma follows, e.g., from the localization theorem of [BB]. Thus, we obtain that the 
algebra h maps to the center of Oo- In fact, it follows from [Be] that ho is isomorphic to the 
center of Oo- 

As in Sect. 6.3, we will call an object M € partially integrable if it admits a filtration 
such that each successive quotient is integrable with respect to a parabolic subalgebra b + sl l 2 
for some i G X This notion makes sense in an arbitrary category with a Harish-Chandra action 
of G. 

We will denote by -^Go the quotient abelian category of Oo by the subcategory of partially 
integrable objects. We will denote byM^ i ' M the projection functor — > -^Go- 
Let n be a "longest" indecomposable projective in . By definition: 
Hom(n, L Wa ) = C, Hom(n, L w ) = if w ^ w . 

Moreover, il is known to be isomorphic (non-canonically) to its contragredicnt dual. We have 
the following result (see [BG]): 

Lemma 14.1.2. 

(1) The map ho — > End(n) is an isomorphism. 

(2) The functor M Hom(n, M) induces an equivalence ^Oo — > h -mod. 

By construction, the image -^n of II in ^Go identifies with the free ft, - m °dulc with one 
generator. The maps M Wo — > L Wo — » M^ o induce isomorphisms ^ M WQ — » ^L„, — ► ? , and 
all identify with the trivial ft,o _m odulc C. 

We will now recall the construction of II as 

(i4.i) n = r(G/s,~), 

where S is a certain left D- module on G/B. 

14.2. To describe 5 we need to introduce some notation, which will also be used in the sequel. 
Let V : N~ — > G a be a non-degenerate character. By a slight abuse of notation, we will denote 
also by tp its differential: — > C. 

Let e^ denote the pull-back of the "e x " D-module from G a to N~. This is a "character 
sheaf in the sense of Sect. 20.12. 

If N~ acts (in the Harish-Chandra sense) on a category C, we will denote by C w ^ the cor- 
responding (N~, i/>)-equivariant category (see Sect. 20.12), and by D(C) N ^ the corresponding 
triangulated category. Since N~ is unipotent, the natural forgetful functor D(C) N ^ — > D(G) 
is fully faithful, see Sect. 20.12. 

Following Sect. 20.12, we will denote denote by Av N - ^ the functor 

M i — ► e^MOdettrrll])- 1 : D(Q) -> D(G) N ~^. 

This functor is the right adjoint and a left quasi-inverse to D(Q) N ^ — > D(G). 

Lemma 14.2.1. Suppose that C is endowed with a Harish-Chandra action of G, and let M £ 
gB,m ^ e p ar n a iiy integrable, then Av JV - j ^,(M) = 0. 
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Proof. We can assume that M is an object of 6 integrable with respect to a parabolic subgroup 
P L for some t e 1 Then the convolution * 5F factors through the direct image of under 
N~ ^ G -» G/P L , and the latter is clearly 0. 

□ 

For example, if N~ acts on a scheme Y, in this way we obtain the category of (N~,ip)- 
equivariant D-modules on Y. In other words, its objects are D-modules 2f on Y, together with 
an isomorphism 

act* (J) ~ m J e J3(N~ x Y) -mod, 

compatible with the restriction to the unit section and associative in the natural sense. One 
can show that in this case the functor 

D(Z{Y) -mod N ~'^) -» D(S)(y)-mod) JV "^ 

is an equivalence. 

If we restrict ourselves to holonomic D-modules, or, rather, if we take the corresponding 
triangulated category (which, by definition, is the full subcategory of D(D(Y) -mod), consisting 
of complexes with holonomic cohomologies), then in addition to the functor Jh e**Jwe also 
have a functor 

J^e^il: D(2>(y)hor mod) -» £>(ID(y) hol -mod)*"'* 

corresponding to taking direct image with compact supports. This functor, tensored 
with det(n~[l]), is the left adjoint and a left quasi-inverse to the tautological functor 
D(^(Y) hol -mod) N ~^ - D(£(F) hol -mod). 

Proposition 14.2.2. Suppose that Y is acted on by G. Then for J £ D(D(Y)h \ -mod) B < m 
the canonical arrow: * 3 — > * 5" is an isomorphism. In particular, the functor 

D(V(Y) hol -mod) B > m -> D(D(Y) hol -mod) ^ D(^(Y) hol -mod) N ~ ^ 

is exact. 

Proof. It is enough to analyze the functor J^e**Jon the subcategory D(Y)hoi -mod B . 
The basic observation is that the D-module 

Dist G/B (JV-,V) :=e**<Ji 0/B G ®(G/B) -mod B "^, 

which is by definition the *-extension of under N~ ■ Iq/b ^ G/B, is clean. This means 
that the *-extension coincides with the !-extension, or, which is the same, that the arrow 

* Si G/B — ► * <5i G/B is an isomorphism. (One easily shows that by observing that for 
any g S G/B \ N~ , the restriction of -0 to its stabilizer in N~ is non-trivial.) In particular, 
Distg / b(N~ ,ip) is the Verdier dual of DistQ/s(N~ , — iji). 

Note that for J £ D(F)hoi -mod 5 , 

(14.2) e ,/ '*J~Dist G/i j(iV-,V)*5', 

and similarly for * 1. This establishes the assertion of the proposition. 

□ 
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14.3. After these preliminaries, we are ready to introduce S: 

5 := C N *Dist G/B (N-,ip) ®det(n[l]) G D{D{G/B) -mod) N , 

where 

is the functor D(T)(G / B\ Q \ -mod) — > D(Ti(G / B\ Q \ -mod)^, left adjoint to the tautological 

functor J D(D(G/B) hol -mod) w -> D(D(G/S) ho i -mod). Explicitly, C w * • <g) det(n[l]) is given 
by convolution with compact supports with the constant D-modulc on N. 

Proposition 14.3.1. 

(1) The complex 5 is concentrated in cohomological degree 0. 

(2) 5 is projective as an object of D (G / B) -mod N 

(3) S is non-canonically Verdier self-dual, i.e. H ~ C N * Dist G /s(./V _ , — -0) ® det(n[l]) _1 . 

(4) 5 is canonically independent of the choice ofip. 

Proof. Consider the functor J RHom(S, 5F) on the category D(D(G/B) -mod)^. We have 

RHom D(2)(G/B) _ mod)N (S, J) ~ RHom D(2 , (G/B) _ mod) (e v * <5 1g/b , J) <g> det(n[l]), 
which, in turn, is isomorphic to 

RHom D(2(G/B) 

-mod) 

where 0>' = —tp. 

By Lemma 14.2.2, * 3" is concentrated in cohomological degree 0. Moreover, it is lisse 
near Iq/b- Hence, the above RHom is concentrated in cohomological degree 0. 

Now, we will use the fact that D(D(G/B)-mod) N is equivalent to the derived category of 
the abelian category D(G/B) -mod. Then the above property of RHom implies simultaneously 
assertions (1) and (2) of the proposition. 

The above expression for RHom(S, 5F) also implies that it is if 5" is partially integrablc, 
and RHom(S, 5\ G/B ) is one-dimensional. This implies that S corresponds to a projective cover 
of S lG/B G D(G/B) -mod N , i.e., T(G/B, S) ~ II. 

Since it is known that contravariant duality on Oo goes over to Verdier duality on 
T)(G/B)-mod N , assertion (3) of the proposition holds. 

The fact that S is non-canonically independent of the choice of ip also follows, since we have 
shown that (14.1) is valid for any choice of tp. To establish that it is canonically independent, 
we argue as follows: 

Let tp' be another non-degenerate character of N~. Then there exists an element h G H, 
which, under the adjoint action of H on N~ , transforms to ip' . 

Since S is B-monodromic, we have a canonical isomorphism of D-modulcs h*(S) ~ S. How- 
ever, from the construction of S, we have h*(S) ~ 5', where the latter is the D-modulc con- 
structed starting from ip' . 

□ 

For any category C with a Harish-Chandra action of G we can consider the functor 

5»E* 9:D(G) B -^D(G) N . 
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Proposition 14.3.2. 

(1) The above functor is exact, and it annihilates an object J e G if and only if 1 is partially 
integrable. 

(2) For Mi,M 2 G D(C) B we have a non-canonical but functorial isomorphism 

RHom D (e)(S*Mi,M 2 ) =i RHom D ( e) (Mi,S*M 2 ). 
Proof. Using Proposition 14.3.1(3), we can rewrite the functor in question as 

•5 ^ C N * * 3® det(n[l]) _1 . 

Hence, the fact that it annihilates partially integrable objects follows from Lemma 14.2.1. 

Recall that the object II e Oo is tilting, i.e., it admits two filtrations: one, whose succes- 
sive quotients are isomorphic to Verma modules, and another, whose successive quotients are 
dual Vermas. Hence, H also admits such filtrations, with subquotients being j w \ and j w ^, 
respectively. It is clear that convolution with the latter is right exact. The convolution with 
j Wi \, being a quasi-inverse of the convolution with j w -i t *, is therefore left exact. This proves the 
exactness assertion of the proposition. 

Finally, let us show that if J is not partially integrable, then S ★ J ^ 0. Let be the 
quotient category of 6 by the Serre subcategory of partially integrable objects. Let be the 
image of J in 'C. 

We claim that the image of S*? in is endowed with an increasing filtration of length \W\, 
whose subquotients are all isomorphic to This follows from the existence of the filtration 
on 5 by j w r. Indeed, the cokerncl of the map 5\ G/B — > f w \ is partially integrable, hence 
— > f(j w ,\ * J) is an isomorphism. 

B 

Now let us prove assertion (2) of the proposition. By Sect. 22.10.1, 

RHom Z5 ( e) (S *Mi,M 2 ) ~ RBom D ^ B (Mi, S * M 2 ), 

B 

where S is the corresponding dual D- module on B\G. Since M 2 was assumed B-equi variant, 

S*M 2 ~ (S*C B ) *M 2 ®det(b[l]). 

B 

Similarly, by the £?-equivariance of Mi, 

RHom D(e) (Mi, H * M 2 ) ~ RHom D(e)B (Mi, (C B ★ S) ★ M 2 ). 

Hence, it remains to see that 

C B *S~S*C B ®dct(b[l]) e D(T)(G/B) - mod) B ~ D(D(G) mod) SxB . 

Using Proposition 14.3.1(3), the left-hand side is isomorphic to AvB X s(DistG(-/V _ , ip)), and 
using Proposition 14.3.1(4), the right-hand side is isomorphic to the same thing. 

□ 

14.4. Let us return to representations of affinc algebras at the critical level. We define the 
module II G 5 cr ; t -mod as 

(14.3) n = Ind^ ]ffiC1 (H). 

By Sect. 7.7, II belongs to fl crit -mod^. 

From the tilting property of n, we obtain that II admits two filtrations: one whose sub- 
quotients are modules of the form M w , and another, whose subquotients are of the form M^. 
Together with Corollary 13.3.2 this implies: 

Corollary 14.4.1. The module II is flat over 3g' lp - 
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Using our conventions concerning twisted D-modulcs on FIg, we can rewrite the definition 
of II as 

r(Fi G ,s), 

where we think of H as living on FIg via G/B FIg- 

Note that for M* e f(flcrit -mod) 7 , the convolution S * M* is tautologically the same as 

S * M*, when we think of M* is a g-module via g fl C rit- 

Proposition 14.4.2. //an object M o/ g cr ; t ~mod 7 :^ is partially integrable, then 

RHom ntr . u o (II, M) = 0. 

-D"(flcrit -mod nilp ) J V ' / 

Proof. By Proposition 7.5.1, we can assume that M is /-integrable. In this case the assertion 
follows readily from Proposition 14.3.2. 

□ 

Obviously, the induction functor Oo — > flcrit -mod 7 :^ descends to a well-defined functor 
^o^'flcrit-mod 7 :™. Let 

Mh'M 

denote the projection functor Ocrit-mod^ — ► ^fl cr i t -mod 7 :^. In particular, we obtain the 

modules ?M. W and ^11 in ^flcrit -mod^. 

From Proposition 14.4.2 we obtain the following 

Corollary 14.4.3. The map 

RHom ^(S„ lt -™ W° ( n ' M ) ^ ™om fDb( ~ crit _ modniip)I o {fU, f M) 
is an isomorphism. 

Since we have a surjection II — ► M Wo , we also obtain the following 

Corollary 14.4.4. If an object M o/gcrit -mod 7 '^ is partially integrable, then Hom(M tC() , M) = 
0. 

The main theorem in Part IV, from which we will derive Main Theorem 6.3.2 is the following: 
Main Theorem 14.4.5. For any object M of cr ;t _ mod^^ we have 
R4Hom ^(Sc r , t -mod nilp )^(n,M) = for i > 0. 

15. The module n rog via the affine Grassmannian 

We proceed with the proof of Main Theorem 14.4.5. 

15.1. Consider the quotient 3g CS of 3g' lp - We will denote by II rog and M wo . rog the modules 
II ® 3g es andM (g> 3 g eg , respectively. The goal of this section is to express these cr i t -modules 

^nilp -jnilp 
J 9 J B 

as sections of critically twisted D-modules on the affine Grassmannian. 

Consider the element of the extended affine Weyl group equal to wq ■ p = —p ■ wq. Let j Wa -p,* 
and jw -p,\ denote the corresponding critically twisted D-modules on FIg- 

Note that wq ■ p is minimal in its coset in H / \M / a ff/I / l /r , in particular, the orbit /• (wo ■ f>) C F1g 
projects one-to-one under F1g — * Gig- Hence, j Wo -p.< *fii GrG it the D-modulc on Grc, obtained 

as the extension by from the Iwahori orbit of the element t~? G Grc- Let us denote by 
ICu>o-p,Gr G the intersection cohomology D-module corresponding to the above /-orbit. 
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We have the maps 

(15.1) jw -p,<. * Sl Grc -» IC Wo .p, GlG ^> ju-o-p,* * h GrG , 

such that the kernel of the first map and cokernel of the second map are supported on the 
closed subset Gr G ' 5 - Gr£, C Gr G . 

Proposition 15.1.1. The maps 

" * jwo-p,'- * ^lGr G > " * ICwo-p,GrG > «, * j Wo .jj t * -k 8i Gtg 

are isomorphisms. 

The proposition follows from Proposition 14.3.2, using the following lemma: 

Lemma 15.1.2. Any I-monodromic D-module on Grg, supported on Gvq^ — Gr G is partially 
integrable. 

Proof. Recall that the G[[i]]-orbits on Grg are labeled by the set of dominant coweights of G; 
for a coweight A we will denote by 

r erab> 

Gr G c > Gtq 

the embedding of the corresponding orbit. The quotient G^\ Gr G is a G-homogeneous space, 
isomorphic to a partial flag variety. We identify it with with G/P by requiring that the point 
w ■ t x E G((t j) project to Iq/p C G/P; we have P = B if and only if A is regular. 

Note that the G[[i]]-orbits appearing in Grc' 5 — Gr G all correspond to irregular A. Therefore, 

it is enough to show that an irreducible 7-equivariant D-module on Gr G with irregular A is 
partially integrable. 

Any such D-module comes as a pull-back from a an irreducible P-equivariant D-module on 
G/P for some parabolic P, strictly larger than B. By definition, irreducible P-equivariant 
D-modules on G/P are IC-sheaves of closures of P-orbits on G/P. So, it is enough to show 
that any such closure is stable under SL L 2 for some i e 3. But this is nearly evident: 

The orbit of 1q/p is clearly P-stable. Any other orbit corresponds to some element w € W 
of length more than 1. Hence there exists a simple reflection s t such that s t • w < w. Then 
the orbit, corresponding to s t • w is contained in the closure of the one corresponding to w, and 
their union is SL L 2 stable. 

□ 

Let us denote by tt^ the map from Gr G to the corresponding partial flag variety G/P. The 
following lemma follows directly from definitions. 

Lemma 15.1.3. Letw be an element ofW a s which is minimal in its double coset W\W a g/W , 
and A the corresponding dominant coweight. Assume that A is regular, and let J be a D-module 
on G/B. We have 

J* jw,\ * ^iGr G — ( em b\)\ ° ^(J) and 5"* jw,* * <5iGr G — (emb^)* o 7r£(iF). 
Therefore, we can rewrite 

Z-kj Wo . p .!*5 lGrG ~ (embp)t ott*(S), and S * j Wo .p,* ★ S lara ~ (emb p )» o tt? (S) 

Hence, the assertion of Proposition 15.1.1 can be reformulated as cleanness of the perverse sheaf 
7r^(S) on Gr G , i.e., that the map 

(embp)i ott*p(E) -> (cmbp), o tt? (5) 

is an isomorphism. 
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15.2. Set 

L wo := lC WQ .p t G TG *V C rit = r(Gr G ,IC„ J0 .p j Gr G )- 
A key result, from which we will derive the main theorem is the following: 

Theorem 15.2.1. There exists a canonically defined map M ffi0JCg <g> ujf'^ — > li wo such that: 

(a) The above map is surjective and its kernel is partially integrable. 

(b) The induced map 

n reg ®W<"^ ^S + M^regSwj."^ -^S*IC W0 . AG r G *V crit ~r(Gr G ,H^IC t „ . ( g i Gr G ) 

is on isomorphism. 

This theorem will be proved in Sect. 17. Let us now state a corollary of Theorem 15.2.1 that 
will be used in the proof of Main Theorem 14.4.5. 

Corollary 15.2.2. For any i > 0, R l Hom^Q^ - m od rog ) 70 (-^reg, M„, j Cg ) = 0, and the natural 
map 3g° s —* Hom(n rcg , M„, 0jrog ) is an isomorphism. 

Let us prove this corollary. By Proposition 14.4.2, it is sufficient to compute 

RHom D'(S crit -mod lllp ) j0 (r(Gr G ,S*IC t0o .p,Gr G ),r(Gr G ,IC t0o .p,Gr G )) • 

By Theorem 8.8.2, the latter RHom is isomorphic to 

RHom D ( S (Gr G ) crit -mod) S*ICu, .p,Gr G , © IC„, .p,Gr G *3V* ® Vys 

\ 1 V £lrr (Xep(G)) C 

Let be the subgroup of G[[t]] equal to the preimage of N~ C G under the evaluation map. 
By composing with ip : N~ — ► G Q , we obtain a character on denoted in the same way, and 
we can consider the category £>(Gr G ) cr it -mod 7 of i/')-equi variant D-modulcs, and 

the corresponding triangulated category. 

As in Sect. 14.2, the forgetful functor £>(D(Gr G ) crit -mod r '°'*) D(£(Gr G ) crit -mod) 
admits a right adjoint, which we will denote by Avj-,o ^, given by convolution with the corre- 
sponding D-modulc on J - ' . 

From Proposition 14.2.2 we obtain that the composition 

^(S)(Gr G ) crit -mod) / ' m - £>(3)(Gr G ) crit -mod) -> £>(3)(Gr G ) crit -mod) 7 "' '*, 

where the last arrow is the functor 1 \— > Av/-,o i ^,(!F) ® det(n~[l])~ 1 is exact, and essentially 
commutes with the Verdier duality on the holonomic subcategory. 

By the construction of S, for Ui e D(Gr G ) cr i t -mod 7 and 5F 2 S £>(Gr G ) cr i t -mod 7,m 

RHom Z5 ( S ,(Gr G ) cri t -mod) (S * Jl, J2) — 

RHom D(3(Gr G ) cnt -mod)'-'°>+ (Avj-,o^(Jl), Avj-,0^(J 2 )) • 

Using the exactness property of Avj-.o^ mentioned above, Corollary 15.2.2 follows from the 
next general result: 

Theorem 15.2.3. For any too Ji,J 2 G £>(Gr G ) crit -mod 7 " '^ and i > 

R I Hom Z5 ( S ,(Gr G ) crit -mod)(3 r i,3 r 2) = 0- 
T/ie/Mnctor£)(Gr G ) crit -mod G[[tI1 -> D(Gr G ) crit -mod 7 "'"^, ^iwen 6y 

J i > Av / -,o^(IC u , . (5 *9 r ), 
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is an equivalence of abelian categories. 

The proof of Theorem 15.2.3 is a word-for-word repetition of the proof of the main theorem 
of [FGV], using the fact that the combinatorics of 1° (resp., orbits on Gr^j is the same 

as that of N((t)) (resp., N~((t))) orbits. The main point is that any irreducible object of 
£>(GrG) cr ;t -mod 7 is a clean extension from a character sheaf on an orbit. 

16. Proofs of the main theorems 

In this section we will prove Main Theorem 14.4.5 and derive from it Main Theorem 6.3.2, 
assuming Theorem 15.2.1 (which is proved in the next section). 

16.1. In Corollary 15.2.2 we computed the extensions between n reg and M li , 0ireg in the category 
£> b (5crit -modrog) 7 . Now we use this result to compute the extensions between II and M Wo in 
the category L) h (0 cr it-mod nil p) 7 . 

Proposition 16.1.1. The morphism 3g' lp — ► Hom^j^ lt -mod i )'°(n,M„, ) is an isomor- 
phism and i? 1 Hom Db( <~^ it _ modn ^jjo (n, M wo ) = for i > 0. 

Proof. Let us note that for any two objects MJ,M* G -D b (flcrit ~ m °d n iip) the complex 
RHom £) (j cr . t _ modn . lp )(M',M2) is naturally an object of D+(3g llp -mod). Recall also that 3g CS , 
as a module over 3g llp , admits a finite resolution by finitely generated projective modules. 
Therefore, the functor 

M* i-> M* I 3 fl ° s 

^nilp 

is well-defined as a functor D h (fl C rit -mod n ii P ) — > D b (Qait -mod n ii p ). 
Almost by definition we obtain the following result. 

Lemma 16.1.2. 

(RHom D(Scrit _ modnilp) (MI,M^)) ® 3 8 cg 



is isomorphic to 



-?nilp 



RHom D(Scrlt _ modnilp) [m;,(M5 § p 3 B eg ) 



3 



Since II is flat over 3g llp , by Lemma 23.1.2, we obtain that for any M G C rit -mod reg , 
Lemma 16.1.3. 

RHo mz5(icrit _ modnilp) (n, M) ~ RHom D(Scrit _ modreg) (n rcg , M). 
By combining this with Corollary 15.2.2, we obtain that the natural map 



L 

reg 



3 S ° S - (RH 0mi)( 5 crit _ modniIp) (n, m wo )) ® p 3 

is a quasi-isomorphism. We will now derive the assertion of Proposition 16.1.1 by a Nakayama 
lemma type argument. 

Consider the G m -action on cr it, coming from G TO Aut(D). We obtain that G m acts 
weakly on the categories g cr it -mod n ii p and g cr ; t -mod. Since the objects II and M. WQ are G m - 
equivariant, the Ext groups 

Exti crit _ mod (n, M„ ) and Exti crit _ modniip (II, M Wo ) 
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acquire an action of G m by Lemma 20.3.1. 

We claim that the grading arising on Ext| crlt - mo d nil (H, M Wo ) is bounded from above. First, 
let us note that the grading on Ext~ crit _ mod (II, M W(I ) is non-positive. This is evident since 
Ext~ crit _ mod (n,M„, ) are computed by the standard complex <£* (g[[t]], Homc(II, M Wo )), whose 

terms are non-positively graded. Note also that the algebra 3g llp is non-positively graded, 
and the grading on A^mip,, is such that only finitely many free generators have positive 
degrees. Now, the spectral sequence of Sect. 7.3 implies by induction on i that the grading on 
Ext~ crit _ modn . ip (n,M„, ) is bounded from above. 

Since the algebra Fun(Op™ lp ) is itself non-positively graded, RHoni£)(j cr . t _ modn . lp )(n, M Wo ) 
can be represented by a complex of graded modules such that the grading on each term is 
bounded from above, and which lives in non-negative cohomological degrees. Recall again that 
the ideal of Fun(Opj Cg ) in Fun(Opg llp ) is generated by a regular sequence of homogeneous 
negatively graded elements. The proof is concluded by the following observation: 

Lemma 16.1.4. Let 

Q' :=Q° ^Q 1 ^ ...^Q n ^ ... 

be a complex of graded modules over a graded algebra A — C[xi, ...,x n ], where deg(xi) < such 

L 

that the grading on each Q l is bounded from above. Assume that Q* ® C is acyclic away from 

A 

cohomological degree 0. Then Q* is itself acyclic away from cohomological degree 0. 

□ 

Corollary 16.1.5. For any 3g' lp -module L 

Rt Hom ^(i„ lt -mod nilp) ^ (n, m wo ® p £) = 

for i > and is isomorphic to £ for i = 0. 

Proof. Since any module £ is a direct limit of finitely presented ones, by Proposition 7.5.1, we 
may assume that L is finitely presented. Since 3g' lp is isomorphic to a polynomial algebra, any 
finitely presented module admits a finite resolution by projective ones: 

£j n — > ... — > £i — > £jq — > L. 

Since M Wo is flat over 3g' lp (cf, Corollary 13.3.2), we obtain a resolution 

M^ ® £„^...^M K0 ® Li — > M Wo ® £ ^M WO O £. 

Jg Jq Jg Jg 

Hence, we obtain a spectral sequence, converging to 

R*Hom D(fcit _ mod) /(n,M™ (g) £), 

,nilp 

whose first term E\' J is given by 

R J Ho mi 5 (icrit _ mod) 7(n,M^ ® 

,nilp 

Since L, are projective, by Proposition 16.1.1, we obtain that E\ J = unless i = 0, and in 
the latter case, it is isomorphic to implying the assertion of the corollary. 

□ 
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Corollary 16.1.6. For any object L o/g cr it ~mod^-^ and the 3g llp -module L := Hom(M u , , L) 
the kernel of the natural map 

M W0 L^L 

^nilp 

is partially integrable. 

Proof. Let M be the kernel of M Wo ® £ — > L, and suppose that it is not partially integrable. 

,nilp 

Let M' C M be the maximal partially integrable submodulc. Consider the short exact sequence 

-> M' -> M -> M" -> 0. 

By Lemma 7.8.1, we have a non-zero map L„, — > M" for some w; G W. We claim that w; 
necessarily equals Wq. 

Indeed, all modules h w with w ^ wq are partially integrable, and we would obtain that the 
prcimage in M of Im(L„,) is again integrable, and is strictly bigger than M. 

Hence, we have a map M„, — ► M", and by composing, we obtain a map II — ► M". Now, by 
Proposition 14.4.2, this maps lifts to a map II — > M, i.e., Hom(II,M) ^ 0. 
Consider now the exact sequence 

Hom(n, M) Hom(n, M Wo ® £) -> Hom(n, L). 

tjnilp 

By Proposition 16.1.5, the middle term is isomorphic to L, and it maps injectively to 
Hom(II, L), since 

£ ~ Hom(M u , , L) ^ Hom(n, L), 

which is a contradiction. 

□ 

Now we are able to prove Main Theorem 14.4.5: 

Proof. Let M be an object of g cr i t -mod^. It admits a filtration = Mo C Mi C M2...., 
whose subquotients Mj/Mj_i have the property that each is a quotient of the module h w for 
some w £ W. By Proposition 7.5.1, to prove that Extg cr . t _ mod (II, M) = for i = 0, by 
devissage, we can assume that M itself is a quotient of some IL^j . 

If w ^ wo, then M is partially integrable and the vanishing of Exts follows from Propo- 
sition 14.4.2. Hence, we can assume that M is a quotient of ~L Wo = M Wo . In this case, the 
assertion of the theorem follows from Corollary 16.1.5 combined with Corollary 16.1.6. 

□ 

16.2. Proof of Main Theorem 6.3.2. Now we derive Main Theorem 6.3.2 from Main The- 
orem 14.4.5. We define the functor Q CTit -mod — ► 3g llp ® ^0 -mod by 

MMHom(n,M). 

Composing with the forgetful functor g cr it -mod^ — > g cr ;t -mod we obtain a functor 

Scrit -mo<&™ -> 3f p ® ho -mod . 

By Main Theorem 14.4.5, the latter functor is exact, and by Proposition 14.4.2 it factors through 
■^flcrit -m°d„i^. This defines the desired functor 

f F : f D b (g clit -mod n n P Y° -> D b (3f p ® h -mod). 
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We define a functor ^ G : 3g llp ® ho -mod — > ^g C rit _m od^ by 

From Lemma 14.1.2 and Corollary 13.3.2 it follows that this functor is exact. We will denote 
by the same character the resulting functor 

D b (5f p ® ho) - ^'(Scrit -mod nilp ) 7 °. 

By Corollary 14.4.3, for £• e Z?"(3g ilp /i -mod) and M* £ f D b (g clit -mod nilp ) /0 we have 
a natural isomorphism 

Hom z ) n3f^^-mod)(^' / KM-))c,Hom /Db(Scrit _ modniip)J o(/G(£),M-). 

Hence, G and F are mutually adjoint. Let us show that they are in fact mutually quasi-inverse. 

Let us first show that the adjunction morphism Id — > ^ Fo^G is an isomorphism. By exactness, 
it suffices to show that for a 3g' lp ® /io-modulc L, on which the action of ho is trivial, the map 

(16.1) £ i-^Hom ( f Tl, f U ® £] 

is an isomorphism. 

We have II <g> C ~ M?, and hence n <g> C ~ M{ . Since the kernel of -> M Wo is partially 

h h 

integrable, we obtain that 

3f p ®fco 3f p 

and the assertion follows from Corollary 16.1.5. 

To show that the adjunction -^G o — ► Id is an isomorphism, by exactness, it is again 
sufficient to evaluate it on a single module M. Since the functor ^F is faithful, it is enough to 
show that 

/ Fo / Go / F(M) -> / F(M) 

is an isomorphism. But we already know that ^F(M) — > 'F o'Go ^F(M) is an isomorphism, 
and our assertion follows. 

This completes the proof of Main Theorem 6.3.2 modulo Theorem 15.2.1. □ 

17. Proof of Theorem 15.2.1 
17.1. Let us first construct the map 

(17.1) M W0 , rcg ® u4"fl - F(Gr G , IC Wo . p , Gla ), 

whose existence is stated in Theorem 15.2.1. 

Consider the 5 cr ;t-module r(Grc, j Wa -p,* *<5i,Gr G ); it is equivariant with respect to the action 

of G m acting by loop rotations. This module contains a unique line, corresponding to those 
sections of the twisted D-module j Wo -p,* * £i,Gr G , which are scheme-theoretically supported on 

the closure of the /-orbit of the element t~ ' p £ Giq, and which are /°-invariant. 

This line has weight —2/5 with respect to f), and has the highest degree with respect to the 
G m -action. Moreover, a straightforward calculation (see [BD1], Sect. 9.1.13) shows that this 
line can be canonically identified with uji P '^ . This defines a map 

M WOireg ® w<">« -» r(Gr G ,i^. A .*<yi,Gr ). 
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We claim that the above map factors through r(Gr G , ICu, -p,Gr G ) C T(GvG,jw p,* *<^i,Gr G )- 

Indeed, by Lemma 15.1.2, the quotient module is partially integrable, and from Corollary 14.4.4 
we obtain that it cannot receive a non-zero map from M^^rcg. 

Proposition 17.1.1. The map M WOircg <g> u>i P ''^ — ► r(Gr G , lC Wo .p,Gr G ) constructed above is 
surjective. 

The proof will be given at the end of this section. We will now proceed with the proof of 
Theorem 15.2.1. 

17.2. We shall now construct a map 

(17.2) r(Gv G ,lC W0 .p, GlG ) ^M w ®t4"«. 
First, by Sect. 20.7, for any 7-equivariant g cr i t -module M, 

Hom(V crit ,M) ~ i?°Hom s _ mod G[[ t ]](V cri t, Av G[[t]]// (M)). 
Applying this toM = M„, 0iI . eg , we calculate: 

(17.3) Av G[[t]]// (M Wo , reg )~Av G[[t]]/7 (M Wo ) ® 3™« * V cri t[- dim(G/B)] I 3g° s . 

-,mlp -3nilp 

Hence, the 0-th cohomology of AvG^y I (M WOiieg ) is isomorphic to 

Tor 3 "' 1 " CV ■* V cgN ) ~ V « Tor 3 "' 1 " l"V og V og "l 

±0r dim(G/.B)V Vcrlt ' J fl > — Vcrlt 1X1 ±0r dim(G/.B)Wfl ' J fl ^ 

However, from Corollary 4.5.4 and Proposition 4.7.1(2), it follows that 

Tor 3 "' P n rcg V cg> ) ~ A dim ( G / B )f AT* ., ) ~ V cg 63 ui-( 2 p<p) 

Hence, the above 0-th cohomology is isomorphic to V cr ;t <8> <^x ^ 2p ' p \ and we obtain a map 

V cri t^M„ , rog ®4 2 "^. 
By applying the convolution j Wo .p,* * ■ to both sides we obtain a map 



i 



(2 P ,P) 



(17.4) T(Gr G 

j jwo-p,* * "l.Grc ) * jwo-p,* * Miiio,rog 09 w x 

However, by (13.4.2), 

jwo-p,* * ^iwo ,rcg — 3wo,\ * 3 wo,* * Jitio - p.* * ^-tuojreg — 

j«W *.?>,* * M ™ ,reg - j«W * M »o,rog ® ~ M x , Icg ® UJ~ M , 

and by composing with the embedding T(Gr G , IC^^Crc) ^ T(Gr G , ) we obtain 

the map of (17.2). By constriction, this map respects the G m -action. 

17.3. Consider now the composition 

(17.5) ^guW) ^r(Gr G ,IC™ .p, Gr J^M lireg ®4^>. 

Lemma 17.3.1. TTie resulting map M WoJcg — ► Mi !rcg is a non-zero multiple of the canonical 
map, coming from the embedding M Wo —> Mi . 
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Proof. First, the map in question is non-zero by Proposition 17.1.1. Secondly, our map 
M ro0ire g — > Mi, rcg respects the G m -action by loop rotations. Since M^^g is generated by a 
vector of degree 0, and the subspace in Mi )reg , consisting of elements of degree is isomorphic 
to the Verma module M , any map M,„ 0ireg — > Mi )reg , compatible with the grading, is a scalar 
multiple of the canonical map. 

□ 

17.4. Let us now derive Theorem 15.2.1 from Lemma 17.3.1. 

Let us apply the convolution 5 ★ • to the three terms appearing in (17.5). We obtain the 
maps 

(17.6) n®w<"«~3*M^, reg ®w<*«^r^ 

However, the canonical map M Wo — > Mq has the property that its cokcrnel is partially 
intcgrable. Hence, the cone of the resulting map M WOjreg — > Mi irog is also partially integrable. 

Hence, by Theorem 17.3.1 and Proposition 14.3.2, the composed map in (17.6) is an isomor- 
phism. In particular, we obtain that II is a direct summand of L(Grc, 5 * IC Wo .p.G rG ). 

Lemma 17.4.1. The map 

3™ g ® ho -> End(r(Gr G , S * IC Wo . p , Gtg )) 

is an isomorphism. 

Proof. By Theorem 8.8.2 the assertion of the lemma is equivalent to the fact that h ~ End(S* 
ICu, .p, G r G ), and Hom(S*IC u , . (3i Gr G ,S*IC u , .p, G r G * V) = for A ^ 0. 

I I G[[t\] 

The former isomorphism follows from the fact that ho — End(S), combined with Proposi- 
tion 15.1.1 and the fact that the projection Gr G — > G/B is smooth with connected fibers. 

To prove the vanishing for A ^ 0, it is enough to show that 

Hom(S*IC u , . (5i Gr G ,IC„, .p,Gr G * .^V*) = °> 
1 G[[t\\ 

because modulo partially integrable objects, S appearing in the right-hand side is an extension 
of several copies of Si G/B . 

As in the proof of Corollary 15.2.2, the latter Horn is isomorphic to 

i?°Hom D(s(GrG)crit _ mod)J -,o^ ^Avj-,o iV ,((5i GrG ), A V/ -,o iV ,(5i GrG ) ^ J v ^j , 

and the latter vanishes, according to Theorem 15.2.3. 

□ 

Thus, we obtain that the ring End(r(Gr<3, E*lC Wo .p,Gr G )) has no idempotcnts. In particular, 
the map II ® -» r(Gr G , S * IC^.^Grc) 

is an isomorphism, establishing point (b) of 

Theorem 15.2.1. 

Proposition 17.1.1 states that the map (17.1) is surjective. Thus, it remains to show that 
the kernel of the map (17.1) is partially intcgrable. But this follows from point (b) and Propo- 
sition 14.3.2. Therefore we obtain point (a) of Theorem 15.2.1. This completes the proof of 
Theorem 15.2.1 modulo Proposition 17.1.1, which is proved in the next section. □ 
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17.5. Proof of Proposition 17.1.1. The crucial fact used in the proof of this proposition is 
that the module h W() carries an action of the renormalizcd algebra J7 rcn,rcg (g C rit), see Sect. 7.4. 
Moreover, as an object of the category J7 ron ' rog (g cr it) -mod, the module L Wo is irreducible, 
because the D-module lC Wo .p t o rG is irreducible, and the global sections functor J)(Grc) -mod — > 
f7 ren ' reg (0 crit )-mod is fully faithful, according to [FG]. 

Recall that the algebra C/ rcn ' rcg (5 C rit) -mod is naturally filtered, 

t/ r0n ' r ° S (?crit)-mod = [J (f/r en,rcg (5cr . t) _ mod)J; g0 ^ 

% 

(C/ ron ' rog (flcrit)-niod) ~ C/ crit (?) ® 3g cs , and (E/ ren > reg (fl cri t) -mod) 1 /(C/ ren ' reg (fl cri t) -mod) be- 

ing a free (J7 rcn,rcs (5 cr i t ) -mod) -module, generated by the algebroid . 

Let us denote by (L„, )° C L Wo the image of the map M„, 0ireg ® wi P '^ — > L WQ , and 
we define the submodule (L^) 1 inductively as the image of (L,^) 4-1 under the action of 
(£7 ren ' reg (fl cr it) -mod) 1 . In particular, we have surjective maps 

and, hence, also surjective maps 

(^3^/3.) ' ( M -o,rcg ® W<"'«) - (L^JV^o)*- 1 , 

and U (L WQ ) 1 = L Wo . Our task is to show that (L mo )° = (L^) 1 , i.e., that (L Wo )° is stable under 
the action of (£/ rcn < rcs (0 C rit) -mod) 1 . 



Lemma 17.5.1. The module L Wo has no partially integrable subquotients. 

Proof. First, let us show first that L Wo has no partially integrable quotient modules. Suppose 
that M is such a quotient module. Let i be the minimal integer such that the projection 
(LwoT —> 3VC is non-zero; by definition this projection factors through (L Wo ) l /(L„, ) l_1 . Hence, 

some element of (-^y e «/3 J gives rise to a non-trivial map M„, 0irog — > M. But this is a 
contradiction, since M^ , and hence M^ 0ire g, cannot map to any partially integrable module. 

Consider now L^ as a graded module, i.e., as a module over *C • tdt x 0crit- If is easy to see 
that a graded module admits no partially integrable subquotients as a g cr i t -module if and only 
if it has the same property with respect to C • tdt x Scrit ■ 

As was remarked earlier, the commutative Lie algebra C ■ td t (B t) has finite-dimensional 
eigenspaces on the module T(Gtg, jw -p,* *i5i GrG ); hence the same will be true for L WQ . 

Consider the maximal C • td t K g cr i t -stable submodule of L Wo , that does not contain the 
highest weight line, and take the quotient. Since this quotient is generated by a vector of 
weight —2p with respect to h, it is not partially integrable. 

Let M" be maximal C-td t tx g C rit-stable quotient of L Wo , which admits no partially integrable 
subquotients. It is well-defined due to the above finite-dimensionality property. It is non-zero, 
because we have just exhibited one such quotient. 

Let M' := ker(L„, — > M"), and assume that M' ^ 0. As above, some section of Krc g/ , 

induces a non-zero map of cr i t -modules M' — > M". Therefore, M' also admits a quotient, 
which has no partially integrable subquotients. This contradicts the definition of M". Hence, 
h Wo has no partially integrable subquotients. 

□ 
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Lot us continue viewing L^q as a graded module. For an integer n we will denote by (*)n 
the subspace of elements of degree n. By Sect. 17.1, {^•w )n+(p,p) = if n > 0, and (L Wo ){ P ,p) 
identifies with the Verma module M Wg ; in particular, it is contained in (L^) . 

Lemma 17.5.2. The subspace (L Wo ){p,p)-i * s a ^ so contained in (L,^) . 

Proof. Let V C T(GiG,jw -p,* *<Ji GrG ) be the subspace of sections, scheme-theoretically sup- 
ported on the /-orbit I ■ t~P c Gig- 

Let Lie(J°) _ C £)((£)) be the subalgebra, opposite to Lie(/°), i.e., the one spanned by 
t~ 1 g([t~ 1 ]) and n _1 C g. The module T(GiG,jw -p,* * Si Gr ) is generated from V by means of 

Lie(7°)-C ((i)). 

Hence, the subspace r(GrG,iu, . ( 5,*^i GrG )( (9 ,p)-i is the direct sum of (g <g) t 1 )-U(n )-V{ p ,p) 

and U(n~) ■ V( Pij5 )_i. Note that V( p .p) is the highest weight line in Jj Wo . Hence, 

(fl®*- 1 )-^-)^^) C (L wa )°. 

Therefore,, it remains to show that V( Pt p)-i H h Wa is contained in (JL Wa )°. Suppose not, 
and consider the image of V/ PiP -\-i H L Wo in (L U , ) 1 /(L U , )°. This is a subspace annihilated by 
g(iC[[i]]]), and stable under the b-action. Take some highest weight vector. It gives rise to a 
map M w — > (L^) 1 / (L„, )° for some element w € VF; moreover w = w if and only if the above 
highest weight is — 2p. 

However, the algebra of functions on / • t~ ~ p is generated by elements, whose weights with 
respect to f) are in Span + (a i ) — 0. Therefore, the above highest weight is different from — 2p. 
Thus, we obtain a non-zero map M w — > (L M , ) 1 /(L M , )° for w ^ w , where M w is endowed 
with a G m -action such that its generating vector has degree (p, p) — 1. But this leads to a 
contradiction: 

By Lemma 17.5.1, the image of M„ in (L U , ) 1 /(L U , )° equals the image of the submodulc 
M. Wo C M. w , as the quotient is partially integrable. Hence, M w admits a quotient, which is 
simultaneously a quotient module of M. Wo . However, this is impossible, since we are working 
with the Kac-Moody algebra C • td t x g c rit, and it is known that for Kac-Moody algebras, Verma 
modules have simple and mutually non-isomorphic co-socles. 

□ 

Now we are ready to finish the proof of Proposition 17.1.1. Consider the nilp-version of the 
renormalized universal enveloping algebra at the critical level, C/ ren ' nllp (5crit), see Sect. 7.4. We 
have a natural homomorphism C/ rcn ' nllp (g C rit) — > C^ rcn,rcs (flcrit)- 

Consider the ft- family of gVmodules equal to M_ 2p+Kfi ( p ..). Its specialization at ft = is the 
module M„, ; and hence it acquires a [/ rcn ' mlp (g cr it)-action. 

Lemma 17.5.3. The map M Wo ® cji P '^ — ► L Wa is compatible with the U ren ' mlp (g cr: it)-actions. 

Proof. This follows from the fact that the map M Wa (g> wi P '^ — ► r(Grc, jw -p,* *£i G r G )i con ~ 
structed in Sect. 17.1, deforms away from the critical level. □ 

By Theorem 7.4.2 and Corollary 4.5.4, we have a short exact sequence 

-> N k ,p /3J Spcc{y ^ N k s /3 e -> (s/Shr -> o. 

Let L_i = dt be the renormalized Sugawara operator, which we view as an element of 
(^"'"^(jjcrit)) 1 . By Proposition 4.7.1, the image of L_i in iV^rc g/ , -» (g/b) 3 «=s is a principal 
nilpotent element. Hence, N* i]p |spec(3g eg ) an d generate Ny ee ,^ as an algebroid. This, 
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in turn, implies that L_i and (J7 ron,nllp (g C rit)) 1 <8> 3g CS generate ([/ rcn ' rcg (5 C rit)) 1 as an algebroid 

3 nilp 

over ((7 rcn ^ c s(0 crit )) . 

Thus, to prove Proposition 17.1.1, it remains to check that L_i preserves (L^) . Since L_i 
normalizes (J7 rcn ' rcg (5 cr i t )) , and since (L Wo )° is generated over (t/ rcn ' rcg (5 C rit))° by its highest 
weight line, it suffices to show that L_i maps this highest weight line to (L Wa )°. 

However, the image of the highest weight line under L-\ has degree (p, p) — 1, and our 
assertion follows from Lemma 17.5.2. This completes the proof of Proposition 17.1.1. □ 

17.6. We conclude this section by the following observation: 

Proposition 17.6.1. For every \ £ Spec(3 cs ), the module L wo <g) C x is irreducible. 
Proof. Let us observe that, on the one hand, Corollary 16.1.6 implies that the module M Wa <8> 

°9 

C x has a unique irreducible quotient, denoted L„, 0iX , such that the kernel of the projection 

M Wo ® g C x -» L WOtX 

is partially integrable. 

On the other hand, by Theorem 15.2.1, the above projection factors through 

M Wa <g> C x -» L Wa <E) C x -> L„, x . 

^reg ^ u ^reg ^ 

J 9 J 9 

Thus, we obtain a surjective map L Wo ® C x — > L WOiX , whose kernel is partially integrable. 

3 r B ° B 

However, by Lemma 17.5.1, we conclude that this map must be an isomorphism. 

□ 

18. Comparison with semi-infinite cohomology 

18.1. Consider the group ind-scheme N~((t)), and let V&o denote a non-degenerate character 
^ _ ((*)) — * of conductor 0. This means that the restriction of V&o to iV~[[i]] is trivial, and 
its restriction to Ad t a t (AT - [[£]]) C N~((t)) is non-trivial for each t 6 1 Note that to specify ^f 
one needs to make a choice: e.g., of a non-vanishing 1-form on CD, in addition to a choice of 
iP:N-^<S a . 

For a coweight A, let ^ x denote the character obtained as a composition 

N-((t)) A ^ } N-((t))^G a . 

Note that for A = — p, this character is canonical, modulo a choice of ip (the latter we will 
consider fixed). 

We will identify N~ and N by means of conjugation by a chosen left of the element wq E W; 
and denote by the same symbol the corresponding character on N((t)). We will also use the 
same notation for the corresponding characters on the Lie algebras. 

In this section we will study semi- infinite cohomology of n~ ((t)) twisted by the characters 
^ with coefficients in g cr i t -modulcs. The complex computing semi-infinite cohomology was 
introduced by Feigin [Fe]; the construction is recalled in Sect. 19.8. We denote it by 

M h-> (ir ((f)), ?,M 

where ? stands for a choice of a lattice in n~((t)). Its cohomology will be denoted by 

if^+>-((i)),n-[[i]],M®^). 
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Proposition 18.1.1. For M <G L>(5 crit -mod) /0 , 



C T (i>W).»[[ip8 *o) e:~ ^n-((t)),tn- [[*]], fo^,. * M) ® *_p 

We do not give the proof, since it essentially repeats the proof of Proposition 12.5.1. (In 
particular, the assertion is valid at any level k.) 

Another important observation (also valid at any level) is the following: 

Lemma 18.1.2. //Me g cr i t -mod is partially integrable, then 

tf^+>-((i)),n- [[*]], M®*^) =0. 

Proof. We can assume that M is integrable with respect to sl L 2 for some i £ 3. Let f L e n~ C 
n~((i)) be the corresponding Chevalley generator. With no restriction of generality, we can 
assume that ^-p{f u ) = 1. 

Consider the complex £.~ (n~ ((£)), n~ [[t\], M ® &-p), and recall (see Sect. 19.8) that we have 
an action of n~((£))[l] on it by "annihilation operators", x i— > i(x), and the action of n~((i)) by 
Lie derivatives x i— ► Lie^ such that 

[d,i(x)] = Lic^ +Id-*_p(x). 

Hence, i(f L ) defines a homotopy between the identity map on C^r (n~ ((£)), n" [[i]], M ® *-p) 
and the map given by Lie/ t . However, by assumption, the latter acts locally nilpotcntly, im- 
plying the assertion of the lemma. 

□ 

18.2. In the rest of this section we will collect several additional facts concerning the semi- 
infinite cohomology functor H ^ +l (n~ ((t)) , tn~ [[t]], ? ® Vt-p). By Lemma 18.1.2, this functor, 
when restricted to D b (Q cr i t -modniip) 7 , factors through ^D b (g a i t -mod n n p ) 7 . 

Theorem 18.2.1. The two functors ^Z) b (g cr it -niod n ii p ) /0 — » D(Vect) 

M* ^ H^ + *(n-((t)),tn-[[t}}, M* ® *_ p ) and M* ^ Hom(n,M*) 

are isomorphic. In particular, for O^Me ^flcrit -niod^:^, we /icwe 

F^ +i (n-((t)),in- [[<]], M® <J_p) = /or i ± and i?^ (rr((i)),in-[[i]],M ® *_p) ^ 0. 
The proof of the theorem is based on the following observation: 
Lemma 18.2.2. For any 3g' lp -module L and w 6 W , we have: 

H^'(n-((t)),tn-[[t]},(M w ® L) ® ~ j = °' 

3 nilp 0, 2 ^ 0. 

Proof. Since the quotients Mi/M^ are all partially integrable, we can assume that the element 
w G W, appearing in the lemma, equals 1. In the latter case, the assertion follows from 
Proposition 12.4.1 and Corollary 13.3.1. □ 

Let us now prove Theorem 18.2.1. 

Proof. In view of Main Theorem 6.3.2, to prove the theorem we have to establish an isomorphism 

H* (n- ((*)) , tn- [[*]] , n ® *_p) ~ 3f p ® V 

Consider the filtration on II, induced by the tilting filtration on n with quotients M w . 
By Lemma 18.2.2, we obtain that H^ +i (n~ ((i)), in" [[£]], n ® *-p) = for i =/= 0, and that 
(n~((t)),tn~[[t]],Tl ® ^-p) has a filtration, with subquotients isomorphic to 3g llp - 
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Hence it remains to show that (n~ ((i)) , tn~ [[t\], II <g> is flat as an /i -module, where 
the action of ho is induced from the identification ho ~ End(II). 
It suffices to check that 

(ff* (tr ((t)), tir [[*]], n®*_,)) ® c ~ 3f p . 

/to 

By Lemma 14.1.2, ^11 ® C ~ i M WQ . Hence, 

ho 

(n" ((*)), tn" [[*]], n ® ® C ~ if ^ (n" ((*)), tix" [[*]], M m „ ® 

and the assertion follows from Lemma 18.2.2. 

□ 

Corollary 18.2.3. For any object M o/ cr ; t -mod^:^ and a dominant coweight A 

H^ +i (n((t)),n[[t]],M® * A ) - /or i > 0. 

Proof. We have 

ff? +i (n((t)),n[[i]],M® ~ (n- ((*)), *n-[[«]]J A> , * j^.p,* * M ® 

as in Proposition 18.1.1. 

Now the assertion of the corollary follows from the fact that the functor M i— > t *j wo .p t * *M 

is right exact. 

□ 

As another application, we give an alternative proof of the following result of [FB] (see 
Theorem 15.1.9). 

Theorem 18.2.4. The natural map 3g CS — ► (ti((i)), n[[t}], V cr ; t ® ^o) *s arc isomorphism, 
and all other cohomologies H~ +l (n((i)), n[[i]], V cr it ® ^o) , i ^ 0, vanish. 



Proof. Consider the map 



^KJo,rcg ® ^x* ^ jwo-p,* * ^crit 



of Sect. 17.1. Its kernel and cokcrncl arc partially integrable; hence it induces isomorphisms 

H^ +i (n-({t)),tn-[[i\],M WOtieg ® *_ p ) -» ff* +i (n-((t)),tn-[[t]], j„, .p,* * V crit ® 

By Lemma 18.2.2, 

f Y og i = 

ff^+ J (n-((t)),in-[[t]],M WOircg ®*_,) ~ 1 ; ■ ' " 

we obtain that 



0, z^O, 



"2 ro S » _ n 

/ [ 0, i ^ 0. 

Applying Proposition 18.1.1 for M = V crit , we obtain that (n((t)),n[[i]], V crit ® * ) = 

for i ^ 0, and 

(n((t)),n[M],V crit ®*o)^3; og . 
Moreover, by unraveling the isomorphism of Proposition 18.1.1, we obtain that the above 
isomorphism coincides with the one appearing in the statement of the theorem. 

□ 
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18.3. Let J be a critically twisted D-module on Gr G . In this subsection we will express the 
semi-infinite cohomology 

(18.1) H^+* (n((t)),n[[t]],r(Gr G , J) ® * ) 

in terms of the de Rham cohomologies of "5 along the iV((i))-orbits in Gr G . 

For a coweight A, consider the iV((i))-orbit of the point t x on Gr G ; by pulling back 5", by 
Sect. 21.6, we obtain a D-modulc on N((tj). We will denote it by ^Ijvpj.tX- If is a non- 
degenerate character of conductor 0, we will denote by H'(N((t)), 51jv((t)).t* ® the resulting 
dc Rham cohomology. Note that this cohomology vanishes automatically unless A is dominant, 
since otherwise V^o would be non-trivial on the stabilizer of t x e Gr G . 

By decomposing J in the derived category with respect to the stratification of Gr G by 
N((t)) ■ t x , using Sect. 22.7.2, we obtain that, as an object of the derived category of 3g CS - 
modules, (n((£)), n[[t}], L(Gr G , J) <g> ty ) is a successive extension of complexes 

(18.2) H?+' (n((t)),n[[t]], r(Gr G) S t x) ® *o) ® H'(N((t)),*\ Nm . t x ® *„). 

Note also that r(Gr G ,<5 t x) is isomorphic to the vacuum module, twisted by t x e T((t)). 
Hence, 

(18.3) H ¥+• (n((t)), n[[i]], r(Gr G , «5 t x) ® *o) ^ H (n((t)), Ad t x (n[[t]]), V crit ® **) . 
We will prove the following: 

Theorem 18.3.1. 

(1) For 3^ e D(Gr G ) cr i t -mod there is a canonical direct sum decomposition 

H^+' (n((t)),n[[t]],r(Gr G) J) ® * ) 

0^+' (n((t)),n[[t]],r(Gr G ,J tX ) ® *„) ® ^' W)),?"U W .t* ® *o)- 

(2) TTie cohomology H^ +l (n((i)), n[[i]], V cr it (X 1 ^~\) vanishes unless A is dominant and i = 0, 
and m i/ie latter case, it is canonically isomorphic to V-h<, s . 

The rest of this section is devoted to the proof of this theorem. Let us first prove point (2). 
The fact that the semi- infinite cohomology in question vanishes unless A is dominant, follows 
by the same argument as in Lemma 18.1.2. Therefore, let us assume that A is dominant and 
consider the D-module 3yx, see Sect. 8.4. 

By the geometric Casselman-Shalika formula, see [FGV], 

H'(N({t)),? vX \ Nm . t >®y o ) = 

unless (i = A. Therefore, all terms with /i ^ A in the spectral sequence (18.2) vanish. We 
obtain, therefore, 

H^+* (n((t)),n[[t]],r(Gr G) y v x) ® * ) H^+' (n((t)),n[[t]], V crit ® * x ) . 
But by Theorem 8.4.2, r(Gr G , 5^) ~ V crit VA eg . By combining this with Theorem 18.2.4, 

,rcg J g 

we obtain 

(18.4) (n((t)),n[[t]], V^t ® **) - ^ 3 ™" (n(W),n[[t]], V crit ® **) = 0,t ^ 0, 
as required. 

To prove point (1) we need some preparations. 
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Proposition 18.3.2. Suppose that M is an object of g C rit -mod rog that comes by restriction 
from a [/ rcn ' rcs (fl C rit) -module. Then all H^ +t (n((t)), n[[t]], M <g> are naturally modules over 
the algebroid Nye S ^^ . 

Proof. We will assume that <J/o comes from a character of the Lie-* algebra L n . In this case, 
the BRST complex £^ (L n ,A g , C rit <S> ^o) is itself a DG-chiral algebra. 

Let A B ,n be a 1-st order deformation of .A 0j crit away from the critical level; i.e., A g ,n is fiat 
over C[fi]/fi 2 , and A By n/fi — -Agxrit- 

Let us consider the DG-chiral algebra (L n ,A St n ® ^o)- From Theorem 18.2.4, it follows 
that it is acyclic off cohomological degree 0; in particular, its 0-th cohomology is C[fi]/fi 2 -flat. 

This implies that any section aej,, which we think of as a 0-cocycle in €^ (L n , A ByCr i t ® *o), 
can be lifted to a 0-cocycle an £ C~2~ (L a ,A gt n ® 'J'o)- 

We will think of ^P- an element of the Lie-* algebra A\ ® Cliff (L n ), where A\ is as in [FG], 
and Cliff (L n ) is the Clifford chiral algebra, used in the definition of the BRST complex. 

By the construction of A s , for M satisfying the properties of the proposition, we have an 
action of A\ on M, and hence, an action of the Lie-* algebra A\ ® Cliff (L n ) on the com- 
plex £Tr(L n ,M ® V^o)- By taking the Lie-* bracket with the above element ^ we obtain an 
endomorphism of €^(L n ,M ® x Po)> which commutes with the differential. 

It is easy to see that for a different choice of an the corresponding endomorphisms of 
<£^(L n ,M <gi \[/ ) will differ by a coboundary. Thus, we obtain a Lie-* action of j g on each 
ilTr + l (L n ,M ® <]/o). One easily checks that this action satisfies the Leibniz rule with respect 
to the 3 -module structure on H^ +l (L n , M <8> ^0), and hence extends to an action of the Lie-* 
algebroid fi 1 ^). The latter is the same as an action of the 3g es -algebroid Ny ee ^ . 

□ 

We are now ready to finish the proof of Theorem 18.3.1. By Sect. 7.4 and Proposition 18.3.2, 
the terms of the spectral sequence (18.2) are acted on by the algebroid A/yeg^. 

It is easy to see that the N!, es/1 , -action on (n((t)), n[[t\], V cr i t Cg> ^0) identifies via The- 

J g / J g 

orem 18.2.4 with the canonical ,-, -action on 3a° S - Moreover, from Theorem 8.4.2(a) we 

Jg /Jg w 

obtain that the isomorphisms of (18.4) are compatible with the iV^ro g/ , -action. 

This implies the canonical splitting of the spectral sequence. Indeed, from Theorem 8.4.2(b) 
it is easy to derive that there are no non-trivial Horn's and Ext^s between different V^o g , 
regarded as AHfreg,, -modules. 

Jg I Jg 
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Part V. Appendix 



This Part, which may be viewed as a user's guide to Sect. 7 of [BD1], reviews some technical 
material that we need in the main body of this paper. 

In Sect. 19 we review some background material: the three monoidal structures on the 
category of topological vector spaces, the notion of a family of objects of an abelian category 
over a scheme or an ind-scheme, and the formalism of DG-categories. 

In Sect. 20 we introduce the notion of action of a group-scheme on an abelian category. 
In fact, there are two such notions that correspond to weak and strong actions, respectively. 
A typical example of a weak action is when a group H acts on a scheme S, and we obtain 
an action of H on the category QCoh ff of quasi-coherent sheaves. A typical example of a 
strong (equivalcntly, infinitesimally trivial or Harish-Chandra type) action is when in the above 
situation we consider the action of H on the category D(S) -mod of D-modules on S. We also 
discuss various notions related to equivariant objects and the corresponding derived categories. 

In Sect. 21 we make a digression and discuss the notion of D-module over a group ind-scheme. 
The approach taken here is different, but equivalent, to the one developed in [AG1] via chiral 
algebras. 

In Sect. 22 we generalize the discussion of Sect. 20 to the case of group ind-schemes. The goal 
of this section is to show that if 6 is a category that carries a Harish-Chandra action of some 
group ind-scheme G, then at the level of derived categories we have an action of the monoidal 
category of D-modules over G on 6. This formalism was developed in Sect. 7 of [BD1], and in 
this section we essentially repeat it. 

Finally, Sect. 23 serves a purely auxiliary role: we prove some technical assertions concerning 
the behavior of an abelian category over its center provided that a certain flatness assumption 
is satisfied. 

19. Miscellanea 

Unless specified otherwise, the notation in this part will be independent of that of Parts I- 
IV. We will work over the ground field C, and all additive categories will be assumed C-lincar. 
Unless specified otherwise, by tensor product, we will mean tensor product over C. 

If 6 is a category, and Xi is a directed system of objects in it, then following the notation 
of SGA 4(1) notation, we write "lim" Xi for the resulting object in Ind(C), thought of as a 

contravariant functor on 6. In contrast, limJQ will denote the object of G representing the 

functor lim Hom(lim A i7 ?) on 6, provided that it exists. 

19.1. Topological vector spaces and algebras. In this subsection we will briefly review the 
material of [CHA1]. By a topological vector space we will mean a vector space over C equipped 
with a linear topology, assumed complete and separated. We will denote this category by Top; 
it is closed under projective and inductive limits (note that the projective limits commute with 
the forgetful functor to vector spaces, and inductive limits do not). Every such topological 
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vector space V can be represented as limy*, where V 1 are usual (i.e., discrete) vector spaces 

and the transition maps V 3 — > V 1 are surjective. 

For a topological vector space V represented as projective limit as above, its dual V* is by 
definition the object of Top equal to 

Hm(VS)*> 

where each (V*)* is dual of the corresponding discrete vector space Vi, endowed with the natural 
(pro-finite dimensional) topology. It is easy to see that V* is well-defined, i.e., independent of 
the presentation of V as a projective limit. 

A topological vector space V is said to be of Tate type if it can be written in the form 
Vi © V2 , where Vi is discrete and V2 is pro-finite dimensional. In this case V* is also of Tate 
type, and the natural map (V*)* — » V is an isomorphism. 

Following [CHAl], we endow the category Top with three different monoidal structures: 

Vi,V 2 1 * Vi ® V 2 , Vi S V 2 and Vi <g> V 2 . 
They are constructed as follows. Let us write Vi = limV^, V 2 = limV^. Then 

Vi®V 2 =UmVi i <8>V2'. 

It is easy to see that this monoidal structure is in fact a tensor one. 

To define Vi ® V 2 we proceed in 2 steps. If V 2 = V is discrete and equal to U Vk, where V4 

k 

are finite-dimensional, we set 

Vi ® V = limVi <g> V k , 
k 

where the inductive limit is taken in Top. For an arbitrary V 2 written as V 2 = limV^ , we set 

Vi®V 2 = Um(Vi®V^'). 

3 

* * 
Finally, Vi (§)V 2 is characterized by the property that Hom(Vi CE3 V 2 , V), where V is discrete, 

is the set of bi-linear continuous maps Vi x V 2 — > W. This monoidal structure is also tensor 

in a natural way. 

We have natural maps 

* -> ! 

Vi ® V 2 -» Vi ® V 2 Vi ® v 2 , 

where the first arrow is an isomorphism if V 2 is discrete and the second one is an isomorphism 
if Vi is discrete. 

Note also that for three objects Vi, V 2 , V 3 G Top we have natural maps 

(V! ® V 2 ) ® V 3 -> V : g) (V 2 ® V 3 ) and Vi ® (V 2 ® V 3 ) -» (Vi ® V 2 ) <8 V 3 
and hence the map 

(19.1) (V 1 ®V 2 )®V 3 ^V 1 ®(V 2 ®V 3 ). 

By an action of a topological vector space V from a discrete vector space W\ to a discrete 
vector space W 2 we will mean a map 

V® W x ~ V® Wi -> VF 2 . 
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The latter amounts to a compatible system of maps V <g> W[ — > W2, defined for every finite- 
dimensional subspace W[ c W\ for some sufficiently large discrete quotient V of V. 

By definition, a topological associative algebra is an object A e Top endowed with an 

associative algebra structure with respect to the ® product. By construction, any such A 
can be represented as limA/I, where I C A are open left ideals. A discrete module over a 
1 

topological associative algebra A is a vector space V endowed with an associative action map 
A ® V —> V; we shall denote the category of discrete A-modules by A -mod. 

A topological associative algebra is called commutative if the operation A <g> A — > A factors 

! 

through A <g> A — > A and the latter map is commutative (in the sense of the commutativity 
! 

constraint for the ® product). In this case A can be represented as lim Ai, where Ai are discrete 

commutative quotients of A. 

For a commutative associative topological algebra, by a topological A-module we shall mean 

! 

a topological vector space V, endowed with an associative map A (g> V — > V such that V is 
separated and complete in the topology defined by open A-submodulcs. Any such V can be 
represented as limV™, with V$ being discrete A-modules, on each of which A acts through a 

discrete quotient. If f : A — > B is a homomorphism, we define /*(V) as limB (g> V*. 

* A 

Note that if we regard A as an associative topological algebra, a discrete A-module is a 
topological A-module in the above sense if and only if A acts on it though some discrete 
quotient. 

A topological Lie algebra g is a Lie algebra in the sense of the ® structure. A discrete module 
over such q is a vector space V endowed with a map q ® V — * V, which is compatible with the 
bracket on q in a natural way. 

Let A be a commutative associative topological algebra. A Lie algebroid over A is a topo- 
logical Lie algebra 2 endowed with a topological A-module structure A ® g — > g and a Lie 
algebra action map g ® A — > A, which satisfy the usual compatibility conditions via (19.1). 

19.2. Here we shall recall some notions related to infinite-dimensional vector bundles and 
ind-schemes, borrowed from [BD1] and [Dr2]. 

By an ind-scheme we will understand an ind-object in the category of schemes, which can be 
represented as y := " lim" where the transition maps fcj : y, — > are closed embeddings. 

iei 

We will always assume that the indexing set / is countable. 

A closed subscheme Z of y is called reasonable if for every i, the ideal of the subscheme 
Z fl of is locally finitely generated. The ind-scheme ^ is called reasonable if it can be 
represented as an inductive limit of its reasonable subschemes (or, in other words, one can 
choose a presentation such that the ideal of ^ in is locally finitely generated). 

We shall say that y is ind-affine if all the schemes ^ are affine. In this case, if we denote by 
Ai the algebra of functions of ^j, we will write y = Spcc(A), where A = lim Ai and A = Oy . 

Assume that y = G is ind-affine and is endowed with a structure of group ind-scheme. This 
amounts to a co-associative co-unital map Oq — > Og <8> Og- By definition, an action of G on a 
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topological vector space V is a map 

V^O G ®V, 

such that the two morphisms 

v=^o G ®o G ®v 

coincide. 

If V is an associative or Lie topological algebra, we define in an evident way what it means 
for an action to be compatible with the operation of product on V. 

Assume now that G is a group-scheme H = Spec(0_y). 

Lemma 19.2.1. Every V, acted on by H, can be written as limV^, where V; L G Rep(H) are 
quotients o/V. 

Proof. Let V be some discrete quotient of V. We must show that we can find an iJ-stable 
quotient V such that V -» V -» V. Consider the map 

Let V be the kernel of this map; this is an open subspace in V. The associativity of the action 
implies that V is instable. Hence, V/V satisfies our requirements. 

□ 

Let y be an ind-scheme. A topological *-sheaf on y is a rule that assigns to a commutative 
algebra R and an i?-point y of y a topological R- module 1 y , and for a morphism of algebras 
/ : R — > R' an isomorphism J y ~ /*(3y), where y' is the induced i?'-point of y, compatible 
with two-fold compositions. Morphisms between topological *-sheaves are defined in an evident 
manner and we will denote the resulting category by QCohy° p '*. The cotangent sheaf Jl 1 (y) is 
an example of an object of QCoh^ op '*. 

We let Tatey denote the full subcategory of QCoh^ op '* formed by Tate vector bundles (i.e., 
those, for which each 2f y is an i?-module of Tate type), see [Dr2], Sect. 6.3.2. The following 
basic result was established in [Dr2], Theorem 6.2: 

Theorem 19.2.2. Let — > y 2 be a formally smooth morphism between ind-schemes with 
being reasonable. Then the topological *- sheaf of relative differentials ^(yi/^) is a Tate vector 
bundle on^\. 

Assume now that y is affine and isomorphic to Spec (A) for a commutative associative topo- 
logical algebra A. In this case, the category QCohy° p '* is tautologically equivalent to that of 
topological A-modules. We have the notion of Lie algebroid over y (which is the same as a 
topological Lie algebroid over A). 

Let now S be an ind-groupoid over an ind-affine ind-scheme y , such that both (r, equivalcntly, 
one of the) projections I, r : S y is formally smooth. Then, by the above theorem, the normal 
to y in S, denoted iVy/g, which is by definition the dual of the restriction to y of 1 (S/y) with 
respect to either of the projections, is a Tate vector bundle. The standard construction endows 
it with a structure of Lie algebroid. 
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19.3. A class of categories. Let 6 be an abclian category, and let Ind(C) denote its ind- 
complction. We will assume that C is closed under inductive limits, i.e., that the tautological 
embedding 6 — ► Ind(C) admits a right adjoint limlnd : Ind(C) — ► 6, and that the latter functor 
is exact. In particular, it makes sense to tensor objects of C by vector spaces. 

We shall say that an object X G 6 is finitely generated (or compact) if the functor Hom(X, •) : 
6 — > Vect commutes with direct sums. Let us denote by C c the full subcategory of 6 formed by 
compact objects. We will assume that C c is equivalent to a small category (i.e., that isomorphism 
classes of compact objects in 6 form a set). 

We shall say that C satisfies (*) if every object of 6 is isomorphic to the inductive limit of 
its compact subobjects. 

Lemma 19.3.1. Assume that C satisfies (*), and let G be a left exact contravariant functor 
C c — > Vect. The following conditions are equivalent: 

(1) G is representable by X G 6. 

(2) For an inductive system {Xi} G G c , whenever X := limXj belongs to G c , the natural map 

G(X) -»MG(Xj) 

is an isomorphism. 

(3) G extends to a functor C — > Vect such that for any inductive system {Xi} G 6, the map 

G (limXi) -»MG(Xj) 

is an isomorphism. 

We shall say that 6 satisfies (**) if there exists an exact and faithful covariant functor 
F : 6 — > Vect, which commutes with inductive limits. 
The following is standard: 

Lemma 19.3.2. Assume that G satisfies (*) and (**). Then: 

(1) F is representable by some " lim" Xi G Pro(C c ). 

i 

(2) Assume that F has the following additional property. Whenever a system of maps at ■ X — > 
Yk is such that for any non-zero subobject X' C X not all maps ctk\x' are zero, then the map 

Fpo^nF(n) 

is injective. 

Then the projective system {Xi} as above can be chosen so that all the transition maps 
Xi> — > Xi are surjective. 

(3) Under the assumption of (2), the functor F gives rise an to an equivalence 6 — > A -mod, 
where A is the topological associative algebra " lim" F(Xi) ~ End(F). 

i 

19.4. If A is an associative algebra, we will denote by A -mod (g>C the category, whose objects 
are objects of 6, endowed with an action of A by endomorphisms, and morphisms being 6- 
morphisms, compatible with A-actions. This is evidently an abelian category. 

If M is a left A-module and X G 6, we produce an example of an object of A-mod®C by 
taking M <g> X. 

Let M be a right ^4-module. We have a naturally defined right exact functor 

A -mod <g>e — > 6 : X i-> M ® X. 

A 
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Lemma 19.4.1. If M is flat (resp., faithfully-flat A-algebra), then the above functor is exact 
(resp., exact and faithful) . 

For the proof see [Gal], Lemma 4 and Proposition 5. 10 

We will say that X E A -mod <g)C is A-flat if the functor M i-> M ® X : ^l op -mod -> 6 

A 

is exact. The functor of tensor product can be derived in either (or both) arguments and we 
obtain a functor 

D-(^ op -mod) x L>-(A-mod®e) -> D~(C). 
If M is a left A-module and X G ^4-mod<8>6, we define a contravariant functor on C by 

y i ^ Hom e0 A-mod(y ® M,X). 

This functor is representable by an object that we will denote by Hom^M, X). If M is 
finitely presented as an A-module, the functor X h- > Hom^M, X) commutes with inductive 
limits. 

Let <j> : A —* B be a homomorphism of algebras. We have a natural forgetful functor 
4>* : -B-mod(g)C — > A-mod(g)C, and its left adjoint <f)* , given by tensor product with B, viewed 
as a right A-modulc. The right adjoint to denoted <f)' , is given by X i— > Hom^B, JT). 

19.5. Objects parameterized by a scheme. Assume now that A is commutative and set 
S = Spec(A). In this case we will use the notation QCohg Cg)C for A-mod&iC. We will think of 
objects of QCoh s g}C as families of objects of C over S. 

For a morphism of affine scheme / : S\ — > 5*2 we have the direct and inverse image functors 
/*)/* : QCoh Si ®C <^ QCoh S2 ®e, with /* being exact (resp., exact and faithful) if / is, by 
Lemma 19.4.1. 

The usual descent argument shows: 

Lemma 19.5.1. Let S' — > S be a faithfully flat map. Then the category QCoh s ®e is equivalent 
to the category of descent data on QCoh s , ®C with respect to S' X S' =t S' . 

This allows us to define the category QCoh s (§}C for any separated scheme S. Namely, let S' 
be an affine scheme covering S. We introduce QCoh s <E>C as the category of descent data on 
QCohg./ ®C with respect to 5" x S' =t S' . Lemma 19.5.1 above ensures that QCoh s ®C is well- 
defined, i.e., is independent of the choice of S' up to a unique equivalence. (In fact, the same 
definition extends more generally to stacks algebraic in the faithfully-flat topology, for which 
the diagonal map is affine.) For a morphism of schemes / : S± — > S2 we have the evidently 
defined direct and inverse image functors. If / is a closed embedding and the ideal of S\ in S2 
is locally finitely generated, then we also have the functor f : QCoh S2 ®C — ► QCoh Si (g)C, right 
adjoint to /*. 

If Si is a closed subscheme of £2 we say that an object X e QCoh S2 ®C is set-theoretically 
supported on 5i, if X can be represented as an inductive limit of its subobjects, each of which 
is the direct image of an object in some QCoh s , (81 6, where S[ is a nilpotent thickening of S\ 
inside S2. 

Suppose now that S is of finite type over C. We will denote by D (S) -mod the category of 
right D-modules on S. We define the category D(S) -mod <£)C as follows: 



Whereas the first of the assertion of the lemma is obvious from Lazard's lemma, the second is less so, and 
it was pointed out to us by Drinfeld. 
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First, we assume that S is affine and smooth. Then D (S) -mod® 6 is by definition the 
category T(S, D(S)) op -mod ®C. 

If Si — > S 2 is a closed embedding of affine smooth schemes, we have an analog of Kashiwara's 
theorem, saying that 2) (Si) -mod ®C is equivalent to the subcategory of £>(S2) -mod ®C, con- 
sisting of objects set-theoretically supported on Si, when considered as objects of QCoh S2 ®C 

This allows to define D(S) -mod ®C for any affine scheme of finite type, by embedding it 
into a smooth scheme. Finally, for an arbitrary S, we define £>(S) -mod ®C using a cover by 
affine schemes, as above. 

19.6. In this subsection we will assume that 6 satisfies (*). Let V be a topological vector 
space, and X, Y G 6. An action V x X — > Y is a map 

v ® x -> y 

satisfying the following continuity condition: For every compact subobject X' C X, the induced 
map V (g> X' — > y factors through V eg) X' — ► F, where V is a discrete quotient of V. 

If X' — ► X (resp., y — > y', V — > V) is a map, and we have an action V x X — > y, we 
produce an action VxI'^F (resp., Vxl^f, VxI^F). 

Note that if V is pro-finite-dimensional, with the dual V* G Vect, an action V x X — > y is 
the same as a map X — > V* <g> Y. 

Lemma- Construction 19.6.1. Let V 2 x X — > y and Vi x y — > Z &e actions. Then we have 
an action 

(Vi »V 2 )xI^Z. 

Proof. The construction immediately reduces to the case when V 2 = V 2 is discrete, X is 
compact, and we have an action map Vi <g> X — > y. 

Then for every finite-dimensional subspace C V2 we can find a compact subobject Y k C 
y , such that V 2 fc <g X — > y maps to y fc and the action Vi eg) y fc — > Z factors through a discrete 
quotient of Vi. Then 

u kcr(V! -> vf ) ® y 2 fe c Vi ® y 2 

is an open neighborhood of 0, and we have an action map 

(Vi i y 2 / u ker(Vi -» vf ) ® y 2 fc ^) ® x ~ hm(y 1 fc ® y 2 fc ) ® X -» z. 

□ 

We shall say that V acts on X, if we are given a map V x X — > X. Objects of C, acted on 
by V naturally form category, which is abelian. 

Let A be an associative topological algebra. We shall say that an object X G 6 is acted 
on by A if we are given an action map Axl-tl such that the two resulting action maps 

(A®A)xI=jI coincide. Objects of 6 acted on by A form a category, denoted A -mod ®C. 

19.7. Objects of a category parameterized by an ind-scheme. In this subsection wc 
retain the assumption that 6 satisfies (*). Let y be an ind-scheme, y = UVi. We introduce 

i 

the category QCohy ®C to have as objects collections {Xi G QCohy . ®C} together with a 
compatible system if isomorphisms f*j(Xj) ~ Xi, where /jj is the map ^ — > Vj. Morphisms 
in the category are evident. 

It is easy to see that this category is independent of the presentation of y as an inductive 
limit. However, QCoh^ ®C is, in general, not abelian. 
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Given an object of X 6 QCoh^ ®C and a scheme S mapping to y, we have a wcll-dcfincd 
object X| s G QCoh s ®C. 

Assume now that V is strict and reasonable. I.e., the system ^ can be chosen so that the 
maps fij are closed embeddings, and the ideal of ^ inside ^ is locally finitely generated. 

We introduce the category QCohy <E>C as follows. Its objects are collections X := {Xi E 
QCohy . Cg>C} together with a compatible system if isomorphisms Xi ~ f\-{Xj). The morphisms 
in this category are evident. 

Lemma 19.7.1. QCohy ®Q is an abelian category. 

Proof. If a = {ati : Xi — > X^} is a morphism in QCohlj ®C, its kernel is given by the system 
{ker(ai)}. It is easy to see that the cokernel and image of this morphism are given by the 
systems that assign to each i 

lim/: ;j (coker(a j )) , Hm^ (Im( a j)) , 

respectively. The fact that the axioms of an abelian category are satisfied is shown in the same 
way as in the case of C = Vect. 

□ 

Let now A be a commutative topological algebra. Then A can be represented as lim-Aj, 

where Ai are discrete commutative algebras. Assume, moreover, that we can find such a 
presentation that the ideal of Ai in each Aj, j > i is finitely generated. Then y := lim Spcc( J 4 i ) 

is reasonable. 

Lemma 19.7.2. Under the above circumstances, the categories QCoh^ ®C and A-mod<g>C are 
equivalent. 

Proof. The functor QCohy ®C — > A-mod(g>C is evident. Its right adjoint is defined as follows: 
given an object X 6 A-mod(S>6, represented as UX, with Xi £ Ai -mod (S>G, we define an 

i 

object {X-} in QCohy (g)C by setting 

j>i 

The fact that the adjunction morphisms are isomorphisms is shown as in the case 6 = Vect. 

□ 

Let now X = {Xi} be an object of QCohy <£>C such that each Xi is y^-flat. Let M be an 
object in QCohy ®A-mod, where A is some topological algebra. We then have a well-defined 
tensor product 

X O M G QCohy (g)(A-mod®e). 

The corresponding system assigns to every & the object 

X|y 4 ® Mi G QCohy. (g>(A-mod<8>e). 

Finally, let y be a strict ind-scheme of ind-finite type. Proceeding as above, one defines the 
category S(y) ! -mod (8)6 as the category of systems {Xi} G D^) 1 -mod ®C with isomorphisms 



118 



EDWARD FRENKEL AND DENNIS GAITSGORY 



If y is formally smooth, we can also introduce the DG-category of il* -modules with coef- 
ficients in C, and we will have an equivalence between the corresponding derived category of 
fi* -mod(g>C and the derived category of D(^) ] -mod<X>C. 

19.8. BRST complex. If g is a topological Lie algebra, an action of g on X £ C is an action 
map gxl^l such that the difference of the two iterations 

(fl <g> fl) x X -> (g i g) x X -> X 

equals the action induced by the Lie bracket ® — > 0. 

Assume now that ~ k is pro-finite dimensional. Then its action on X is the same as 
a co-action of the Lie co-algebra k* £ Vect on X, i.e., a map a : X — > k* ® X, satisfying 
the suitable axioms. In this case we can form a complex of objects of 6, called the standard 
complex, C(k, X): 

As a graded object of C, it is isomorphic to <£(k, M) := X <g> A # (k*). Let us denote by i 
(resp., i*) the action of k[l] (resp., k*[— 1]) on €(k,X) by the "annihilation" (resp., "creation" 
operators), and by Lie the diagonal action of k. Then the differential d on £(k,X) is uniquely 
characterized by the property that [d, i] = Lie. We automatically obtain that 

• d 2 = 0, 

• The map i* : A*(k*) <g> <£(k, X) — > <£(k, X) is a map of complexes, where A*(k*) is 
endowed with a differential coming from the Lie co-bracket. 

If X' is a complex of objects of C, acted on by k, we will denote by €(k, X') the complex 
associated to the corresponding bi-complex. It is clear that if X* is bounded from below and 
acyclic, then £(k, X') is acyclic as well. However, this would not be true if we dropped the 
boundedness from below assumption. 

The above set-up can be generalized as follows. Let now be a topological Lie algebra, 
which is of Tate type as a topological vector space. Let Cliff (0,0*) be the (topological) Clifford 
algebra, constructed on and 0*; it is naturally graded, where the "creation" operators (i.e., 
elements of 0*) have degree 1, and the annihilation operators (i.e., elements of 0) have degree 
— 1. Let Spin(0) be some fixed irreducible representation of CWff(g), equipped with a grading. 
(Of course, up to a grading shift and a non-canonical isomorphism, Spin(0) is unique.) 

Recall that the canonical (i.e. Tate's) central extension can of is characterized by the 
property that the adjoint action of on Cliff(0,0*) is inner via a homomorphism can — ► 
CI iff (0 , 0* ) . We will denote by 0_ ca n the Baer negative central extension. 

Let C be as above, and let X £ G be acted on by 0- C an- Consider the graded object of C 
given by 

<t*(g,X) :=X®Spm(g). 

As in the case when C = Vect, one shows that €~(g,X) acquires a canonical differential d, 
characterized by the property that [d, i] = Lie, where i denotes the action of on £t (0, X) via 
Spin(0) by creation operators, and Lie is the diagonal action of on X <x> Spin(0). We have 

• d 2 = 

• The action i* of 0* is compatible with the differential 0* — ► 0* <8>0* given by the bracket. 

If X* is a complex of objects of 6, acted on by 0_ ca n, we will denote by €^(g,X') the 
complex, associated to the corresponding bi-complex. 

Lemma 19.8.1. Assume that X' is bounded from below and is acyclic. Then <L~(g,X') is 

also acyclic. 
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Proof. Let us choose a lattice k C g; we can then realize Spin(g) as Spin(g, k)-thc module 
generated by an element, annihilated by both k C g C A'(g) and (g/k)* C g* C A'(g*). 

In this case the complex £^(g,X') acquires a canonical increasing filtration, numbered by 
natural numbers, so that 

gr* (<£*(fl,X')) * <£(k,X' ® A l (e/m]- 
This readily implies the assertion of the lemma. 

□ 

In what follows we will need to consider the following situation. Let X* be a complex 
of objects of C, endowed with two actions of 0- C an, denoted a and a', respectively. Then 
X' ® Spin(g) acquires two differentials, d and d! . 

Assume that there exists a self-anticommuting action 

i h : x X' - X', 

such that a'(x) - a(x) = [d x ,ih(%)], W{x),i h {y)] = i h ([x,y]), [a(x),i h (y)] = 0, where d x is the 
differential on X' . 

Lemma 19.8.2. Under the above circumstances, there exists a graded automorphism of the 
complex X* ® Spin(g) that intertwines d and d! . 

Proof. Let A l (g) and A*(g*) denote the l-completed exterior powers of g and g*, respectively. 

For a natural number i consider the canonical element id, G A*(g) <x> A l (g*). We define the 
operator 

T : X' ® Spin(g) -> X* ® Spin(g) 

by S (i h ® i*)(idj), where i* and i/j denotes the extension of the actions of g*[— 1] and g[l], 

respectively, to the exterior powers. 

Clearly, T is a grading-preserving isomorphism, and 

Toior 1 = i + i h . 

One easily shows that d! = T^ 1 o doT. 

□ 

19.9. DG categories. We will adopt the conventions regarding DG categories from [Drl]. Let 
C be a C-linear DG category, which admits arbitrary direct sums. 

For X',Y* G C we will denote by l Komc{X* ,Y') the corresponding complex, and by 
Honic(AT*, I'*) its 0-th cohomology. By definition, the homotopy category Ho(G) has the 
same objects as C, with the Horn space being Homc(X',l") 

We will assume that C is strongly pre-triangulated, i.e., that it admits cones. In this case 
Ho(C) is triangulated. 

We will assume that C is equipped with a cohomological functor H to an abelian category C. 
We will denote by -D(C) the corresponding localized triangulated category, and we will assume 
that H defines a t-structure on D(C). We will denote by RHom £) (c)(-, •) the resulting functor 
L>(C)°p x D(C) -► D(Vect). 

We will denote by D b (C) (resp., D + (C), D~(C),) the subcategory consisting of objects X', 
such that H(X*[i]) = for i away from a bounded interval (resp., i « 0, i » 0.) 

In what follows we will also use the following notion: we shall say that an object X* G D(C) 
is quasi-perfect if it belongs to D~(C), and the functor Y \— ► Rom D ^ (X* ,Y[i]) commutes 
with direct sums in the core of C (i.e., those objects Y G C for which H(Y~[j]) = for j ^ 0). 



120 



EDWARD FRENKEL AND DENNIS GAITSGORY 



Lemma 19.9.1. Let X' G D(C) be quasi-perfect and Y* G D + (C). Let %' be a bounded 
from below complex of vector spaces. Then RHom^c) (X' , Y* ® %*) is quasi-isomorphic to 
RHom^c)^', Y m ) ® X' in D(Vect). 

The most typical example of this situation is, of course, when C = C(C) is the category of 
complexes of objects of an abelian category C, and H comes from an exact functor 6 — ► & . If 
C ~ 6, then D(C) will be denoted D(C); this is the usual derived category of 6. 

An example of a quasi-perfect object of D(Q) is provided by a bounded from above complex 
consisting of projective finitely generated objects of C. 

Let Ci, C 2 be two DG categories as above, and let G : Ci — > C 2 be a DG functor. We shall 
say that G is exact if it sends acyclic objects (in the sense of Hi) to acyclic ones (in the sense 
of H 2 ). 

The following (evident) assertion will be used repeatedly: 

Lemma 19.9.2. Let G : Ci — > C 2 and G' : C 2 — > Ci be mutually adjoint exact functors. Then 
the induced functors G,G' : D(Ci) ^ -D(C 2 ) are also mutually adjoint. 

Proof. Let G be the left adjoint of G'. Note first of all that the functors induced by G and G' 
between the homotopy categories Ho{C\) and Ho(C 2 ) are evidently mutually adjoint. 
Then for X' G D(d),Y* G D(C 2 ) 

(19.2) Rom D(Cl) (X',G'(Y'))= lim Rom Ho{Cl) (X",G'(Y')) 

x"-,x» 

and 

(19.3) Uom D{C2) (G(X'),Y') = lim Hom ffo(Ca) (G(X'),y"), 

where in both cases the inductive limits are taken over quasi- isomorphisms, i.e., morphisms in 
the homotopy category that become isomorphisms in the quotient triangulated category. 
By adjunction, we rewrite the expression in (19.3) as 

lim Hom Ho (c 2 )(A-,G'(0), 

and we map it to (19.2) as follows. For a quasi-isomorphism Y* — > Y" the map G(F') — > G(Y") 
is a quasi-isomorphism as well, and given a map X' — ► G'(Y"), we can find a quasi-isomorphism 
X" — > X', so that the diagram 

G'(F') > G'{Y") 



X" > X' 

commutes in Ho{C\). The above map X' — ► G'(F*) defines an element in (19.2). 

One constructs the map from (19.2) to (19.3) in a similar way, and it is straightforward to 
check that the two are mutually inverse. 

□ 

20. Action of a group on a category 

20.1. Weak action. Let G be an abelian category as in Sect. 19.3, and let H be an affinc 
group-scheme. We will say that H acts weakly on 6 if we are given a functor 

act* : 6 -> QGoh H ®C, 
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and two functorial isomorphisms related to it. The first isomorphism is between the identity 

functor on 6 and the composition C a 4> QCoh H ®C — > 6, where the second arrow corresponds 
to the restriction to 1 e H. 

To formulate the second isomorphism, note that from the existing data we obtain a natural 
functor actj : QCoh s ®C — > QCoh Sxff <8>C for any affine scheme S. 

The second isomorphism is between the two functors G — > QCoh HxH (8)6 that correspond to 
the two circuits of the diagram 



6 QCoh ff ®e 



(20.1) 



act* 



QCoh^cse QCoh* HxH ®e, 



where mult denotes the multiplication map H x H — > iJ. 

We assume that the above two isomorphisms of functors satisfy the usual compatibility 
conditions. We will refer to these isomorphisms as the unit and associativity constraint of the 
action, respectively. 

Lemma 20.1.1. The functor act* is exact and faithful. For X E G, the On-family &ct*(X) is 
flat. 

Proof. First, the faithfulness of act* is clear, since the fiber at 1 G H provides a left quasi-inverse 

QCoh ff ®e -> e. 

Let S be a scheme equipped with a map <f> : S — > . Note that we have a self-functor 
act^ : QCoh 5 ®C — > QCoh 5 ®e given by 

QCoh 5 (g>C ^ QCoh s ® QCoh H ®e (ids 4 0) * QCoh s (8)6. 

This is an equivalence of categories and its quasi-inverse is given by act£_i, where : 5 — > G 
is obtained from </> by applying the inversion on H. Note that act^ is Os-linear. 

Let us take S — H and <fi to be inversion map. Then the composition act! o act* : 6 — > 
QCoh H xC is isomorphic to the functor X Og ®X, which is evidently exact. Hence, act* is 
exact as well. 

Similarly, to show that act*(X) is Off-flat, it suffices to establish the corresponding fact for 
act^ oact*(X), which is again evident. 

□ 

Here are some typical examples of weak actions: 

1) Let H act on an ind-scheme y. Then the category QCohy carries a weak _ff-action. 

2) Let H act on a topological associative algebra A (see Sect. 19.2). Then the category A-mod 
of discrete A-modules carries a weak iJ-action. 

20.2. Weakly equivariant objects. Let us denote by p* the tautological functor 

6 -> QCoh H (g.e :lHO fl «I, 

where Oh is the algebra of functions on H. 

We will say that an object X e 6 is weakly £f-equivariant if we are given an isomorphism 

(20.2) &ct*(X)~p*(X), 

which is compatible with the associativity constraint of the H- action on 6. 
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Evidently, weakly if-equivariant objects of 6 form an abclian category, which we will denote 
by Q W ' H . For example, let us take C to be Vect-the category of vector spaces with the obvious, 
i.e., trivial, ff-action. Then Q W ' H is the category of iJ-modules, denoted -ff-mod, or Rep(H). 

Let X be an object of e w - H , and V g Jlep(H). We define a new object V * X g G W ' H to be 
V <S> X as an object of 6, but the isomorphism act*(V ® X) — > p*(V <8> X) is multiplied by the 
co-action map V — ► 0# ® V. 

We have an obvious forgetful functor Q W > H — > g 7 and it admits a right adjoint, denoted Av^, 
given by X h-> p*(act*(A)). For X g e w ' H , 

Av£(X) ~ 0^ *X. 

For two objects Ai, X 2 of g 1 "^ we define a contravariant functor Hom e (Ai , X?) of Rep(H) 

by 

Homt T fH) (V, Hom g (Ai ,X 2 )) = Hom e „,ff(V * X X ,X 2 ). 
It is easy to see that this functor is representable. 

Lemma 20.2.1. Let X\ is finitely generated as an object of G. Then the forgetful functor 
Olep(H) — ► Vcct maps Hom P (li , X?) to Home(Ai,X 2 ). 

Proof. We have the map 

Hom e (li, X 2 ) ~Hom ew ,H(X u Av™(X 2 )) -► Hom e (Xi, Av H (X 2 )) ~Hom e (Xi, H ® A 2 ), 

and the latter identifies with Oh <8> Home(A' 1 , A 2 ), by the assumption on X\. 

This endows Hom e (X 1 ,X 2 ) with a structure of iJ-module. It is easy to see that it satisfies 
the required adjunction property. 

□ 

Note that since 

Hom e (Ai,A 2 ) ~Hom e „, H (Xi,0i/*X 2 ) and Hom e ., ff (Xi,X 2 ) - Hom H (C,Hom e (Xi, X 2 )), 
we obtain that X\ is finitely generated as an object of C if and only if it is one in Q W < H . 

20.3. Let C(e w ' H ) denote the DG category of complexes of objects of e w ' H , and let D(Q W > H ) be 
the corresponding derived category. By Lemma 19.9.2, the forgetful functor D(C W ' H ) — > D(G) 
admits a right adjoint given by X* ^ act*(X*). 

For X',X' e D(G W ' H ) we define a contravariant cohomological functor RHom ^^ (X*, X*) 
on D(Xep(H)) by 

V' t— > Hom£)(e m ,H-)(y* * X*, A*). 
It is easy to see that this functor is representable. 

Lemma 20.3.1. Assume that X' is quasi-perfect and X* g D + (G W ' H ). Then the image of 
RHoin ji^) (X*, X 2 ) under the forgetful functor D(0iep(H)) — ► D(Vect) is quasi-isomorphic to 
RHom D(e) (A 1 *,A 2 *). 

The proof repeats that of Lemma 20.2.1. 
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20.4. Infinitesimally trivial actions. Let i?W be the z-th infinitesimal neighborhood of 1 in 
ff, so that = 1 and ffW = Spcc(C © e • ff), where e 2 = 0. Note that if ff weakly acts on 
6, the restriction to ff^ yields for every object leCa short exact sequence in 6. 

-> if ® X -» -^X^O, 

where X« := act*(X)| ffC i, . 

We will say that the action of ff on 6 is infinitesimally trivial, or of Harish- Chandra type, if 
we are given a fvmctorial isomorphism 

(20.3) a ct*(X)\ H(1) ~p*(X)\ H(1) , 

such that two compatibility condition (see below) are satisfied. 

The first condition is that the isomorphism (20.3) respects the identification of the restrictions 
of both sides to 1 e with X. (In view of this condition, the data of (20.3) amounts to a 
functorial splitting X — > X (1 \) 

To formulate the second condition, consider the map of schemes 

(h, /ii) h5 Adfc(/ii) : ff x ff« -» ff«. 
From (20.1) and (20.3) we obtain two a priori different identifications 
Ad*pf (1) ) =f O flxH( i) ®Xe QCoh Hxff( D ®e. 
Our condition is that these two identifications coincide. 

Here are some typical examples of Harish-Chandra actions: 

1) Let y be an ind-scheme of ind-finite type acted on by ff. Then the category J)(y)-mod 
carries a ff-action of Harish-Chandra type. 

2) Let A be a topological associative algebra, acted on by ff, and assume that the derived 
action of 1) on A is inner, i.e., comes from a continuous map t) — > A. Then the action of ff on 
A -mod is of Harish-Chandra type. 

Let now X be an object of Q W ' H . Note that in this case we have two identifications between 
act*(X)| H (i) and p*(X)\ H (i) . Their difference is a map 

J : X (-> if* <g> X, 

compatible with the co-bracket on I}*, i.e., an action of I) on X, see Sect. 19.1. We will call this 
map " the obstruction to strong equivariance" . 

We will say that an object X G Q W > H is strongly ff-equi variant (or simply ff-equi variant) if 
the map a" is zero. Strongly equivariant objects form a full subcategory in C W ' H , which we will 
denote by C H . 

Let us consider the example, where 6 = D(^) mod, where X is an ind-scheme of ind- 
finite type acted on by ff. Then D(^)-m.od w ' H is the usual category of weakly ff-equivariant 
D-modulcs, and D(y)-mod is the category strongly ff-equivariant £>-modules. 

More generally, if 6 = A -mod, where A is a topological associative algebra, acted on by ff, 
then A-mod 1 "^ consists of A-modules, endowed with an algebraic action of ff , compatible with 
the action of ff on A. If the action of ff on A is of Harish-Chandra type, and lei -mod w ' H , 
the map a" : X — > f)* <g> X corresponds to the difference of the two actions of t) on X. 
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20.5. Let C(G H ) denote the DG category of complexes of objects of C H , and D(Q H ) the 
corresponding derived category. We have a natural functor D(C H ) — > £>(C), but in general it 
does not behave well. Following Bcilinson, we will now introduce the "correct" triangulated 
category along with its DG model, that corresponds to strongly ii-equivariant objects of G. 

Let C(G) H be the category whose objects are complexes X* of objects of G W ' H , endowed 
with a map of complexes 

: X' -» t)*[-l]*X', 
such that the following conditions are satisfied: 

• z" is a map in Q W > H . 

• The iteration of i", viewed as a map X' — > A 2 ([)*)[— 2] * X', vanishes. 

• The map [d, i 1 *] : X* — > fj* * X* equals the map aK 

For two objects X* and X' of C(C) ff we define 'Korn^^H (X' , X') to be the subcomplex 
of Jiom C (Q W ,H)(X' , X*) consisting of graded maps X' — » that preserve the data of i". 

This defines on C(C) H a structure of DG-category. 

Note that the usual cohomology functor defines a cohomological functor C(G) H — > C ff . We 
will denote by D(G) H the resulting localized triangulated category which henceforth we will 
refer to as the " ii-equivariant derived category of 6" . 

By construction, the truncation functors r <0 , r >0 arc well-defined at the level of C(G) H . 
Therefore, objects of the subcategory D b (G) H (resp., D + (G) H , D~(G) H ) can be realized by 
complexes in C{G) H that are concentrated in finitely many cohomological degrees (resp., coho- 
mological degrees >> — oo, << oo). 

20.6. Examples. Take first 6 to be Vect, in which case Q w - H identifies with the category 
Olep(H), and G H is the same as Rep(H/H°), where if C if is the neutral connected component 
of if. 

We will denote the resulting DG category by C(pt / H) and the triangulated category by 
D(pt /if). Note that C(pt /if) is the standard, i.e., Cartan, DG-model for the ii-equivariant 
derived category of the point-scheme. 

Consider the de Rham complex on if, denoted DR#. The multiplication on H endows 
DRj with a structure of a DG co-algebra. The category C(pt /if) is tautologically the same 
as the category of DG co-modules over DRj. In particular, DRg itself is naturally an object 
of C(pt /(if x if)). 

More generally, let C be 2)(y)-mod for y as above. In this case C(2)(y) -mod)^ is the 
DG-model for the ii-equivariant derived category on y studied in [BD1]; in loc.cit. it is shown 
that the corresponding derived category is equivalent to the category of [BL] . 

20.7. Averaging. Note that for any 6 with an infinitcsimally trivial action of H we have a 
natural tensor product functor 

V, X' ^ V * X' : C(pt /if) x C(C) ff -► C(G) H , 

which extends to a functor D(pt /if) x D(G) H -> D(G) H . 

We have a tautological forgetful functor C(G) H — * C(C W ' H ), and we claim that it admits a 
natural right adjoint, described as follows. 

We will regard X* e C(C W ' H ) as a complex of objects of 6, acted on by f) via o", and we can 
form the standard complex 
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see Sect. 19.8. It is naturally an object of C(G W ' H ). The action of the annihilation operators 
defines on £(f), X') a structure of an object in C(G) H . 

The resulting functor C{G W ' H ) -> C{G) H is exact when restricted to C+{G W ' H ), and the 
corresponding functor D + {G) H — » D+(e , " ,H ) is the right adjoint to the tautological forgetful 
functor, by Lemma 19.9.2. 

We will denote the composed functor 

C(e) ^3 C(e w ' H ) -► C(G) H 

(and the corresponding functor D + (G) — > D + (G) H ) by Av#. This functor is the right adjoint 
to the forgetful functor C(G) H -> C(C) (rcsp., D(G) H -» £>(C)). 
Let us consider two examples: 

1) For 6 = Vect, we have Av H (C) ~ DR# G C(pt /if). 

2) Let 6 = 53(y)-mod, where ^ is an ind-scheme of ind-finite type, acted on by H. The 
resulting functor at the level of derived categories D + (D(y) -mod) — ► D + (£>(y) -mod) H is the 
corresponding ^-averaging functor: 

5" i— > o act 1 (5"), 
where p and act are the two maps H x ^ — > ^ . 

20.8. The unipotent case. Assume now that if is connected. We claim that in this case C ff 
is a full subcategory of 6. Indeed, for a C-morphism <p '■ X\ — > A 2 between objects of C H , in 
the diagram 

act* (Xi) act * W ) act*(X 2 ) 

~t ~? 

O ff ®Ai ► O ff ®A 2 

the bottom arrow is necessarily of the form id <S></>', since its derivative along H is 0, as follows 
from the condition that cfi\x 1 = c$\x 2 = 0. Then the unit constraint forces 0' = 0. 

For if connected let us denote by D(G) e h the full subcategory of D(G) consisting of objects, 
whose cohomologies belong to G H . 

Proposition 20.8.1. Suppose that the group-scheme H is pro -unipotent. Then the functor 
D + (G) H — > D + (S) is fully-faithful, and it induces an equivalence D + (G) H ~ D + (G) g h. 

Proof. Since Avh ■ D + (G) — ► D + (G) H is the right adjoint to the functor in question, to prove 
fully-faithfulncss it suffices to show that the adjunction map gives rise to an isomorphism 
between the composition 

D+(G) H -» D+(6) D+(G) H 

and the identity functor. 

For X' G C+(e) H , the object Av#(X # ) is isomorphic to the tensor product of complexes 

DR ff *r, 

and the adjunction map in question corresponds to the natural map C — > DR# . The latter is 
a quasi-isomorphism since H was assumed pro- unipotent. 

It remains to show that D + (G) H maps essentially surjectively onto D + (G) e h . For that it is 
sufficient to show that for X' G D + (G) e H, the second adjunction map Av#(A*) — > X* is a 
quasi-isomorphism. 
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By devissage, we can assume that X' is concentrated in one cohomological dimension. How- 
ever such an object is quasi-isomorphic (up to a shift) to an object from G H , which makes the 
assertion manifest. 

□ 

20.9. Equivariant cohomology. For X',X* G C(G) H we define a contravariant functor 

3£gm e (Xl,X') : C(pt /H) -» C(Vect) 

by 

V i — ► , Kom c(e) H{V *X{,XZ). 

This functor is easily seen to be representablc. When X' is bounded from above and 
consists of objects that are finitely generated, the forgetful functor C(G) H — > C(Vcct) maps 
%om e (X{,XZ) to 5£om c(e) (X 1 , ,X*). 

Similarly, for X' E,X' G D(C) H the cohomological functor 

V i — ► RHom D(e)H (r * 

is representable by some RHom p^fX*, X*) G D + (G) H . We have the following assertion, 
whose proof repeats that of Lemma 20.2.1: 

Lemma 20.9.1. If X' quasi-perfect as an object of D(G) and X* is bounded from below. Then 
the forgetful functor D + (pt /H) — » D+(Vect) mays RHoni j^ (X', X') to RHomp^^X' , X') . 

The last lemma gives rise to the Leray spectral sequence that expresses Exts in the H- 
equivariant derived category as equivariant cohomology with coefficients in usual Exts. 

We will now recall an explicit way of computing Exts in the category D(pt /H), in a slightly 
more general framework. For what follows we will make the following additional assumption 
on H (satisfied in the examples of interest): 

We will assume that the group-scheme H is such that its unipotent radical H u is of finite 
codimension in H . We will fix a splitting H/H u =: H rec i — » H . 

Let C be an abelian category with the trivial action of H. We will denote the resulting 
equivariant DG category by C(pt /H ® C). It consists of complexes of objects of C, endowed 
with an algebraic 0#-action, and an action of f)[l], satisfying the usual axioms. 

Consider the functor X' ^ 2£om c(pt/Jf) (C, X*) : C(pt /H <g> 6) -> C(C), given by 

X' i ► (X') H -^. 

Consider the corresponding derived functor 

WKom D(pt/H) (C, ?) : D(pt /H®G)^ D(G). 

Let us show how to compute it explicitly. 

Let BH' (resp., EH') be the standard simplicial model for the classifying space of H (resp., 
the principal ii-bundle over it). Let us denote by DRg#. be the de Rham complex of EH' . 
The action of H on EH' makes DRgff« a co-module over DR#, i.e., an object of C(pt /H). 
Since EH' is contractible, DR^fl. is quasi-isomorphic to C. 

Lemma 20.9.2. For X' G C(pt /H ® C) 7 there is a natural quasi-isomorphism 
2Wc ( pt/ff)(<C,DR B H. *X')~ KKom D{pt/H) (C,X'). 
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Proof. We only have to check that whenever X* G C(pt /if C) is acyclic, then 

(VR EH .*X') H ^ 

is acyclic as well. 

Note that the rows of the corresponding bi-complex are isomorphic to 

(DRffn * X') H ^ ~ DR ff „-i X'. 

In particular, they are acyclic if X' is. In other words, we have to show that the corresponding 
spectral sequence is convergent. 

Consider the maps DRg. — > DRjfn , corresponding to the splitting H re d — » if. They 
induce a quasi-isomorphism 

(DR £H . *X*) J? > f 'W -> (DR BH ; ed *^*) Hred ' f,re<l[11 . 

This reduces us to the case when H is finite-dimensional, for which the convergence of the 
spectral sequence is evident. 

□ 

As a corollary, we obtain that the functor KKgm D , pt , H \(C, ?) commutes with direct sums. 
We will sometimes denote the functor 3&{om D ( pt i H \ (C, ?) by H^ R (pt /H, ?). 

20.10. Harish- Chandra modules. Let g be a Tate Lie algebra, acted on by if by endomor- 
phisms, and equipped with a homomorphism f) — ► g, so that (g, H) is a Harish-Chandra pair. 
Then the category g -mod is a category with an innnitcsimally trivial action of if. 

The abelian category g-mod ff is the same as (g, H) -mod, i.e., the category of Harish- 
Chandra modules. For M* G C(jj-mod) ff we will denote by x i— > a(x) the action of g on M* 
and for x G f), by a b (x) the action obtained by deriving the algebraic if-action on M*. (Then, 
of course, a" (a;) = a b (x) — a(x) = [d, i$(x)]). 

Let D(g-mod) H be the corresponding derived category, and D((g, H) -mod) be the naive 
derived category of the abelian category (g, H) -mod. 

Proposition 20.10.1. Assume that g is finite-dimensional. Then the evident functor 
D(g, H) -mod — > D(g-mod) H is an equivalence. 

Proof. We will construct a functor <I> : C(g-mod) H — > C((g, if) -mod) that would be the 
quasi-inverse of the tautological embedding at the level of derived categories. 
For M* G C (g -mod) consider the tensor product 

(20.4) U(g)®A'(g)®M* 

with the standard differential, where U(g) is the universal enveloping algebra. 

Assume now that M* is in fact an object of C(jj-mod) H . Consider an action i° of f)[l] on 
(20.4), given by i°(x) ■ (u ®uj <S> m) = u ® u A x <g> m + u <S> u> ® i"(x) • m. Consider also a fraction 
Lie°, given by 

Lie° • (u ® uj (g) to) = — u •a;(8)a;®TO + 'U(g) ad x {ui) (g) to + u w ® a t, (x)(TO). 
We have the usual relation [d,i°(x)] = Lie°, and set 

$(M*) := ([/(g)®A'(g)®M') M[1 , ~ Cf( fl ) (A'(fl) M # ). 

(7(1,) A«(fj) 

This is a complex of g-modules via the g-action by the left multiplication on U(g), Moreover, 
we claim that the action of f) C g on $(M*) integrates to a if-action. This follows from the 
fact that the a -action of t) on M* is integrable, and that the adjoint of f) on g is integrable. 
Therefore, $(M*) is an object of C((fl, if) -mod). 
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It is easy to see that 3> : C(g-mod) H — > C((g, H) -mod) is exact, and hence, it gives rise to 
a functor at the level of derived categories. 

Note that for any M* £ C(g-mod) ff we have the natural maps 

M* <- t/(g) ® A*(fl) ® M* -> $(M*), 

both being quasi-isomorphisms. This implies the statement of the proposition. 

□ 

20.11. Relative BRST complex. Assume now that H is such that the adjoint action of \) 
on Cliff(g,g*) can be lifted to an algebraic action of H on Spin(g). In particular, the canonical 
extension g_ C an splits over f), and the category g_ can -mod also acquires an infinitesimally 
trivial i^-action. 

For an object M* £ C(g_ can -mod) H , consider the complex (g, M*), associated with the 
corresponding bi-complex. We claim that it is naturally an object of C(pt /H): 

As a complex of vector spaces, it carries the diagonal action of the group-scheme H (we 
will denote the action of its Lie algebra by Lie ) and an action, denoted z b , of A*(h) defined as 
i\tj + iK Let us show how to compute H' DR (pt /H, £tt (g, M')) £ D(Vcct) (see Sect. 20.9). 

For M* as above, let us denote by €"2" (jj; H rec i 1 M°) (resp., £~ (g; H, M°) the subcomplex 
of £f( 8l Jlf), equal to (g, M')) Hred ' t ' redll] (resp., M')) H ' m ). 

Lemma 20.11.1. 

(1) The complex H* DR (pt /H, M*)) is quasi-isomorphic to € 2 (g; H re d, M*). 

(2) If each M l as above is injective as a H u -module, then the embedding 

€^(q;H,M') £^(g;H red ,M') 

is a quasi-isomorphism. 

Proof. First, by Sect. 20.9, we can assume that M* is bounded from below. Secondly, arguing 
as in Proposition 20.8.1, we can replace the original complex M' by one, which consists of 
modules that arc injective over H u (and hence over H). 
Hence, it is sufficient to check that in this case 

H' DR (pt /H, ^ (g, AT)) «- £^ (g; H, M') - €^ (g; H red , M') 

are quasi-isomorphisms. 

Consider £^(g, M*) as a module over the Clifford algebra Cliff(f)), where the annihilation 
operators act by i* , and the creation operators act by means of i b . We obtain that 

for some complex M' of _ff-modules, which are moreover, consists of injective objects. 

Thus, we have reduced the original problem to the case when g = f). In this case, by 
Lemma 19.8.2 and Lemma 20.9.1, 

H' DR (pt /H, <£({,, M' j) ~ RHo mi5(ff _„ lod) (C, M m ), 

which is quasi-isomorphic to 

£(f); H, M') ~ M\ 

if M' consists of injective ii-modules. 

Moreover, by the Hochshild-Serre spectral sequence, 

RKom D{H _ mod) (C,M') ~ (RHom D(ffu _ mod) (C,Af)) H " d ~ <L(t); H red , M'). 
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20.12. Variant: equivariance against a character. Let now ijj be a homomorphism H — ► 
G a ; wc will denote by the same character the resulting character on f). For a category 6 as 
above, we introduce the category Q H >$ to be the full subcategory of Q W ' H , consisting of objects, 
for which the map a? is given by the character ip. 

Let us consider the example when 6 = 53 (V) -mod. Let be the pull-back of the Artin- 
Schreier D-modulc on (& a under ip. Its fiber at 1 £ H is trivialized and it is a character sheaf 
in the sense that we have a canonical isomorphism mult*(e^) ~ Kl , which is associative 
in the natural sense. 

The category -mod H '^ consists of D-modules J on ^, endowed with an isomorphism 
act*(5F) ~ IE] 2f £ D(H x y)-mod, satisfying the associativity and unit conditions. 

Returning to the general situation, we introduce the category C(G) H '^ in the same way as 
C(C) H with the only difference that we require that [d, i"] = a" + ij). This is DG-category with a 
cohomological functor to G H '^. We will denote by D(Q) H '^ the resulting triangulated category. 

Much of the discussion about C(G) H carries over to this situation. For example, we have 
the averaging functor Avh,4> : C(C) — > C(G) H -^, right adjoint to the forgetful functor. It is 
constructed as the composition of Av^ and the functor 

x* i ► x* ® c*) : c(e w ' H ) -> c(e)^, 

where is the 1-dimensional representation of \) corresponding to the character ip. 

When H is pro-unipotent, one shows in the same way as above that the functor D + (C) H -^ — ► 
D + (C) is an equivalence onto the full subcategory consisting of objects, whose cohomologies 
belong to G H ^. 

21. D-MODULES ON GROUP IND-SCHEMES 

21.1. Let G be an affine reasonable group ind-scheme, as in [BD1]. In particular, its Lie 
algebra g is a Tate vector space. We will denote by Og the topological commutative algebra of 
functions on G. 

! 

The multiplication on G defines a map Aq ■ Og - * Og ® Og- We will denote by Lie; and 
Lic r the two maps 

g® G -> G , 

corresponding to the action of G on itself by left (resp., right) translations. 
In addition, we have the maps 

A fl : fl -► G ® g, A r : 0* ^ G «) 0* 
that correspond to the adjoint and co-adjoint actions of G on and 0*, respectively. 

Let us denote by T(G) (resp., T*(G)) the topological Oc-niodulc of vector fields (resp., 

1-forms) on G. It identifies in two ways with Og ® (resp., Og ® 0*), corresponding to the 
realization of (resp., 0*) as right or left invariant vector fields (resp., 1-forms). Note that 
T{G) is a topological Lie algebra and T*(G) is a module over it. 
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21.2. Following [AG1], we introduce the category of D-modules on G, denoted D(G) -mod, as 
follows: 

Its objects are (discrete) vector spaces M, endowed with an action 

0®M~0®M ™ M 

and a Lie algebra action 

ai :g(8)M~g(g)M^M, 
such that the two pieces of data are compatible in the sense of the action of g on G by left 
translations in the following sense: 

We need that the difference of the two arrows: 

and 
equals 

S <8> G ® M ^4 G ® M ™ M. 

Morphisms in £>(G)-mod are maps of vector spaces Mi — ► M2 that commute with the 
actions of g and G . 

21.3. Action of the Tate canonical extension. Following Bcilinson, we will show now that 
if M is an object of £>(G)-mod, then the underlying vector space carries a canonical action of 
0-can, denoted a r , which commutes with the original action of 0, and which is compatible with 
the action of G via the action of on G by right translations. 

Set M DR = M ® Spin(jj). Let us denote by i r and i* the actions on it of A*(g) and A*(g*), 
both of which are subalgebras in Cliff (0,0*). 

From the definition of £>(G)-mod it follows that i r and i* on M extend to actions of the 

1 ! 

odd topological vector spaces T(G) and T*(G), identified with G <g) g and G <S> 0* using left- 
invariant vector fields and forms, respectively. We will denote the resulting actions simply by i 
and i*. 

Using the map 

(21.1) 0^O G ®0 7 ^ 9 O G ®0, 

(here 7 is the inversion on G), we obtain a new action i\ of A*(g) on M. DR . Similarly, we have 
a new action i\ of A*(g*) on M DR . Altogether, we obtain a new action of the Clifford algebra 
Cliff(0,0*) on M DR . 

We will denote by the symbol Lie; the action of on M DR coming from the action a/ of 
on M. We claim that this action extends to an action of the Lie algebra T(G), denoted simply 
by Lie. 

First we define an action of the non-completed tensor product G ® on M DR . Namely, for 
x G 0, / € G and v G M we set we set 

(21.2) {f®x)-v = f- Liei(x) ■ v + i^(df) ■ k{x) ■ v. 
Note that 

/ • Lie ; (a;) • v + i*{df) ■ ii(x) ■ v = Lie ; (a;) ■ / • v + ii(x) ■ i*{df) ■ v. 

This property implies that the above action of G (g> extends to the action of G ® q ~ T(G). 
Indeed, when x is contained in a deep enough neighborhood of zero, then both Liej( x ) and ii(x) 
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annihilate any given v G M. Similarly, if / is contained in a deep neighborhood of zero, then v 
is annihilated by both / and ii(df). 

One readily checks that the above action is compatible with the Lie algebra structure on 

T{G). In particular, using the map — A g : q — > Oq ® g, i.e., the embedding of q into T(G) as 
left-invariant vector fields, we obtain a new action of the Lie algebra g on M. We will denote 
this action by Lic r . 
We have 

• [Lie r (x),ii{y)} = 0, [Ue r (x),tf (y*)} = for x,y G g, y* G g*. 

• [Lie r (x),i r (y)}=i r ([x,y]), [Lie r (x),i*(y*)} = i*(&d x (y*)), 

• [Lie r (a;), /] = Lie r(x) (/) for / e G . 

• [Lie r (x),ai(y)] = 0. 

Finally, we are ready to define the action a r of g- ca n on l\l DR . Namely, a r is the difference 
of Lie r and the canonical can -action on Spin(g). 

It is easy to see that a r is indeed an action. Moreover, 

• [a r (x'), f] = Lie r(x )(/), for x' G fl- C an and its image x e g, 

• [a r (x'),ai(y)] = 0, 

• [a r (x'),i r {y)} = 0, [a r (x'),i r (y*)] = 0. 

The last property implies that the a r -action of g- can on M DR preserves the subspace M; 
i.e., we obtain an action of 0- ca n on M that satisfies the desired commutation properties. 

When we view M € 2)(G) mod as a g_ can -module via a r , we obtain that M DR identifies 
with €~(g,M), where * = i*, Lie = Lie r . In particular, M DR acquires a natural 

differential d. 

From the above commutation properties, it follows that this differential satisfies: 

. [d,i(0] =Lie(0 for £ e T(G), 

• [d,f]=i*(df) for /GO G . 

Of course, M DR depends on the choice of the Clifford module Spin(g). 

21.4. Note that the above construction can be inverted: we can introduce the category 
£>(G) -mod to consist of (0 G , g_ can )-modules, where the two actions are compatible in the 
sense of the g_ can -action on Oq via right translations. In this case, the vector space underlying 
a representation automatically acquires an action of g, which commutes with the g_ can -action 
and is compatible with the action of Oq via left translations. 

Let us also note that in the definition of J)(G)-mod we could interchange the roles of left 
and right: 

Let us call the category introduced above £>(G)z -mod, and let us define the category 
D(G) r -mod to consist of (Og, fl)-modulcs, where the two actions are compatible via the action 
of g on Og by right translations. We claim that the categories 2)(G)z -mod and D(G) r -mod 
are equivalent, but this equivalence does not respect the forgetful functor to vector spaces. 

This equivalence is defined as follows. For M; G D(G)i -mod, the actions ii, i* t define 
a new action of Cliff(g,g*) on JA DR . We define an object of M r G S)(G) r -mod by 
Hom C |jff( g g »)(Spin(g),M' D - R ) with respect to this new action. 

Explicitly, this can be reformulated as follows. Let G can be the canonical (i.e., Tate) central 
extension of G. It can be viewed as a line bundle J^an over G, whose fiber at a given point 
g G G is the relative determinant line det(g, Ad g (g)). The action of q on G be left (resp., right) 
translations extends to an action of gcan (resp., g- C an) on J^an- 
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Then, 

as Dc-modules, respecting both the ai and a r actions. 

In what follows, unless stated otherwise, we will think of 23(G) -mod in the 23(G); -mod 
realization. 

21.5. Let H be a group-scheme, mapping to G. We claim that the category 23(G) -mod 
carries a natural infinitesimally trivial action of H, corresponding to the action of H on G by 
left translations. (As we shall see later, this is a part of a more general structure, the latter 
being an action of the group ind-schemc G x G on 23(G) -mod). 

For M G 33(G) -mod we set act ; *(M) to be isomorphic to H <8> M as an O^-module. The 
action of Og is given via 

G ^ G ® G 7 ^ d Otf ® G . 
The action ai of is given via the map 

^ G ® 7 -^ d G ® g - ff 4 0, 

where 0# ® acts on 0# ® M by id ®m. 

To construct isomorphism act*(M)| ff( i) ~ p*(M)| H (i) we identify both sides with M©e-f)*(g>M 
as vector spaces, and the required isomorphism is given by the action of \) on M, obtained by 
restriction from a;. 

Note that by construction, the action of 0_ C an on act ; *(M) ~ Oh ® M is via its action on 
the second multiple. 

Let now H' be another group-scheme, mapping to G, and let us assume that there exists a 
splitting f)' — ► can . In this case, we claim that there exists another infinitesimally trivial action 
of H' on 23(G) -mod, corresponding to the action of H on G by right translations: 

For M G 23(G) -mod, we define act*(M) to be isomorphic to M® Oh 1 as an O^'-module and 

! 

as a g-modulc. The action of Og is given by the co-multiplication map G — ► G <8> 0^'- It 
is easy to see that the commutation relation is satisfied. The associativity and unit constraint 
are evident. 

To construct the isomorphism act*(M)| ff ,<i) ~ P*(M)\ H ,(i) , note that both sides are identified 
with M ffi e • ()" ® M as 0-modules. The required isomorphism is given by the action of f)' on 
M, obtained by restriction from a r . Again, it is easy to see that the axioms of Harish-Chandra 
action hold. 

Let us note that the action a r of g_ can on act*(M) ~ M ® Or 1 is given via the map 

A I ! 

0- can > 0- can ® G ~> 0- can ® H > . 

Let us denote by 23(G) -mod"-^ (resp., 23(G) -mod r( - H ') the corresponding categories of 
strongly equivariant objects of 23(G) -mod. Moreover, it is easy to see that the actions of H 
and H' commute in the natural sense, i.e., we have an action of H x H' on 23(G) -mod. We 
will denote the resulting category by 23(G) -mod^ i ^' T ^ i? \ 
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21.6. Let now if C G be a group-subscheme such that the quotient G/K exists as a strict 
ind-scheme of ind- finite type (in this case it is formally smooth). We will call such K "open 
compact" . 

We will choose a particular model for the module Spin(g), denoted Spin(g,k) by letting it 
be generated by a vector 1 6 Spin(g), annihilated by k © (fl/k)* C g © g* c Cliff (g, 0*)- This 
Spin(g, k) carries a natural action of K, which gives rise to a splitting of G can over K. 

By the assumption on G/K, it makes sense to consider right D-modules on it; we will denote 
this category by D(G/K) -mod. 

Proposition 21.6.1. We have a canonical equivalence D(G) -mod r ^ ~ T)(G/K) -mod. 

Proof. Let it denote the projection G — ► G/K. For 5F 6 D(G/K) -mod, consider the OG-niodulc 
M := r(G, 7r*(5F)). 

For i£g, the (negative of the) corresponding vector field acting on H gives rise to a map 
ai(x) : M — > M, as a vector space, and these data satisfy the conditions for M to be a ®(G)- 
module. 

We claim that the action of the Lie algebra k C g_ call on M, given by a r , coincides with the 
natural action of k on it* (5F) obtained by deriving the group action. This would imply that M 
is naturally an object of S(G) -mod r ^. 

To prove the assertion, we can assume that ? is an extension of a D-modulc on an affinc ind- 
subscheme of G/K. Then it is sufficient to check that the subspace T(G/K 7 5F) C M C M DR is 
annihilated by the operators Lie,,^) for i£k. But this is straightforward from the construction. 

Vice versa, let M be an object of D(G) -mod r ^ K \ which we identify with the corresponding 
quasi-coherent sheaf on G. Consider the complex of sheaves n*(M DR ) on G/K; it carries an 
action of the operators i r {x), Lie,,^), x <E g. We set 1 DR to be the subcomplex of n*(M DR ) 
annihilated by the above operators for x e k. 

Set 1 to be the degree part of 3 DR ] it is easy to see that 2f ~ (Tr*(M,)) K . The degree — 1 
part of J DR identifies with J ® T(G/K), and the differential 

0(G/K) 

defines on 5F a structure of a right S)-module. Moreover, the entire complex J DR identifies with 
the de Rham complex of 3 r . 

□ 

Let 5k,g be the object of D(G) -mod 1 "^** corresponding to the delta-function 8\,g/k under 
the equivalence of categories of Proposition 21.6.1. It can be constructed as lnd^(0^:) as a 
module over g and Oq- As a module over g_ ca n it is also isomorphic to Ind^~ can (Ox)- 

More generally, let L be an object of QCohg/ K . Let Ind G ^(,C) be the induced D-module. 

The corresponding object of D(G) -mod r< - K \ i.e.,, T ^G,7r* ^lndg^^(L)^ can described as 
follows: 

Consider the Oc-module T(G, 7r*(£)); it is acted on naturally by K. Consider the g_ can- 
module Indjj|~ can (r(G, ir*(L))). It is naturally acted on by Oq, so that the actions of g- C an 
and Oq satisfy the commutation relation with respect to the right action of G on itself. Hence, 
Ind^~ can (r(G, 7r*(£))) is an object of D(G)-mod r(K) and we have a natural isomorphism: 

(21.3) T (g,tt* (lnd^(£))) ~ Ind"""" (T(G, tt* (£,))) . 
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21.7. The bi-equivariant situation. Let now K\,K 2 be two "open compact" subgroups of 
G. Note that we have a natural equivalence of categories 

(21.4) 2>(G/A"i) mod^ 2 -► ®(G/K 2 ) mod Kl : J ^ J op , 

defined as follows. 

Assume, without loss of generality, that 2f is supported on a closed i^-invariant subscheme 
y G G/Ki, and let y op be the corresponding ATi-invariant subscheme in K 2 \G. We can find a 
normal "open compact" subgroup K' 2 C K 2 such that if we denote by y' op the preimage of y op 
in K' 2 \G, the projection 

7ti : y ,op - y 

is well-defined (and makes y' op a torsor with respect to the corresponding smooth group-scheme 
over y). 

Consider ^(IJ). This is a D-module on y' op , equivariant with respect to the action of the 
group (K 2 /K 2 ) x K\ on this scheme. Hence, it gives rise to a AVequivariant D-module on 
K 2 \G. To obtain J op we apply the involution g^g" 1 : K 2 \G -> G/A 2 . 

Let us now describe what this equivalence looks like in terms of the equivalences 

25(G/Ai)-mod K2 ~ D(G)-mod l{K2) ' r(Kl) and 25(G/AT 2 ) -mod Kl ~ 23(G) -mod z(Kl) ' r(K2) . 

First, the inversion on G defines an equivalence 

23(G), -mod 1 ^^- 23(G) r -mod^ 2 ><^\ 

and the sought-for equivalence is obtained from the one above via 2)(G) r -mod' (K2) < r( * ri) ~ 
25(G), -mod^^. 

(Note that the determinant line that played a role in the 25(G) r -mod ~ 23(G); -mod equiv- 
alence, appears also in (21.4), when we descend right D-modules from V' op to y op .) 

21.8. Consider now the DG-category C (25(G) -mod) r( - K \ and we claim that the construction 
in Proposition 21.6.1 gener alizes to a functor C(25(G) -mod) r W -> C (25 (G/ A) -mod). 

Indeed, for JvT £ C (23(G) -mod) r( - K > let us denote by (M') DR the total complex of the 
corresponding bicomplex. We have several actions of A*(k) on it, and let i\. be the sum of the 
one given by restricting the i r -action of g and iK In addition, (M') DR carries a natural action 
of A. These two structures combine to that of object of C(pt /A). 

Consider again the complex of sheaves Ti it {('M') DR ) on G/K. It carries an action of A*(k) 
coming from i\ and an action of the group-scheme A. Define 

{T) DR := Xom c{pt/K) (C,7T*((M*0) • 
This is an f2^,^-module on in the terminology of [BD1]. 

Finally, we consider the functor C (23(G) -mod) r( - K ^ C(25(G/A) -mod) given by 



M' ~ Indf G G / K K) ((?') DR ) e C(23(G/A)), 



where Ind®^^ is the induction functor from Q^^-modules to D-modules on G/K, see [BD1], 
Sect. 7.11.12.* 

Lemma 21.8.1. The resulting functor 

M* 1 — ► Ind^f^ ([T) DR ^j : C(23(G)--mod) r W C(23(G/A) -mod) 
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Proof. This follows from the fact that the functor 

M* i — ► (?') DR , 

viewed as a functor from C(D(G) -mod) r ( K ^ to the DG category of (non-quasi coherent) sheaves 
on G/K is exact. □ 

Hence, we obtain a well-defined functor D(D(G) -mod) r ( K ) -> D(S)(G/K) -mod). 

Proposition 21.8.2. The above functor D(D(G) -mod) r ( K ) -> D(D(G/K) - mod) is an equiv- 
alence. Its quasi-inverse is given by 

D(D(G/K) - mod) -» £>(2>(G) -mod r( ' R " ) ) -» D(£(G) -mod) r W. 

As a corollary, we obtain that in this case the evident functor D(D(G) -mod r ^') — > 
D(T){G/ K) -mod) is an equivalence. 

Proof. The functor 

J* -> T{G,n*{T)) =: M* -> Ind^/ X) (jf m c(pt/K) (C, ^((M'O)) 

is isomorphic to the composition 

C(S)(G/A")-mod) ^fi^-mod °-^ K C(®{G/K) -mod), 
and hence, on the derived level, it induces a functor isomorphic to the identity. 

Vice versa, for M* £ C(D(G) -mod r< " K ^) we have a natural map 
(21.5) n*(lnd%l G / K K) (Xom c{pt/K) (C,^((M') DR ))) - M', 

and we claim that it is a quasi-isomorphism. This follows from the fact that as a complex of 
vector spaces, the LHS of (21.5) is naturally filtered, and the associated graded is isomorphic 
to 

(Sym( /k)® A*(g/k))®M', 
where the first multiple has the Koszul differential. 

□ 

We shall now establish the following: 

Proposition 21.8.3. For M* £ £>+(£> (G) -mod) K and J' £ D + (D(G/K) -mod), corre- 
sponding to each other under the equivalence of Proposition 21.8.2, we have a canonical quasi- 
isomorphism 

H' DR (G/K,3')~£^( & ;K red ,M'). 

Note that by Lemma 20.11.1(1), 

£t ( fl ; K red , JvT) ~ H' DR (pt /if, (M') DR ) . 

Proof. We can assume that the complex M' is such that each M\ as a if-equivariant Oq- 
module, is of the form tt*(L 1 ), where L l is a quasi-coherent sheaf on G/K, which is the direct 
image from an affine subscheme. Such £ is obviously loose in the sense of [BD1], i.e., it has the 
property that the higher cohomologies H l {G/K,L <g> L 1 ) vanish for any quasi-coherent sheaf 
Z 1 on G/K. 

Hence, the de Rham cohomology of "J* can be computed as T(G/K, (1') DR ). Note that the 
latter complex can be identified by definition with 

€^(q;K,M'). 
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Hence, the assertion of the proposition follows from Lemma 20.11.1(2). 

□ 

21.9. Variant: central extensions and twisting. Let now g' be a central extension of g by 
means of C. We will denote by g'_ can the Baer sum of g_ ca n and the Baer negative of g'. 

We introduce the category D(G)' -mod to consist of (discrete) vector spaces M, endowed 
with an action 

G <g>M ™ M 

as before, and a Lie algebra action 

(such that, of course, 1 G C C g' acts as identity), and such that the two pieces of data are 
compatible in same way as in the definition of 2)(G) -mod. 

We claim that in this case, the vector space, underlying an object M, £ D(G)' -mod carries a 
canonically defined action, denoted a r , of g'_ can , which commutes with ai, and which satisfies 
[a r (x'),f] = Lie r(x) (/) for x' £ g'_ can and / £ G . 

We construct a r by the same method as in the case of g' = g. Namely, we tensor M by 

Spin(g), and show that it carries an action of T(G)' := G ® s\ from which we produce the 
desired a r . 

Note, however, that in this case M (g> Spin(g) does not carry any differential. 

Let us assume now that g' is a scalar multiple of an extension, induced by some central 
extension of G by means of G m . Let K be an "open compact" subgroup of K, and assume that 
G' splits over K. We can then consider the category D(G/K)' -mod of twisted D-modules on 
G/K. 

In this case we also have a well-defined category D(G)' -mod K (along with its DG and 
triangulated versions C(£(G)'-mod) K and D(®(G)' -mod) K ). Proposition 21.6.1 and Propo- 
sition 21.8.2 generalize to the twisted context in a straightforward way. 

21.10. D-modules with coefficients in a category. Let 6 be an abelian category, satisfying 
assumption (*) of Sect. 19.3. Then it makes sense to consider the category D(G) -mod (g>C, and 
all the results of the present section carry over to this context. 

In particular, for an "open compact" subgroup K C G we can consider the category 
D(G/K) -mod (8)6 (see Sect. 19.7), and we have the analogs of Proposition 21.6.1 and Proposi- 
tion 21.8.2. 

22. Convolution 

22.1. Action of group ind-schemes on categories. We will now generalize the contents of 
Sect. 20.1 and Sect. 20.4 into the context of group ind-schemes. Let G be an affine reasonable 
group ind-scheme as above. Let 6 be a category satisfying assumption (*) of Sect. 19.3. 

A weak action of G on a 6 is the data of a functor 

act* : 6 QCoh G <g>e, 

and two functorial isomorphisms as in Sect. 20.1. 

For X £ G and a scheme S mapping to G we obtain a functor 

X i ► act* (X) |s : 6 -> QCoh s ®C. 

The following assertion is proved as Lemma 20.1.1: 
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Lemma 22.1.1. For any S — > G, the functor X i— > act*(X)|g is exact, and its image consists 
of Os-flat objects. 

Let G^ be the first infinitesimal neighborhood of 1 G G. This is a formal scheme equal to 
Spf(C © e • fl*). If G acts on C and X G C, we obtain an object 

X« := act(X)| G( i) G QCoh G(1) ©6. 

We say that the action of G on 6 is of Harish-Chandra type if we are given a functorial 
identification between X^ and p*(X)\ G (i) , satisfying the same compatibility conditions as in 
Sect. 20.4. 

Let now g' be a central extension of g by means of C. Let G'^ be the formal scheme 
Spf(C © e • £)'*). It projects onto G^ and contains Spec(C © e • C) as a closed subscheme. 

We say that a G action on 6 is of twisted Harish-Chandra type relative to g', if for every 
X G C we have a functorial isomorphism between act*(X)| G ,(i) and p*(X)\ G ,(i) such that the 
induced map 

act*(X)| G ,(i) |spcc(C©£C) — X © e ' X — P*( X )\g'W ls P cc(C©£C)7 

is the automorphism 

id x ffie • id x : X © e • X -> X © e • X, 
and which satisfies the second compatibility as in the non-twisted case. 

22.2. Example: g-modules. Let A be an associative topological algebra with an action of G 

(see Sect. 19.2). Then the category A -mod carries a weak G-action. 

If in addition, we have a continuous map g' — > A that sends 1 G C G g' to the identity in 

* I 
A such that the commutator map g © A — > A is the dual of the map A — > g* © A, obtained 

by deriving the G-action, then the above action of G on A -mod is of twisted Harish-Chandra 

type relative to g' . 

We will consider some particular cases of this situation. The most basic example is 6 = 
g' -mod: 

Let M be a g'-module. We will denote by a the action map g' (g> M — > M and by a* : M — > 

g'* © M its dual. For S 1 — > G, we set act^(M) to be isomorphic to O5 © M as an Os-modulc. 
The g'-action on it is given via the map 

0' ^ Og © fl' O5 © fl'. 
and the action of the latter on O5 © M by means of id ©m. 

The restriction of act*(M) to G'^ identifies as a (C © e • g'*)-modulc with the free module 

1 

M © e • g'* © M. 

In terms of this identification, the g'-action is given by 

x © (vi + e ■ v 2 ) i-> a(x © «i) + e ■ ((a © id B '*)(ad*(a;) © vi) + a(x © v 2 )) , 

where ad* is the map g' — * g' © g'*, adjoint to the bracket. 
We construct an isomorphism between and 

p*{M)\ G , m ~Mffie-g'*©M 

as g'-modules using the map 

vi + e ■ v 2 ^ vi + e ■ (a*(vi) + v 2 ). 
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The category g'-mod is universal in the following sense. Let G be an abelian category as 
above, endowed an action of G and a functor F : G — > Vect, respecting the action in the natural 
sense. 

Assume that the G action on G is of Harish-Chandra type relative to g'. Then the functor F 
naturally lifts to a functor G — > g' -mod. 

22.3. Example: D-modules on G. Consider now the category 23(G)' -mod. We claim that 
it carries an action of G of twisted Harish-Chandra type relative to g', corresponding to the 
action of G on itself by left translations: 

Let M be an object of 33(G)' -mod, and S a scheme mapping to G. We define act* (M) Is to 
be isomorphic to Os®M as an Os-module. The action of Og is given via the co- multiplication 

map Og Og <8> Og — > Os Cg> Og- The action of a; of g' is also given via the map q' — ? 

i i 
G ®Q -> S <g>g'. 

Note that the action of g'_ can on act*(M)|s ~ O5 ® M is via the a r -action on the second 
multiple. 

The infinitesimal trivialization of this action is defined in the same way as for g'-mod via 
i 

the map a* : M -> g'* ® M. 

We will now define another action of G on 33(G)' -mod, corresponding to the action of G on 
itself by right translations. It will be of twisted Harish-Chandra type relative to g'_ can : 

For M and S as above, we let act*(M)|s to be again isomorphic to M(g> Os as a Os-module, 

and the Oc-action is given via the co-multiplication map Og — > Og <S> Os- The abaction of g' is 

ai ® ido s - The resulting a r -action of g'_ can is then given by the map g' — ► Og <S> g' — > O5 ® g'. 

The infinitesimal trivialization of the right action is defined in the same way as for the 

! 

category g'_ can -mod using the map a* : M — > g'_ can * ® M. 

It is easy to see that the two actions of G on ID (G)' -mod commute in the natural sense. 
Thus, we obtain an action of G x G on 33(G)' mod, which is of twisted Harish-Chandra type 
relative to g©g'_ can . 

22.4. The twisted product. Let G be a category equipped with an action of G of twisted 
Harish-Chandra type with respect to g'. Let X be an object of C and M S 23(G)' -mod. We 
will define an object M&X £ 33(G) -mod OC: 

As an object of QCoh G ®C, it is isomorphic to 

M <gi act* (A), 
o G 

see Sect. 19.7. The action of g' on it is defined as follows. 

Consider the ind-subscheme G^ x G C G x G, and let P2 denote its projection on the second 
multiple. Let k C g be a lattice and Spec(C © e • k*) the corresponding subscheme of G^\ 

We have to construct an isomorphism 

(22.1) mult* ® act*(A)^j | Sp oc(Cffi e -k«)xG ^ p* 2 (m ® act*(A)^j | Sp ec(cee-k«)xG 
of objects of QCohg pcc( - Cffle . k ,- )><G ®C, compatible with the identification 

mult* f M ® act* (A) ) \ lxG ~M ® act* (A") ~ p* 2 ( M ® act* (A) ) |i xG - 

V Og / G \ Og / 
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Let k' be the preimage of k in g' , and let Spec(C ® e • k'*) be the preimage of Spec(C © e • k*) 
in G'^K We have an isomorphism 

mult*(M)| Spoc (c© e .k'*)xG — P2pVt)|spec(Ce<=-k'*)xG 

in QCohg pcc ( Cffie . k ,,- )><G (8)6, given by the abaction of g' on M. We also have an isomorphism 
mult*(act*(X))| Spcc(Cffie . k ,» )><G ~ act*(act*(X))| Spoc(ce£ . k ,» )><G ~ P2( act * W)ls P cc(c©e-k'*)xG 

in QCohg pcc ( Cee . k ,,- )><G (8)6 where the first arrow is the associativity constraint for the action, 
and second one is the infinitesimal trivialization. 
Combining the two we obtain an isomorphism 

mult* ® act*pf)J | Sp cc(c© e -k'*)xG - P*2 \ M ® act*(X)J | 

Spcc(C©e-k'*)xG 

in QCohg poc ( Cffie . k ,,- )><G (8>e, but it is easy to see that the two central extensions cancel out, and 
we obtain an isomorphism as in (22.1). 

By construction, this system of isomorphisms is compatible for different choices of k. Thus, 

we obtain an action of g, as a Tate vector space, on I ® act*(X), satisfying the desired 

o G 

commutation relation with G . Moreover, from the axioms it follows that this action of g is 
compatible with the Lie algebra structure. We will denote this action by a;. 

Thus, M^X is an object of 33(G) -mod <E>G; in particular, it carries an action of fl'_ can , 
denoted a r . Let us describe this action explicitly: 

Let k be a lattice in g as above, and let k_ can denote its preimage in g_ can . We have to 
construct 

mult* (M ® act*(X)^ |GxSpcc(Cffie-k!l can ) -P*l ( M ® act*(X)^ | G xSpec(C©e.k* ca J 

in QCoh GxSpoc ( C0e . k . ) <E>G. It is constructed as in the previous case, using the a r -action of 

0-can ° n M. 

Finally, let us note that we can consider an object of G given by 

(M^X) DR ~ €^(g,M^X) 



that carries a canonical differential. We will denote by Lie;, Lie r , ii, i\, i r , i* the corresponding 
structures on it. 

22.5. Definition of convolution. Let now K C G be an "open compact" group subscheme, 
over which g 1 (and hence also g'_ can ) is split. Let X be an object of G W ' K (rcsp., G K ) and M 
be an object of 33(G)' -mod w ' r{K) (rcsp., 33(G)' -mod r(K) ). We claim that in this case MB1 is 
naturally an object of 33(G) -mod w ' r{K) ®G (resp., 33(G) -mod r(K) ®G). This follows from the 
description of the action a r given above. 

More generally, if X m G C(G) K and M* G C(33(G)' -mod) r< - K \ then the complex M'iX* is 
naturally an object of C (33(G) -mod ®G) r(K) . We will denote by (WMX') G/K the resulting 
object of C(33(G/K) -mod 

We define a functor 

C(:D(G)'-mod) r W x C(G) K -» C(C) 

by 

(22.2) M',X' ^ €^(g;K red ,M*MX'). 
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This functor is exact when restricted to C+(£(G)' -mod) r ^' x C + (G) K , and hence we obtain 
a functor D+(D(G)' -mod) r ( K ) x D+(e) K -> D(C), denoted 

M , ,Jr , HM , *X'. 

K 

By Lemma 20.11.1 and Proposition 21.8.3, 
(22.3) M* * X' ~ H' DR (G/K, (M'WC m ) G/K ). 

Using the equivalence D(D(G)' -mod) r ( i ^ ~ D(T>(G/K)' -mod) we obtain also a functor 
D+^G/JQ'-mod) x D+(e) K -> £>(C), denoted 

Let H <Z G he another group subscheme, not necessarily "open compact", and consider the 
category C(Q(G)' -mod) l ( H )' r ( K \ The above convolution functor is easily seen to give rise to 
an exact functor 

C + (2)(G)' mod)' (ff) ' r(x) x C+(6) K -> C(6) H , 
and the corresponding functor 

C + (V(G/K)'-mod) H x C+(C) K -» C(C) ff . 

Note however, that if we start with an object 5"* € C + (2)(G/.K')'-mod)- ff that comes from 
an object in the naive subcategory C + (D(G/K)' -mod ), the convolution J* ★X* is defined 
only as an object of C(C) H (and not of C(G H j). This is one of the reasons why one should 
work with C(G) H , rather than with C(C ff ). 

Let us denote by C bd ('D(G/K ) -mod) the subcategory of C(D(G / K) -mod) that consists of 
bounded from below complexes, supported on a finite-dimensional closed subscheme of G/K . 
Let D bd (D (G/K) -mod) be the corresponding full subcategory of D(D{G/K) mod). 

Let C M (£>(G)-mod) r ( K ) be the subcategory of C(D(G) -mod) r{ - K \ consisting of bounded 
from below complexes, supported set-theoretically on a preimage of a finite-dimensional 
closed subscheme of G/K; let D hd (D(G) -mod)^^ be the corresponding full subcategory of 
D(D(G) -mod) r( - K \ 

One easily shows that under the equivalence D(D(G / K) -mod) ~ D(D(G) ~mod) r ^ the 
subcategories D bd (D(G/K) -mod) and D bd (D(G) -mod) r ( K ' correspond to one-another. 

Lemma 22.5.1. For M* e D bd (T>(G) -mod) r W and X* e D+(C) K (resp., X* e £> b (e) K j, 
i/ie convolution M* ★ X* belongs to D+(C) (resp., D b (G)). 

Proof. Under the assumptions of the lemma the 6- valued complex of D-modules (M'^X') G / K 
is quasi-isomorphic to one bounded from below (resp., bounded) and supported on a finite- 
dimensional closed subscheme of G/K. Hence, its de Rham cohomology is bounded from below 
(resp., bounded). 

□ 

22.6. Examples. Let us consider the basic example, when M is the £>(G)'-module 

S'k,g - lnd« ec (0*). 
Note that S' K G 6 C(T>(G)' -mod) l ^' r< - K \ 

Proposition 22.6.1. For X' e C(G) K , we have a canonical quasi-isomorphism in C(G) K : 

S 'k,g * x ' - x ' 
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Proof. Note that we can regard C as a category, acted on by K (rather than G) . In particular, 
it makes sense to consider 5 KtK MX* E C(D(K) -mod ®Q) r{K ^ K . 

Let us regard S' K G MX* as an object of the categories C(g_ can -mod ®C) KxK and 
C(k-mod ®C) KxK . We have a natural map 5k,k^X* — » 5' K G MX' in the latter category, and 
since as a g'_ can - module S' K G ~ Ind^ ffi p an (0^ ), the latter map induces an isomorphism 

indj^r (s K , K mx') -> 5jf >G ax- e c( fl _ can -mod®e) KxK . 

Hence, as objects of 0(6)^, 

„, _ oo , ^, ~ quasi-isom , ~ 

S'k,g * x ■= £~ (a; Kred, 8' KtG WT) ~ C(k; A red , ^ELY*). 

This reduces the assertion of the proposition to the case when G — K. Note that we have a 
natural map 

X' ^£(k;K red ,8 KtK EX m ), 
and it is easily seen to be a quasi- isomorphism, since as objects of C(C), 

£(k;K red ,6 K , K ®X') ~ Av Ku (X'). 

□ 

More generally, let K' C K be a group subscheme, and let 6' K / K , G j K , be the twisted D- 
module on G/K' equal to the direct image of Ok/k> under K/K' — > G/K'. Arguing as above, 
we obtain the following 



K' 

7 

S'k/k>,g/k> * - Avk(X') g r,(e) K . 



Lemma 22.6.2. For X' E C(6) 



Let now g be a point of G. For an object A G 6 we will denote by X s (or <5 g> G * M) the 
twist of X by means of g, i.e., the restriction of act* (A) to g. 

Applying this to J G D(G/K)' -mod, we obtain a g-translate of 5" with respect to the action 
of G on G/K. In particular, (f^G/if) 8 — (8 s ,g/k)- The following results from the definitions: 

Lemma 22.6.3. For J G C{Z){G/K)' -mod), X* G C(C) K , 

(j%r) g ^(J7,r. 

In particular, for X' as above, 

{x')*~8 s<G/K *x: 

Let Gi C G be a group subindscheme, and K\ = K (~l G\, and let 5F* be an object of 
C(£>(Gi/Xi)'-mod, and let 1* E C(D(G/A)' -mod) be its direct image under G x jK x -> G/A. 

The action of G on C induces an action of G\\ hence, for X* E C(C)^ it makes sense to 
consider the object 5FJ * X' E C(C). 

Lemma 22.6.4. For J* G C(D(Gi/Ai)' -mod and X' E C(G) K , the objects * A* and 

Ki 

J' * A* in C(C) are canonically quasi-isomorphic. 
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Proof. Let M* (resp., MJ) be the object of C (23(G) '-mod)* (resp., C(23(Gi)' -mod)*" 1 ) be 
the object corresponding to J* (resp., £FJ) under the equivalence of Proposition 21.6.1. 

Let (M'&X') G / K (resp., (M*IElX*) Gl i Kl ) be the corresponding objects of the categories 
C(23 (G/iT)' -mod <g>e) and C(D(Gi/Ki)'-mod®e), respectively. 

The assertion follows now from the fact that C(D(G/K )' -mod ®C) is the direct image 
C(S>(Gi/Jfi)'-mod®e) under G^jK x ^ G/K. 

□ 

Finally, let us consider the example when C = 23 (y)', where y is a strict ind-scheme, acted 
on by G, and 23 (y)' is the category of twisted D-modules on V, compatible with a twisting on 
G. 

Recall that in this case we have a functor 
(22.4) D bd (D(G/K)') x L> b (23(y)' -mod)*" -» Z3 h (23(y)' -mod) 

defined as follows: 

Consider the ind-scheme G x V, which maps to y via the action map of G on V; this ind- 

K 

scheme is equipped with a twisting, which is pulled back from the one on y' using the above 
map. 

For Ji e D bd (D{G/K)'), J 2 € £> b (23(y)' -mod)* one can form their twisted external product 

Jiija € D b (D(G x y)'). 

Then 5"i * 3^ is the direct image of JiKl^ under the above map Gx^y. 
k k 

It follows immediately from the definitions, that the functor (22.4) is canonically isomorphic 
to the one given by (22.2). 

22.7. Convolution action on Harish-Chandra modules. We shall now study a particular 
case of the above situation, when 6 = g' mod. First, for M G 53(G)' -mod and N £ g'-mod 
let us describe the object ME3iV G 23(G) -mod g}g' -mod more explicitly. 

As a vector space is isomorphic to M ® N. We will denote by m the action of Oq on 

M, and by a/, a r the actions of g', g'_ can on it. We will denote by a the action of g' on N. 

Let m, a;, a r and a be the actions of Oq, g, g_ can and g', respectively, on M ® TV defining 
on MKIiV a structure of object of 23(G) -mod <X>g' -mod. We have 

• fh = m <g> id, 

• a = (m ® a) o (7 ® id g ) o A g / , 

• ai = (a; <g) id) — (m ® a) o (7 ® idg) o A g > , 

• a r = a r ® id + id ®a. 

More generally, if M* is an object of C (23(G)' -mod) r (*" ) and N' is an object of C(g' -mod)*, 
the twisted product MMN is naturally an object of C (23(G) -mod) 7 "^ ® C(g'-mod), where 
the algebraic action of if on M* ® iV* is the diagonal one, and so is the action of k[l]. 

In this case the convolution M* ★ N' is computed by means of the complex 

^ (S;K red ,W®N m ), 

with respect to the diagonal action of g_ ca n- The g'-module structure on this complex is given 
by a. 
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Note, however, that the above complex carries a different action of g' , namely one given by 
a u We will denote this other functor C(£(G)' -mod) r ( K ) x C(0'-mod) K -> C(fl'-mod) by 

M*, N* i-> M* * JV*. 

at 

L 

Note that if M G C(£(G)' -mod)^ r ( K ) for some group-scheme H, then M* ★ N* is naturally 

an object of C(g'-mod) ff . 

The two actions of g' on <£tt (g; K re d, M* ® AT*) are related by the formula 

ai-a = ai = [d,ii], 

where ii is the action of the annihilation operators on 

£^ (g; K redl M* JV) C (fl, M* <g> TV*) ~ (MiA^) M . 

Therefore, the cohomologies of M* ★ A 7 "* and JYt* * N' are isomorphic as g'-modules. 

Corollary 22.7.1. 

(1) For N G (g', AT) -mod, t/ie complex 

(0; A- red , (5^ G ® A 7 ) 

is acyclic away from degree 0. 

(2) WTien regarded as a g' -module via the ai-action on S' KG , the above 0-th cohomology is 
isomorphic to N. 

(3) The image ofU(g') in End B <_ ^ (S' K G ) is dense. 

Proof. The first two points follows from Proposition 22.6.1 and the above comparison of M* A 7 * 

and M* * A 7 *. 

if 

Let U(g', k) be the topological algebra of endomorphisms of the forgetful functor 

(q',K) -mod -> Vect . 

Evidently, the image of U(g') in U(g', k) is dense. We claim now that U(g', k) is isomorphic to 
End flL _(^ G ). 

The map in one direction, i.e., U(g ', k) — ► End fl ' {S'kg)i IS evident: given an element in 
U(g', k), we obtain a functorial endomorphism of every vector space underlying an object of 
0'-mod; in particular S' KG . This endomorphism commutes with 0' -mod-endomorphisms of 
S' K G , in particular, with the action of 0'_ can - 

To construct the map in the opposite direction, note that an endomorphism of 5' K G as a 
g'_ can -module defines an endomorphism of the functor 

N 1 > (£f (0; K red , S' K G ® N)) : g'-mod -» Vect, 

and the latter is isomorphic to the forgetful functor. 

□ 

We will now study the behavior of Lie algebra cohomology under convolution. We shall first 
consider a technically simpler case, when we will consider D-modules on a group-scheme H, 
mapping to G, such that g' splits over f). Let K' h ,K'Ij C H be group subschemes of finite 
codimension. 
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Proposition 22.7.2. For N* g D+(g -mod)^ and M* g D+{^){H))^ k 'h)'< k h) , the complex 
K' Hre d,M* * N') is quasi-isomorphic to 

H' D r{H' k \H, ?*) ® C(f); H^ red , M'), 
where 5"* is the object of D + (Q{H' K \H)) , corresponding to MV 
Proof. By Lemma 19.8.2, 

K H K H 

The latter, by definition can be rewritten as 

© f); K' Hred x Kftred, M* <g> AT*), 

where the action of the first copy of f) is via a/ on M, and the action of the second copy is 
diagonal with respect to a r and a. Hence, the above expression can be rewritten as 

C(f); K'Hred, £([); K' Hred , M*) ® JV), 

where the fraction on <£(f); K' Hred , M') ® AT* is the diagonal one with respect to the a r -action 
on M* and the existing action on N*. 

Applying again Lemma 19.8.2, we can replace the a r -action on M* by the trivial one. Hence, 

<t(f>; tf£ red , £({,; A^ red , M*) ® AT*) ~ £((,; ^ red , M*) ® £(f); ^ red , AT*), 

which is what we had to show. 

□ 

We will now generalize the above proposition to the case of semi-infinite cohomology with 
respect to g. 

Let N' and N* be objects of D + (g'_ can -mod) K and D + (q' ~mod) K , respectively, for some 
"open compact" K, K" C G. Let M* be an object of D+(D(G)' -mod) l( - K ">< r( - K "\ supported 
over a closed pro-finite dimensional subscheme of G. In this case the convolution M* * AT.? 

K" 1 

makes sense as an object of D + (q' -mod) K . Similarly, we can consider the convolution "on the 
right" 

W * M'gi)+( '_ can - m od)^. 
Proposition 22.7.3. Under the above circumstances, 

<C* (Q;K' red ,N;® (M'^Ar*)) 

and 

are quasi-isomorphic. 

Proof. By symmetry, it would be sufficient to show that there exists a quasi-isomorphism be- 
tween 

(22.5) (q- K' red , N' ® (M« AT*) ) 

and 

(22.6) ( © ; x K'U K ® M* ® A£) , 
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where the first copy of g_ can acts diagonally on N' <g M* (via the existing g'_ can action on N' 
and the a;-action on M # ) and second copy acts diagonally on M* <g N* (via the a r -action on 
M* and the existing g'-action on N')- 

By Lemma 19.8.2, in (22.6) we can replace the action of the first copy of g_ can , by one where 
the g'-action on M* ® N' is given by a. The resulting expression would be equal to the one in 
(22.5) modulo the following complication: 

To define (22.5) one has to replace £^ (g; K" ed , M* (g iV*) by a quasi- isomorphic complex, 
which is bounded from below. We have to show that taking (g; K' red , iV*<&?) survives this 
quasi-isomorphism. 

Let us first consider a particular case, when M* is induced from an Oc-module, i.e., has the 
form 

(22.7) Ind^,7 can (£') 

for some complex L* of isT'-equivariant Oc-modules. In this case we have a quasi-isomorphism 

C(k"; K'U £* ® TV') -> (g; < d , M* ® TV') 

of complexes of g'-modules. Moreover, the PBW filtration defines a filtration on the RHS, of 
which <£(k"; if"ed> k* <8 TV') is the first term, by g'-stable subcomplexes, all quasi-isomorphic to 
one-another. 

Since the functor £t (g; K' red , TV'®?) commutes with direct limits, the required assertion 
about quasi-isomorphism holds. 

The case of a general M* follows from the one considered above, since the assumption on 
M* implies that it can be represented by a complex, associated with a bi-complex with finitely 
many rows, each of the form (22.7). 

□ 

22.8. Convolution action on D(G)-modules. Let us now consider the case when 6 = D(G)' 
with the action of G by left translations. 

Given two objects Mi,M2 G D(G)' -mod let us first describe how M1KM2 looks like as an 
object of D(G) -mod (gID (G)' -mod. 

By construction as a vector space M1HM2 — Mi (gM2- We will denote the aj, af (resp., aj, 
af,, to 1 , to 2 ) the actions of g' (resp., g'_ can , Og) on ^1 an d ^2, respectively. We will denote by 
aj, af, a]., af, fh 1 , fh 2 the actions of g, g', g_ C an, fl'_ C an> respectively on JiKIS^, corresponding 
to the D(G) -mod ®D(G)' -mod-structure. 

The action of Og, corresponding to the 2) (G) -mod-structure on M1HM2 is via the first 
multiple in Mi (g M2, which we will denote by to. The action of Og, corresponding to the 

£>(G)' -mod-structure is via the co-multiplication map A G : Og — * Og ® Og- 
These actions are described as follows: 



• 


m 1 = 


- to 1 (g id, 




• 


— 2 


= (to 1 (g to 2 ) 


(7 <g> id) Ag, 

5 a 2 ) (7 ig id) A 


• 




aj (g id — (to <i_ 


• 


2? = 


(to (g af ) (7 


(81 id) A fl /, 
a 2 , 


• 


aj = 


aj <g id + id <g 


• 


af = 


id(ga 2 . 



If MJ G C+(D(Gy)-mod r(K) and M^ G C+ (D{G) r ) -mod l(K) , the convolution MJ ★ M* is 
computed by means of 

(fl; MJ<8> MS), 
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with respect to the diagonal (i.e., a). = a], + af) action of fl-can, and the actions of Og, £)' and 
0-cani specified above. 

Note, however, that the above complex carries a different £>(G)'-module structure. Namely, 
the action of Oq is (mi ® m 2 ) o (7 ® id) o Aq as before, and the action of q' is a}. In this case 
the action of q'_ can equals {a\. ®ra)oA 9 . 

We will denote this new functor 

C+(2)(G)')-mod r(K) xC+(S)(G)')-mod z(K) C(£(G)'-mod 

by 

Lemma 22.8.1. For MJ G D bd {D{G)' -mod) r( ^ K \ M* G L> M (D(G)' -mod) 1 **), ifce objecis 

M* * M*, M* * M* G L> b (S(G)'-mod) 

are isomorphic. 

Proof. From the assumption it follows that there exist "open compact" groups K',K" such 
that MJ G J D(D(G)'-mod)'( K ')' r ( K ) and M* G D(D(G)' -mod) l ^- r( - K "\ 

As we saw above, the convolution M* ★ M* can be interpreted as an action of 5F* G 

D bd {D(G/KY -mod) K ' , corresponding to MJ, on 3^ G L> b (£>(G/A")' -mod) K , corresponding 
to M*. The result is an object in D b (Q(G/K") -mod) K ' . 

However, this convolution can be rewritten also as an action of "S\ G D bd (T> (K\G)' -mod) K 
on '3^ G D b {D(K'\G)' mod) K , with the result being in 

D b {D(K'\G)' mod) K " ~ D b {T){G/K")-mod) K ' . 

The latter convolution is manifestly the same as 

Mi * M* G ^ b (S(G)'-mod)'^'^ r ^"). 

□ 

22.9. Associativity of convolution. Let now M* be an object of C bd (£)(G)' mod)'( K ), M* G 
C M (D(G)' -mod)'( K )' r ( K ') and X m G C+(e) K ' for a category 6 as above, 

Proposition 22.9.1. Under the above circumstances, there exists a canonical isomorphism in 
D+(G) 

(m; * m;) *, A* ~ M* * (M' 2 * X'^j , 

compatible with three-fold convolutions. 

The rest of this subsection is devoted to the proof of this proposition. 
Consider the bi-graded object of C given by 

(22.8) (M* M M') ® mult* (act* (X')) . 

Ogxg 

It carries two actions of the Lie algebra g_ can ffi0- can, corresponding to the two isomorphisms 
M?i (M' 2 ^X m ) ~ (M! H M*) ® mult* (act*(A*)) ~ (m'MM') MX'. 

\ J Ogxg V > 

The action of the second copy of g_ can is the same in the two cases. The difference of the 
actions of the first copy of g_ can is given by the g-action, coming from its a;-action on M'KIXV 
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Hence, by Lemma 19.8.2, the two complexes 

£t (g © g; K x K' , M*i (M'iLY^ 
and 

<L^(q®q;Kx K', (mJBM^ ix*) 

are isomorphic. 

As in the proof of Proposition 22.7.3, we have to show that the above complexes are isomor- 



phic in the derived category to M* * yM' * X* j and ^M* * M*J * X* , respectively. This 

is done as in the proof of Proposition 22.7.3 by replacing and M* by appropriately chosen 
complexes, for which the above semi-infinite complexes can be represented as direct limits of 
quasi-isomorphic complexes, bounded from below. 

22.10. An adjunction in the proper case. Let now K\,K 2 G G be two "open compact" 
subgroups of G, and assume that G/K\ is ind-proper. Let J be a finitely generated object of 
D(G/Ki)' -mod^ 2 . As in Sect. 21.7, we have a well-defined object J op in D(G/K 2 )" -mod Kl , 
where the superscript " indicates the twisting opposite to '. Then the Verdier dual D(J op ) is 
an object of D(G/K 2 )' -mod Kl . 

Proposition 22.10.1. The functor 

D{Q) Kl -> D(e) K ' 2 : X* i-> J * X' 

is left adjoint to the functor 

D(e) K2 -> D(e) Kl : X 2 i — ^ D(5° p ) * X 2 . 

Proof. We need to construct the adjunction maps 

1 £ (D(J°P) £ X' 2 ) - X' and X' -> D(J°p) £ (J £ X'), 

such that the identities concerning the two compositions hold. 

In view of Proposition 22.9.1, it would suffice to construct the maps 



and 



5F * D(J°P) - S hG/K2 e ^(S)(G/A- 2 )-mod) X2 



^i.g/^ -> ©(?° p ) * ? G ^(©(G/^O-mod)^, 



such that the corresponding identities hold. 

By the definition of convolution, constructing these maps is equivalent to constructing mor- 
phisms 

(22.9) H'(G/Ki,Aq/ Ki (3 r IElB(3 r )) -» C e D(pt/K 2 ) 
and 

(22.10) C - H'(G/K 2 , A} G/K2 (J op HD(r)) eD(pt/Jfi), 

respectively, where A G / K denotes the diagonal morphism G/A" — > G/A x G/K. (Note that in 
each of the cases, the pull-back of the corresponding twisted D-modulc on the product under 
the diagonal map is a non-twisted right D-module.) 

The morphism in (22.10) follows from Verdier duality, and likewise for (22.9), using the fact 
that 

H'iG/Ku^-HXG/K!,-). 
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The fact that the identities concerning the compositions of adjunction maps hold, is an easy 
verification. 

□ 

23. Categories over topological commutative algebras 

23.1. The notion of a category flat over an algebra. Let 6 be an abelian category as in 
Sect. 19.3, satisfying assumption (**), and let Z be a commutative algebra, mapping to the 
center of 6. An example of this situation is when A is a topological algebra, Z is a (discrete) 
commutative algebra mapping to the center of A and C = A -mod. Then the functor F factors 
naturally through a functor F z ■ 6 — > Z-mod. 

Note that we have a naturally defined functor Z -mod x 6 — > 6 given by 

z 

This functor is right exact in both arguments. We have 

F Z {M®X) ~ M® F Z (X). 

z z 

This shows, in particular, that if M is Z-flat, then the above functor of tensor product is exact 
in Z. We will denote by 

M',X* i — > M* ® X* : D-(Z -mod) x D~(e) D~(e) 

the corresponding derived functor. We have 

F Z (M'®X') ~ AT® F Z (X'). 

z z 

It is easy to see that for a fixed X' E C~(C), the derived functor of 

AT i — > Af * ® * : C-(Z-mod) -> CT(e) 

z 

L 

is isomorphic to Af* ® X*. However, this is not, in general, true for the functor 

z 

X' ^ M' ®X m : C~(e) -» C~(e) 

z 

for a fixed M*. 

We shall say that an object X E 6 is flat over Z if the functor 

M ^ M®X : Z-mod -» 6 
z 

is exact. This is equivalent to F^(X) being flat as a Z- module. 

We shall say that C is flat over Z if every object of X admits a surjection X' — > X for X 
being flat over Z. 

Consider the example of 6 = A -mod. Suppose there exists a family of open left ideals I C A 
such that A ~ limA/I, such that each A/I is flat as a Z-module. Then G is flat over Z. 

Lemma 23.1.1. Let C be flat over Z, then for a fixed M* e C~ (Z mod) the left derived 
functor of 

X* i — ► M' <E> X' : cr(e) -» c~(e) 

z 

L 

is isomorphic to M* <g> X' . 

z 



LOCAL LANGLANDS CORRESPONDENCE AND AFFINE KAC-MOODY ALGEBRAS 



149 



Proof. By assumption, every object in C _ (C) admits a quasi-isomorphism from one consisting 
of objects that are Z-flat. Hence, it suffices to show that if X' G C~(C) consists of Z-flat 

objects, and M' G C~(Z-mod) is acyclic, then M* ® X' is acyclic as well. However, this is 

z 

evident from the definitions. 

□ 

If <f> : Z — ► Z' is a homomorphism, we will denote by Gz> the base-changed category, i.e., one 
whose objects are I £ 6, endowed with an action of Z', such that the two actions of Z on X 
coincide. Morphisms in this category are C-morphisms that commute with the action of Z' . 

By construction, Z' maps to the center of Gz>- The composed functor Qz> — > C -§ Z mod 
factors naturally through Z' -mod. 

The forgetful functor Gz< — > 6 admits a left adjoint <fi* given by X i— » Z' <g> X. Note that 

z 

this functor sends Z-Rat objects in 6 to Z'-flat objects in Qz> ■ In particular, if C is flat over Z, 
then so is Gz 1 over Z' . 

As in Lemma 23.1.1 and Lemma 19.9.2, we obtain the following 

Lemma 23.1.2. Assume that G is Z-flat. Then the right derived functor of <fi* 

L(j>* :D-{G)^D-(Gz>) 

is well-defined and is the left adjoint to the forgetful functor D(Gz') — > D{G). Moreover, 

F z > oLf(I') ~ F{X')®Z'. 

z 

In particular, we obtain that if G is flat over Z and X G G is Z-flat, then for Y* G C(Gz'), 
RRom D{ez , } (Z' | X, y ) ~ RHom D(e) (X, F" ) . 

Let now TV be a Z- module. For Y G 6 we define the object Hom z fiV. Y") by 

Hom e (X,Hom z (A^,F)) := Home (N ®X,Y). 

z 

If TV is finitely presented, we have 

F z (Hom z (/V,r)) ~Hom z (iV, F Z (Y)). 

For Z' as above, which is finitely presented as a Z-module, we define the functor $ : G — > Cz' 
to be the right adjoint of the forgetful functor Gz 1 — * G. It is given by X i— > Kom z (Z\ X). By 
definition, it maps injective objects in C to injectives in Gz 1 - 

We will denote by R<j>- : D + (G) — ► Z? + (C2-') the corresponding right derived functor. It is 
easily seen to be the right adjoint of the forgetful functor C(Gz') — > C(C). 

Proposition 23.1.3. Assume that G is flat over Z, and that Z' is perfect as an object of 
C(Z-mod). Then 

Rep- oF z ~ F Z ioR4>- : D+{G) -» D+(Z' mod) 

Proof. To prove the proposition it suffices to check that if Y' G C + (C) is a complex, con- 
sisting of injective objects of 6, and M* G C b (Z-mod) is a complex of finitely presented 
modules, quasi- isomorphic to a perfect one, then Fz( Hoin (M*, Y')) is quasi- isomorphic to 
RHom D(z _ mod) (M*,Fz(F')). 

If M* is a bounded complex, consisting of finitely generated projective modules, then the 
assertion is evident. Hence, it remains to show that if M* is an acyclic complex of finitely 
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presented Z-modules, and Y* is as above, then Hom fM*, Y') is acyclic. By assumption on G, 
it would suffice to check that for X E G which is Z-flat, 

Home (X, HomfM*, Y')) ~ Home(M* (g> X, Y') 

z 

is acyclic. By the flatness assumption on Y, the complex M ' ® X is also acyclic, and hence our 

z 

assertion follows from the injectivity assumption on Y*. 

□ 

Corollary 23.1.4. If, under the assumptions of the proposition, X' E D{G' Z ) is quasi-perfect, 
then it is quasi-perfect also as an object of D{G). 

Proof. This follows from the fact that the functor R(j) ] : D(Z -mod) — > D(Z' -mod) commutes 
with direct sums, and hence, so does the functor R<j) 1 : D(G) — ► D{Gz>). □ 

23.2. A generalization. Let C be as in the previous subsection, and assume in addition that 
it satisfies assumption (*) of Sect. 19.3. Let Z be a topological commutative algebra, which 
acts functorially on every object of G. In this case we will say that Z maps to the center G. 
The functor F naturally factors through a functor F z : C — ► Z-mod. 

For every discrete quotient Z of Z, let Gz be the subcategory of 6, consisting of objects, on 
which Z acts via Z. If Z -» Z -» Z', then Gz> is obtained from G z by the procedure described 
in the previous subsection. 

We shall say that C is flat over Z, if each G z as above is flat over Z. Equivalently, we can 
require that this happens for a cofinal family of discrete quotients Z of Z. Henceforth, we will 
assume that 6 is flat over Z. 

In what follows we will make the following additional assumption on Z. Namely, that we 
can present Z as lim Zi, such that for j > i the ideal of <f>j t i : Zj — > Zi is perfect as an object of 

i 

D(Zj -mod). 

Recall that a discrete quotient Z of Z reasonable if for some (equivalently, any) index i such 
that Z — > Z factors through Zi, the algebra Z is finitely presented as a ^-module. We shall 
call Z admissible if the finite-presentation condition is replaced by the perfectness one. 

Let us call an object M E Z-mod finitely presented if M belongs to some Z-mod and is 
finitely presented as an object of this category, if Z is reasonable. By the assumption on Z, 
this condition docs not depend on a particular choice if Z. 

For a finitely presented M E Z mod and X E G we define Hom z (M, X) E G as 

lim Hom z . (M, Xi), 

where X t runs over the set of subobjects of X that belong to Gz, for some discrete reasonable 
quotient Zi of Z. We have 

F z (Hom z (M,X)) ~ Hom z fM, F Z (X)). 

Consider M = Z for some reasonable quotient 4> : Z — > Z. Then X Hom z (Z. X) defines 
a functor 6 — > Gz, which we will denote by ! . 

Lemma 23.2.1. The functor cjr is the right adjoint to the forgetful functor Gz — > 6. 

Proof. By assumption (*), it suffices to check that for every finitely generated object Y of Gz, 

Hom ez (y,Hom z (Z,X)) ~ Hom e (Y~,X). 

By the finite generation assumption, we reduce the assertion to the case when X E Gz t for 
some Z -» Zi -» Z, considered in the previous subsection. □ 
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Evidently, the functor (jr maps injective objects in G to injectives in Gz- Let R<p' denote 
the right derived functor of (f>'. By the above, it is the right adjoint to the forgetful functor 

D(e z )-i>(e). 

Proposition 23.2.2. Assume that Z is admissible. Then we have an isomorphism of functors: 
F z o Rcf)- ~ R<t>- o F z : D+(G) -» D+(Z mod). 

Proof. As in the proof of Proposition 23.1.3, it suffices to show that if X' G C + (G) is a 
complex, consisting of injective objects of C, and M* is a perfect object of D(Z -mod), then 
Jfom c(z _ mod) (M', Fz(X')) computes RHom D(z _ mod) (M', F Z (X*)). 

By devissage, we can assume that X' consists of a single injective object For every 

<t>i i 
Zi such that Z -» Zi -» Z, note that 4>\{X) is an injective object of Gz t , and X ~ \\mXi. 

i 

Using Proposition 23.1.3, the assertion of the present proposition follows from the next 
lemma: 

Lemma 23.2.3. For N* G C+(Z-mod) and N' := <p[(N*), the map 

lim Hom D(Zi _ mod) (M',7V') Rom D(z _ mod) (M' , N') 

i 

is a quasi-isomorphism, provided that M* G D(Z -mod) is perfect. 

□ 

Proof, (of the Lemma) The proof follows from the next observation: 

Let P' — ► M' be a quasi-isomorphism, where P* G C~(Z-mod). Then we can find a quasi- 
isomorphism Q' — ► P* such that Q* G C"(Z mod) and for any integer i, the module Q l is 
supported on some discrete quotient of Z. 

□ 

Corollary 23.2.4. The functor Rcf)' : D + (G) — > P + (C Z ) commutes with uniformly bounded 
from below direct sums. 

Proof. This follows from the corresponding fact for the functor Rcfr : P + (Z-mod) — ► 
D+(Z -mod). □ 

Proposition 23.2.5. Let X* be a quasi-perfect object ofC(Gz) and X* be an object ofC + (Gz) 
for some discrete quotient Z. Then 

Hom D(e) (A7,X') ~ lim Hom D( e Zl) (Xf,X 2 *), 

where the direct limit is taken over the indices i such that Z — > Z factors through Z^. 

Proof. We can find a system of quasi-isomorphisms X* — ► 5^*, where each Y^* G C(Cz 4 ) consist 
of injective objects of Gz { , and such that these complexes form a direct system with respect to 
the index i, and such that all Y* are uniformly bounded from below. 

By Proposition 23.2.2 and Corollary 23.2.4, R<f)\X*) is given by the complex 

linear). 

i 

Then, by the quasi-perfectness assumption, 

Hom D(e) (X 1 *,X 2 *) ~ Kom D{ez) {Xl,R<j}-{X* 2 )) ~ lim Kom D{ez) (Xl4(Y')). 
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By Proposition 23.1.3, the latter is isomorphic to 

lirn Kom D{ez) (Xi,R<pl(Y;)) ~ Urn Rom D{ e Zi) (X^, Y'), 

i i 

which is what we had to show. 

Finally, we will prove the following assertion: 



□ 



Proposition 23.2.6. Let X* be an object of C (Cz), where Z is an admissible quotient ofZ. 
Then X' is quasi-perfect as an object of D(Gz) if and only if it is quasi-perfect as an object of 
D(G). 

Proof. Since the functor R(j) ] : D + (G) — ► D + (Gz) commutes with direct sums, the implication 
" quasi-perfectness in D(Gz) v " quasi-perfectness in D(G)" is clear. 

To prove the implication in the opposite direction, we proceed by induction. We suppose 
that the functor 

Y ^Uom D(ez) (X',Y[i'}) : G z -► Vcct 

commutes with direct sums for i' < i. This assumption is satisfied for some i, since X' is 
bounded from above. 

Let us show that in this case the functor Y Rom D (e z )(X' ,Y[i}) also commutes with 
direct sums. For ®Y a e Gz consider the exact triangle in D + (Gz)' 



>Y a - R^{®Y a ) - r >u R<j>-{®Y a ) , 



where r is the cohomological truncation. 

Consider the corresponding commutative diagram: 

Rom D{e) (X',®Y a [i-l}) < 



Uom D( e z) [x;T>°[R<t> l (®Y a [i-l]) 



Hom D{ez) {X\®Y a [i]) 



Rom D{e) {X\ ®Y a [i\) 



Rom D{e) (X*,Y a [t-l}) 



Rom D(ez) (X',r> (R^(Y a [ t -l}))) 



© Kom D{ez) (X',Y a \i}) 



© Rom D{e) {X',Y a [i\) 



Hom D(ez) (x\t>° (W(©y a [z])^ < © Hom D(ez) {X',r>° (y a [»]))) 

The horizontal arrows in rows 1 and 4 are isomorphisms since X' is quasi-perfect in D(G). 
The arrows in rows 2 and 5 are isomorphisms by the induction hypothesis. Hence, the map in 
row 3 is an isomorphism, which is what we had to show. 

□ 
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23.3. The equivariant situation. Assume now that the category 6 as in the previous sub- 
section is equipped with an infinitcsimally trivial action of a group-scheme H. Assume that 
this action commutes with that of Z. The latter means that for every X £ 6, the Z-action on 
act*(X) by transport of structure coincides with the action obtained by regarding it merely as 
an object of C. Then for every discrete quotient Z of Z, the category Gz carries an infinitesimally 
trivial action of H. 

We have a functor </> ! : C+(G) H -► C+(G Z ) H , and let R(f>- : D+(G) H -» D+(G Z ) H be its 
right derived functor. (Below we will show that it is well-defined.) We are going to prove the 
following: 

Proposition 23.3.1. : D + (G) H — > D + (Gz) H is the right adjoint to the forgetful functor 
D(Cz) H —* D(G) H . Moreover, the diagram of functors 

D+(G) H D+{G Z ) H 
£+(Z-mod) D+(Z mod) 

is commutative. 

Proof. For any quasi-isomorphism X' — > X' in C + (C) ff we can find a quasi-isomorphism from 
X* to a complex, associated with a bi-complex AT*'*, whose rows are uniformly bounded from 
below and have the form Avh(Y'), where Y' £ C + (C) consists of injective objects. 

By Proposition 23.2.2 and Corollary 23.2.4, if we assign to X* the complex in C(Qz) H 
associated with the bi-complex cj) ] (X'''), this is the desired right derived functor of </> ! . It is 
clear from the construction that the diagram of functors 

D+(G) H D+(G Z ) H 

I , I 

D+(G) D+(6z), 
where the vertical arrows are the forgetful functors, is commutative. 

Hence, it remains to show that R<fi- satisfies the desired adjointness property. By devissage, 
we are reduced to showing that for Y* as above and Y* £ C(Gz) H , 

Rom D{e)H (Y',Av H (Y')) ~Hom D(ez)H (Y*, ^(Av H (¥'))) . 

However, the LHS is isomorphic to Komrj^^Y' ,Y'), and the RHS is isomorphic to 

Rom D{ez)H (Y^Avh (<j> ] (Y*))) ~ Hom^)^*, ! (F*)), 

and, as we have seen above, <p'(Y* ) — > R(f>'(Y') is an isomorphism in D + (Gz)- 

□ 
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